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In this paper, the global impulsive exponential synchronization problem of a class of chaotic delayed neural net-

works (DNNs) with stochastic perturbation is studied. Based on the Lyapunov stability theory, stochastic analysis

approach and an efficient impulsive delay differential inequality, some new exponential synchronization criteria ex-

pressed in the form of the linear matrix inequality (LMI) are derived. The designed impulsive controller not only can

globally exponentially stabilize the error dynamics in mean square, but also can control the exponential synchronization

rate. Furthermore, to estimate the stable region of the synchronization error dynamics, a novel optimization control al-

gorithm is proposed, which can deal with the minimum problem with two nonlinear terms coexisting in LMIs effectively.

Simulation results finally demonstrate the effectiveness of the proposed method.

Keywords: exponential synchronization, chaotic delayed neural networks, impulsive control,
stochastic perturbation

PACC: 0540, 0545

1. Introduction

During the past two decades, chaos synchro-
nization has attracted considerable attention due to
its great potential applications in secure communi-
cation, chemical reactions and biological systems.[1,2]

After the pioneering work of Ott,[3] Pecora and
Carroll,[4,5] many different methods have been used
theoretically and experimentally to synchronize the
chaotic systems, such as linear and nonlinear feedback
control,[6−8] backstepping control,[9,10] variable struc-
ture control,[11,12] adaptive control,[13−15]impulsive
control,[16−19] fuzzy model-based control,[20−22] active
control,[23] etc. Among these methods, impulsive con-
trol is an efficient method to deal with the dynamical
systems which cannot be controlled by continuous con-
trol methods. In addition, in the synchronization pro-
cess the response system receives the information from
the drive system only at discrete time instants, which
dramatically reduces the amount of synchronization
information transmitted from the drive system to the

response system and makes the method more efficient
in a large number of real-life applications.[24]

Recently, it has been revealed that some types
of delayed neural networks (DNNs) can exhibit
some complicated dynamics and even chaotic be-
haviour if the parameters and time delays are ap-
propriately chosen.[25,26] Thus, the synchronization
problem of chaotic DNNs has received extensive
consideration.[15,27−29]

When chaos synchronization is applied to engi-
neering, such as secure communication, these chaos-
based synchronization schemes are rather sensitive to
external perturbations which in many cases are of
great uncertainties and hence may be treated as ran-
dom, as fluctuations from the release of neurotrans-
mitters, and other probabilistic causes. By virtue of
the stability theory for stochastic differential equa-
tions, there has been an increasing interest in the
study of exponential synchronization of chaotic de-
layed systems with stochastic perturbations.[28−30] In
the work mentioned above was used just a continuous
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feedback control method, which greatly increases the
possibility of code breaking in the process of signal
transmission. By comparison, the impulsive control
method to be used in this paper is just composed of
linear feedback of the error signal and only the state
information at discrete time instants is needed, which
is more efficient, secure and thus useful in a great num-
ber of applications, especially for secure communica-
tion. Therefore, it is necessary to study the exponen-
tial synchronization of chaotic delayed systems with
stochastic perturbation via impulsive control. How-
ever, due to the difficulty in investigating the stability
of impulsive stochastic delayed differential equations
(ISDDEs), to the best of our knowledge, few results
about this problem are available.

Motivated by the aforementioned discussion, in
this paper we address a practical issue of using the im-
pulsive control method to exponentially synchronize a
class of chaotic DNNs with stochastic perturbation.
Based on the Lyapunov stability theory, stochastic
analysis approach and the efficient impulsive differ-
ential inequality, some new sufficient conditions in the
form of a linear matrix inequality (LMI) are derived,
which can be conducted readily using Matlab LMI
Toolbox.[31] Specially, to estimate the stable region
of synchronization error dynamics (i.e. the maximum
upper bound of impulsive distance under a given con-
trol gain), a novel and practical optimization control
algorithm is proposed, which is first presented and can
deal with the minimum problem with two nonlinear
terms coexisting in LMIs effectively.

Throughout the paper, the notations R, Rn and
Rn×m denote the real number, n-dimensional Eu-
clidean space and the set of all real matrices, respec-
tively. R+ := [0,∞). N := {1, 2, . . .}. For real sym-
metric matrices X and Y , the notation X > Y (X ≥
Y , X < Y , X ≤ Y ) means that X–Y is positive defi-
nite (positive semi-definite, negative definite, negative
semi-definite). I denotes the identity matrix with
appropriate dimensions. ‖·‖ refers to the Euclidean
vector norm or the induced matrix 2-norm. λmax(S)
(λmin(S)) denotes the maximal (minimal) eigenvalue
of matrix S. For τ̄ > 0, C([t0 − τ, t0];Rn) denotes
the family of continuous function φ from [t0 − τ̄ , t0]
to Rn. Let (Ω ,F ,Ft≥0,P) be a complete probabil-
ity space with a filtration Ft≥0 satisfying the usual
conditions (i.e. it is right continuous and F0 contains
all P-null sets). Lp

F0
([t0 − τ̄ , t0];Rn) denotes the fam-

ily of all F0-measurable C([t0 − τ̄ , t0];Rn)-valued ran-
dom variables ϕ = ϕ(s) : t0 − τ̄ ≤ s ≤ t0 such that

supt0−τ̄≤s≤t0E (‖φ(s)‖p) < ∞, where p > 0. E{·},
Tr{·} and D+{·} represent the mathematical expec-
tation operator, the trace of a matrix and the upper
and right (Dini) derivative, respectively. PC(l) := {φ :
[−τ̄ ,∞) → Rl, l ∈ N , φ(t) is continuous everywhere
except for the finite number of points tk at which
φ(t+k ) = φ(tk) and φ(t−k ) exist}. C1,2(R+ × Rn;R+)
denotes the family of all nonnegative functions V (t, x)
on R+×Rn which are continuously twice differentiable
with respect to x and differentiable with respect to t.
The symbol “∗” within a matrix represents the sym-
metric term of the matrix.

2. Problem formulation and pre-

liminaries

A class of chaotic DNNs to be studied in this pa-
per can be described as follows:

ẋ(t) = −Cx(t) + Af(x(t)) + Bf(xτ (t)) + U , (1)

where x(t) = [x1(t), x2(t), . . . , xn(t)]T is the neuron
state vector, C = diag(c1, c2, . . . , cn)T is a diago-
nal matrix with ci > 0. The activation function,
f(x(t)) = [f1(x1), f2(x2), . . . , fn(xn)]T, describes the
behaviour in which the neurons respond to each other.
U = [U1, U2, . . . , Un]T denotes the input vector. A =
(aij)n×n and B = (bij)n×n are the connection weight
matrix and the delayed connection weight matrix, re-
spectively. The transmission delay may be unknown
but it is bounded, i.e. 0 ≤ τ(t) ≤ τ̄ . xτ (t) :=
x(t− τ(t)).

With regard to the function f(x(t)), the following
assumption is given.

Assumption 1 Each function fi : R → R

with fi(0) = 0 is bounded and satisfies the Lips-
chitz condition with a Lipschitz constant σi > 0, i.e.∣∣∣fi(

_
v)− fi(

^
v)

∣∣∣ ≤ σi

∣∣∣_
v − ^

v
∣∣∣ for all _

v ,
^
v ∈ R, i =

1, 2, . . . , n.
Remark 1 Formula (1) unifies several well-

known chaotic DNNs. In particular, if the activa-
tion function fi(xi) is sigmoid, then expression (1)
describes the dynamics of chaotic delayed Hopfield
neural networks (DHNNs). Similarly, if the activa-
tion function fi(xi) = (|xi + 1| − |xi − 1|)/2, then ex-
pression (1) describes the dynamics of chaotic delayed
cellular neural networks (DCNNs).

We take system (1) as the drive system and the
response system is given by

dx̃(t) = (−Cx̃(t) + Af(x̃(t)) + Bf(x̃τ (t)) +U) dt
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+ϑ(t, e(t), eτ (t))dω(t), (2)

where x̃(t) is the state vector of the response sys-
tem, e(t) = x̃(t) − x(t) = [x̃1(t) − x1(t), x̃2(t) −
x2(t), . . . , x̃n(t)− xn(t)]T is the error vector, x̃τ (t) :=
x̃(t − τ(t)), eτ (t) := e(t − τ(t)), ω(t) = [ω1(t),
ω2(t), . . . , ωn(t)]T is an n-dimensional Brown motion
defined on (Ω ,F ,Ft≥0,P). ϑ : R+ × Rn × Rn →
Rn×n is the diffusion coefficient matrix and satisfies
the following assumption.

Assumption 2 ϑ(t, e(t), eτ (t)) is locally Lips-
chitz continuous and satisfies the linear growth con-
dition. ϑ(t, 0, 0) = 0. Moreover, there exist constant
matrices of appropriate dimensions Σ1 and Σ2 such
that

Tr[ϑT(t, e(t), eτ (t))ϑ(t, e(t), eτ (t))]

≤ ‖Σ1e(t)‖2 + ‖Σ2eτ (t)‖2.

Note that the stochastic perturbation term
ϑ(t, e(t), eτ (t))dω(t) in expression (2) can be regarded
as a result from the stochastic uncertainties of the
DNNs and the occurrence of the internal error when
the simulation circuits are constructed. Therefore, the
investigation of the stochastic perturbation effect on
chaos synchronization is more meaningful and practi-
cal.

At discrete time tk, the state variables of the drive
system are transmitted to the response system as the
control input such that the state variables of the re-
sponse system are suddenly changed at these instants.
Therefore, the impulsive controlled response system
can be written in the following form:

dx̃(t) = (−Cx̃(t) + Af(x̃(t)) + Bf(x̃τ (t)) +U) dt

+ϑ(t, e(t), eτ (t))dω(t), t ≥ t0 = 0, t 6= tk,

x̃(tk) = x̃(t−k ) + (Wk − I)e(t−k ), t = tk, k ∈ N, (3)

where Wk ∈ Rn×n is the control gain matrix. Suppose
that discrete instant set {tk} satisfies 0 < t1 < t2 <

. . . < tk < tk+1 < . . . , lim
k→∞

tk = ∞. lim
h→0+

x̃(tk −
h) = x̃(t−k ), lim

h→0+
x(tk +h) = x̃(t+k ) = x̃(tk) implies

that x̃(t) is right-continuous at t = tk. Thus, from
expressions (1) and (3), and from x(tk) = x(t−k ) as
well, the following error system can be obtained:

de(t) = (−Ce(t) + Ah(e(t)) + Bh(eτ (t)))dt

+ϑ(t, e(t), eτ (t))dω(t), t ≥ 0, t 6= tk,

e(tk) = Wke(t−k ), t = tk, k ∈ N,

e(t) = ϕ(t), − τ̄ ≤ t ≤ 0, (4)

where h(e(t)) := f(e(t) + x(t))− f(x(t)) = f(x̃(t))−
f(x(t)).

Definition 1 The global exponential synchro-
nization of (1) and (3) is said to be achieved if, for
a suitably designed impulsive controller, the trivial
solution e(t) = 0 of the error system (4) is globally
exponentially stable in mean square, i.e. there exist
constants µ ≥ 1 and λ > 0, such that

E(‖e(t)‖2) ≤ µe−λ(t−t0) sup
t0−τ̄≤s≤t0

E(‖ϕ(s)‖2) (5)

for any initial condition e(s) = ϕ(s) on t0− τ̄ ≤ s ≤ t0

in L2
F0

([t0 − τ̄ , t0];Rn), and the constant λ > 0 is de-
fined as the exponential synchronization rate.

Our goal is to set the control gain Wk and the
impulsive distance δk = tk − tk−1 (k ∈ N) such that
the error dynamics (4) is globally exponentially stable
in mean square, which implies that the impulsive con-
trolled response system (3) exponentially synchronizes
with the drive system (1) for an arbitrary initial condi-
tion. For the sake of analytical simplification, we can
choose constant control gain and identical impulsive
distance, which does not cause any loss of generality
in the sense of synchronization analysis, i.e.

Wk = wI, δk = δ. (6)

Next, we introduce several lemmas to be used in
the following.

Lemma 1[32] Given arbitrary real matrices X1 ∈
Rn×k, X2 ∈ Rn×k, Λ ∈ Rn×n, and Λ = ΛT > 0, the
following inequality holds:

XT
1 X2 + XT

2 X1 ≤ XT
1 ΛX1 + XT

2 Λ−1X2. (7)

Lemma 2[24] (Impulsive delay differential in-
equality) Let 0 ≤ τ(t) ≤ τ̄ , F (t, u, u(t − τ(t))) :
R+×R×R → R be nondecreasing in u(t− τ(t)), and
Ik(u) : R → R be nondecreasing in u. Suppose that
u(t), v(t) ∈ PC(1) satisfy

D+u(t) ≤ F (t, u(t), u(t− τ(t))), t ≥ 0,

u(tk) ≤ Ik(u(t−k )), k ∈ N,

D+v(t) > F (t, v(t), v(t− τ(t))), t ≥ 0,

v(tk) ≥ Ik(v(t−k )), k ∈ N.

Then u(t) ≤ v(t) for −τ̄ ≤ t ≤ 0 implies u(t) ≤ v(t)
for t ≥ 0.
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3. Main results

3.1.Global exponential synchronization

via impulsive control

Before starting our main results, to facilitate the
understanding of the following contents, we need the
following related notations.

For a general stochastic system dx(t) =
g1(t,x)dt + g2(t,x)dω(t) on t ≥ 0 with initial value
x0 ∈ Rn, g1 : R+ × Rn → Rn and g2 : R+ × Rn →
Rn×n, for each V (t,x) ∈ C1,2(R+×Rn;R+), an oper-
ator L is defined from R+ ×Rn to R by

LV (t,x) = Vt(t, x) + Vx(t, x)g1(t, x)

+
1
2
Tr[gT

2 (t, x)Vxx(t, x)g2(t, x)],

where

Vt(t,x) =
∂V (t,x)

∂t
,

Vx(t,x) =
(

∂V (t, x)
∂x1

, . . . ,
∂V (t, x)

∂xn

)
,

Vxx(t,x) =
(

∂2V (t,x)
∂xi∂xj

)

n×n

.

Theorem 1 If the control gain and impulsive
distance are chosen as expression (6) and there exist
a positive matrix P > 0, positive diagonal matrices
Q > 0, S > 0, a real matrix Z with appropriate di-
mensions and scalars r, r̃ > 0, ρ > 0 such that the
following conditions hold:

0 < |w| < 1, (8)




Ξ PA PB

∗ −Q 0

∗ ∗ −S


 < 0, (9)

P < ρI, (10)

Z < rP , (11)

ΣσSΣσ + ρΣT
2 Σ2 < r̃P , (12)

2 ln |w|
δ

+ r +
r̃

w2
< 0, (13)

where Ξ = −2PC + ΣσQΣσ + ρΣT
1 Σ1 − Z, Σσ =

diag{σ1, σ2, . . . , σn}, then the error system (4) is glob-
ally exponentially stable in mean square, which im-
plies that the response system (3) globally exponen-
tially synchronizes with the drive system (1), and the
exponential synchronization rate λ > 0 is a unique
solution of

λ− a + beλτ̄ = 0, (14)

in which a = −2ln|w|/δ − r, b = r̃/w2.
Proof Denote y(λ) = λ−a+beλτ̄ . From inequal-

ity (13), we have a− b > 0, thus y(0) < 0, y(+∞) > 0
and y′(λ) > 0. Using the continuity and the mono-
tonicity of y(λ), Eq.(14) has a unique positive solution,
i.e. λ > 0.

Now we construct a Lyapunov-like function in the
form of

V (t, e(t)) = eT(t)Pe(t). (15)

By Itô’s differential formula,[28] the stochastic
derivative of V (t, e(t)) along the trajectory of system
(4) is

dV (t, e(t))

= LV (t, e(t))d(t)

+Ve(t, e(t))ϑ(t, e(t), eτ (t))dω(t). (16)

For t ∈ [tk−1, tk), k ∈ N, taking the mathematical
expectation on both sides of Eq.(16), we can obtain
the following Dini derivative

D+E(V (t, e(t))) = E(LV (t, e(t))). (17)

From expressions (10)–(12) and Lemma 1, for t ∈
[tk−1, tk), k ∈ N , the Dini derivative of V (t, e(t))
along the trajectory of system (4) is obtained as fol-
lows:

LV (t, e(t))d(t)

= Vt(t, e(t)) + Ve(t, e(t))(− Ce(t) + Ah(e(t)) + Bh(eτ (t)))

+
1
2
Tr

(
ϑT(t, e(t), eτ (t))Vee(t, e(t))ϑ(t, e(t), eτ (t))

)

≤ 2eT(t)P (−Ce(t) + Ah(e(t)) + Bh(eτ (t))) + ρTr
(
ϑT(t, e(t), eτ (t))ϑ(t, e(t), eτ (t))

)

≤ −2eT(t)PCe(t) + 2eT(t)PAh(e(t)) + 2eT(t)PBh(eτ (t)) + ρ
(
eT(t)ΣT

1 Σ1e(t) + eT
τ (t)ΣT

2 Σ2eτ (t)
)
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≤ −2eT(t)PCe(t) + eT(t)PAQ−1ATPe(t) + hT(e(t))Qh(e(t)) + eT(t)PBS−1BTPe(t)

+hT(eτ (t))Sh(eτ (t)) + ρ
(
eT(t)ΣT

1 Σ1e(t) + eT
τ (t)ΣT

2 Σ2eτ (t)
)

≤ eT(t)(−2PC + ΣσQΣσ + ρΣT
1 Σ1 + PAQ−1ATP + PBS−1BTP )e(t) + eT

τ (t)(ΣσSΣσ + ρΣT
2 Σ2)eτ (t)

≤ eT(t)Πe(t) + reT(t)Pe(t) + r̃eT
τ (t)Peτ (t),

where Π = Ξ + PAQ−1ATP + PBS−1BTP . By
Schur complement,[31] one can easily derive that in-
equality (9) is equivalent to Π < 0, which implies
that

LV (t, e(t))

≤ eT(t)Πe(t) + reT(t)Pe(t) + r̃eT
τ (t)Peτ (t)

≤ rV (t, e(t)) + r̃V (t− τ(t), eτ (t)). (18)

For simplicity, in the following, we denote V (t, e(t))
and V (t− τ(t), eτ (t)) by V (t) and V (t− τ(t)), respec-
tively. Take the expectation on both sides of inequal-
ity (18), and from Eq.(17) we have

D+E(V (t)) = E(LV (t))

≤ rE(V (t)) + r̃E(V (t− τ(t))). (19)

On the other hand, for t = tk, k ∈ N , we have

E(V (tk)) = E(eT(t−k )W T
k PWke(t−k ))

= w2E(eT(t−k )Pe(t−k ))

= w2E(V (t−k )). (20)

For any ε > 0, let v(t) be a unique solution of the
following impulsive delayed differential equation:

v̇(t) = rv(t) + r̃v(t− τ(t)) + ε, t 6= tk, t ≥ 0,

v(tk) = w2v(t−k ), k ∈ N,

v(t) = ρE(‖ϕ(t)‖2), − τ̄ ≤ t ≤ 0. (21)

Denote F (t, E(V (t)), E(V (t − τ(t)))) = rE(V (t)) +
r̃E(V (t − τ(t))) and Ik(E(V (t))) = w2E(V (t)), then
the function F and Ik will satisfy the monotonicity
given in Lemma 2.

Since E(V (t)) ≤ ρE(‖ϕ(t)‖2) = v(t) for −τ̄ ≤
t ≤ 0, it follows from Lemma 2 that

E(V (t)) ≤ v(t), t ≥ 0. (22)

By the formula for the variation of parameters,[33]

the solution v(t) of Eq.(21) can be represented as

v(t) = W (t, 0)v(0)

+
∫ t

0

W (t, s)(r̃v(s− τ(s)) + ε)ds, (23)

where W (t, s), 0 ≤ s ≤ t, is the Cauchy matrix of the
following linear system:

η̇(t) = rη(t), t 6= tk, t ≥ 0,

η(tk) = w2η(t−k ), k ∈ N. (24)

By the representation of the Cauchy matrix,[33] we
have the following estimate by inequality (8) and
δ = tk − tk−1:

W (t, s) = er(t−s)
∏

s≤tk≤t

w2

≤ e(−a− 2ln|w|
δ )(t−s)w2( t−s

δ −1)

= w−2e−a(t−s), 0 ≤ s ≤ t. (25)

Let γ = w−2ρ sup−τ̄≤s≤0 E(‖ϕ(s)‖2). Accordingly, it
follows from expressions (23) and (25) that

v(t) ≤ w−2ρe−at ‖ϕ(0)‖2

+
∫ t

0

w−2e−a(t−s)(r̃v(s− τ(s)) + ε)ds

≤ γe−at +
∫ t

0

e−a(t−s)

×
(
bv(s− τ(s)) +

ε

w2

)
ds, t ≥ 0. (26)

Since λ, ρ, ε, a− b > 0 and 0 < |w| < 1, it yields

v(t) <
ρ ‖ϕ(t)‖2

w2
< γe−λt +

ε

w2(a− b)
,

−τ̄ ≤ t ≤ 0. (27)

In the following, by reduction to absurdity, we will
prove the following inequality holds

v(t) < γe−λt +
ε

w2(a− b)
, t ≥ 0. (28)

If this not true, by the estimate of inequality (27) and
v(t) ∈ PC(1), then there exists a t∗ > 0 such that

v(t∗) ≥ γe−λt∗ +
ε

w2(a− b)
(29)

and
v(t) < γe−λt +

ε

w2(a− b)
, t < t∗. (30)

By Eq.(14) and inequalities (26) and (30), we have
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v(t∗) ≤ γe−at∗ +
∫ t∗

0

e−a(t∗−s)
(
bv(s− τ(s)) +

ε

w2

)
ds

< e−at∗
{

γ +
∫ t∗

0

eas

[
bγe−λ(s−τ(s)) +

bε

w2(a− b)
+

ε

w2

]
ds

}

≤ e−at∗
{

γ + bγeλτ̄

∫ t∗

0

e(a−λ)sds +
aε

w2(a− b)

∫ t∗

0

easds

}

= γe−λt∗ +
ε

w2(a− b)
− εe−at∗

w2(a− b)

< γe−λt∗ +
ε

w2(a− b)
. (31)

This contradicts inequality (29), and so the estimate
of expression (28) holds. Letting ε → 0, and from
inequality (22) we have

E(V (t)) ≤ v(t) ≤ γe−λt, t ≥ 0, (32)

i.e.,

E(‖e(t)‖2) ≤ µe−λt sup
−τ̄≤s≤0

E(‖ϕ(s)‖2), t ≥ 0, (33)

where µ = ρ/(w2λmin(P )) ≥ 1.
From inequality (33), it is easy to conclude that

the error system (4) is globally exponentially stable in
mean square with exponential synchronization rate λ.
This completes the proof.

3.2.Optimization control algorithm to

estimate the stable region

From inequalities (8) and (13), if r + w−2r̃ ≤ 0,
then we can take δ < +∞ (i.e. δ can be taken as any
finite positive number). Otherwise, we can estimate
the stable region of system (4) with the fixed control
gain coefficient w, i.e. δ < −2 ln |w| /(r + w−2r̃), by
solving the following optimization problem:

minimize r + w−2r̃ > 0,

s.t. inequalities (8)− (12). (34)

For the above optimization problem (34), note that
two nonlinear terms, i.e. rP and r̃P , coexist in the
LMIs (11) and (12), thus the conventional LMI solvers
(feasp, mincx and gevp) are not applicable directly. In
view of this fact, we present the following procedure
(see Fig.1) to solve the optimization problem.

(1) Initialize the system parameters, including
C,A,B,Σσ,Σ1, Σ2, τ̄ , the control gain coefficient
w that satisfies inequality (8), two given coefficients

of accuracy ς > 0 and ζ > 0, two temporary flag num-
bers s0 and s1.

(2) To obtain the theoretic minimum value of r

that satisfies the LMIs (8)–(12), we can solve the fol-
lowing generalized eigenvalue minimization problem
(GEVP):[34]

minimize r,

s.t.





inequalities (8)− 10),

Z < rP .
(35)

We denote the minimum value obtained by µ. Mean-
while, we choose a constant µ̄ > 0 which satisfies
µ̄ > µ.

(3) Let r = µ̄ (i.e. choose µ̄ as the first value of r

in the beginning of the new iterative operation).
(4) Fix r and use the following GEVP technique

to obtain the minimum value of r̃:

minimize r̃ > 0,

s.t.





inequalities (8)− (11),

ΣσSΣσ + ρΣT
2 Σ2 < r̃P .

(36)

(5) Check whether r + w−2r̃ < s0, if yes, let
s0 = r + w−2r̃, s1 = r.

(6) Let r = r − ς. Check whether r < µ, if so, go
to Step (7). Otherwise go to Step (4).

(7) Check whether s0 ≤ µ̄, if so, go to Step (8).
Otherwise let µ̄ = µ̄ + ζ and then go to Step (3).

(8) Terminate the program and output the op-
timal value s0, s1 and w2(s0 − s1) (correspond to
min{r + w−2r̃}, r and r̃, respectively).

Next, we give the following directions, which im-
ply the rule for choosing µ and the feasibility of the
aforementioned algorithm.

• In Step (2), by solving the GEVP (35), we can
obtain the minimum value r (which is denoted by µ)
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Fig.1. Flowchart for the computation of optimization

problem (34).

that satisfies LMIs (8)–(11). If we add another LMI
constraint, i.e. inequality (12), the derived r must be
no less than µ. Thus, we can take µ as the theoretic
minimum value of r that satisfies LMIs (8)–(12).

• We choose r = µ̄ in Step (3), and for the first
operation in Step (4), by the GEVP (36), we obtain
a minimum value of r̃, which is denoted by v̄. Let
s̄0 = µ̄ + w−2v̄. Obviously, µ̄ < s̄0. If the constant µ̄

satisfies s0 ≤ µ̄, where s0 is the final output in Step
(8) of the algorithm (34), then it implies s0 < s̄0 and
in this case s0 can be regarded as the optimal value
(i.e., min{r +w−2r̃}). Accordingly, constant µ̄ can be
regarded as the theoretic maximum value of r. Other-
wise, we choose another larger µ̄ (i.e., µ̄+ ζ) to repeat
the above procedure until µ̄ satisfies s0 ≤ µ̄.

• The interval [µ, µ̄] contains the whole numerical
range where r should be, which guarantees the rea-
sonable estimation of the minimum s0. Furthermore,
the optimal value obtained in Step (8) becomes more
accurate as ς decreases.

4. Illustrative example

Consider the following chaotic DNNs:[25]

ẋ(t) = −Cx(t) + Af(x(t)) + Bf(xτ (t)) + U , (37)

where C = I, U = 0, fi(xi) = (|xi + 1| − |xi − 1|)/2,
i = 1, 2, τ(t) ≡ τ̄ = 1, the feedback matrix and the de-
lay feedback matrix, which are specified respectively
as

A =


 1 + π/4 20

0.1 1 + π/4


 ,

B =


−1.3

√
2π/4 0.1

0.1 −1.3
√

2π/4


 .

As shown in Fig.2, system (37) possesses a chaotic
behaviour.

Fig.2. Chaotic behaviour of the chaotic delayed cellular

neural networks (37).
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From Assumption 1, it is easy to ver-
ify that Σσ = I. Let ϑ(t, e(t), eτ (t)) =

diag
{

1√
2
(e1(t) + e1τ (t)),

1√
2
(e2(t) + e2τ (t))

}
,

hence we can easily obtain Σ1 = Σ2 = I. We choose
w = 0.5, and from Theorem 1 and the algorithm
described in Fig.1, we have the global optimal value
s0 = min{r + w−2r̃} = 42.1700 + 0.5−2 × 1.7186 =
49.0444, and a set of feasible solutions as follows:

P =


 15.2200 −0.0533

−0.0533 15.8625


 ,

Q =


 307.1211 0

0 307.1211


 ,

S =


 19.8621 0

0 19.8621


 ,

Z =


 635.9571 10.8228

10.8228 497.0093


 ,

ρ = 24.8996.

Therefore, from inequality (13), the estimate of the
stable region of system (4) is given by

δ < − 2
s0

ln |w| = 0.0283.

Figure 3 shows the time response curves of system
(4) with w = 0.5 and δ = 0.028, and the exponential
synchronization rate can be obtained as λ = 0.0577
from Eq.(14) accordingly. The initial conditions of
the drive system and the response system are taken
as x(s) = [0.1, 0.1]T and x̃(s) = [0.2, 0.2]T for −1 ≤
s ≤ 0, respectively. Throughout the simulations, we
use the fourth Runge-Kutta approach in time steps of
0.0001 s.

Fig.3. Time response curves of system (4) with w = 0.5

and δ = 0.028.

5. Conclusions

In this paper, we have investigated the issue
of global impulsive exponential synchronization for
a class of chaotic DNNs with stochastic perturba-
tion. Based on the efficient impulsive delay differen-
tial inequality and stochastic analysis approach, some
new sufficient conditions expressed by LMIs are es-
tablished. In addition, by using a novel and effec-
tive optimization control algorithm, the estimation of
the maximum impulsive distance (i.e. the stable re-
gion of synchronization error dynamics) has also been
given. Finally, some numerical simulations are given
to demonstrate the effectiveness of the method. It
should be pointed out that the method of impulsive
synchronization between two different chaotic DNNs
with stochastic perturbation is far from being straight-
forward due to their different structures and full pa-
rameter mismatch. Furthermore, the conditions we
give for impulsive synchronization are only sufficient
ones, less conservative conditions still need to be de-
veloped. These issues are interesting and important,
and their further study is desirable.
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