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This paper studies initial-boundary value problems for a class of nonlinear thermoelastic plate equations. Under

some certain initial data and boundary conditions, it obtains an existence and uniqueness theorem of global weak
solutions of the nonlinear thermoelstic plate equations, by means of the Galerkin method. Moreover, it also proves the

existence of strong and classical solutions.
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1. Introduction

With the development of nonlinear dynamics, re-
search on the dynamical behaviour™? of nonlinear
elastic beams and rods has become common. For ex-
ample, Balll3! studied the initial-boundary value prob-
lems for an extensible beam, Gaol! studied the global
existence and decay of the solution of the thermoe-
lastic rod equation. But studies on the problems of
nonlinear plates are relatively few.

Hugo and Zoraidal®! studied the following nonlin-
ear system

W+ A% w+ oA = fi (tw,0), t>0, x€
0—BAO—ali=fy(t,w,0), t>0, z€f,
w=Aw=0=0, t>0, z €I,

where {2 is a regular domain in R"™(n > 1); they
proved the existence, stability and smoothness of a
bounded solution by the analytic semi-group method.
Santos et al!% studied the initial boundary value prob-
lems of a von Karman plate system with free boundary
and boundary conditions of memory type in R?.

In this paper, we study the initial-boundary value
problems of the following nonlinear thermoelastic

plate equations:

i+ A% u+ A+ Ny (u,0) =0, t > 0,2,y € 2,1)
0 —BAO—aAi+ Ny (u,0) =0, t>0,z,y € 2(2)

with the initial conditions

U(l’,y,O) = Up (xvy);
u(x,y,O) =u (x’y)a
Q(w,y,O) :00 (x7y)7 (3)

and the hinged boundary conditions

u(0,y,t) = u(l,y,t) =0,

u(z,0,t) =u(z,l,t) =0, (4)
Uae (0,4,1) = Uea (I, y,1) =0,

Uyy (2,0,1) = uyy (2,1,1) =0, (5)
0(0,y,t) =0 (ly,t) =0,

0 (z,0,t) =0 (x,l,t) =0, (6)

where u, 8 denote respectively the vertical deflection
and the temperature of the plate. 2 = (0,1) x (0,1)
is a rectangular domain of R%2, A = — + —, «,
& Ox? * Oy 4
are positive constants. For brevity of notation, dots
above symbols denote differentiation with respect to

0z . 0%z
;92

time t, for example, 2 = 5= o

2. Preliminaries

Let Q@ = 2 x (0,T), where T > 0 is fixed.
Now we note that
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Sy =Hy (R)NH* (%),

S1={u€ H* (2)NS2| Uz (0,y,t) = gy (I, y, 1) = 0,uyy (x,0,t) = uy, (z,1,t) = 0},
Sy = {u e HS (2) N S| uga (0,y,t) = uga (I, y,t) = 0,uys (2,0,1) = uya (2,1,t) = 0}.

Then S5, S1 and Sy are Hilbert space and Sy C
S1 C Sy C L2 (Q)

In the following arguments, the nonlinear terms
Ni (u,8) and Nj (u, 6) satisfy

N1 (u 6‘) = N11 (u) + N12 (

Ny ( )eCH (R ‘ )|

Noy (u) € C*(R), |Ng; (u)
Ny () € C' (R) ,|Ngy (8)] < My, Noy (0) = 0; (8)
INTy (u)] < Ms, [Ny (0)] =0
|Ngy (u)| < Mg, [Ny ()] = 0; (9)
INTT (u)| = [N75 (0)] = | N3 (u)

= N33 (0)] = 0,

)

) [N1o (0)] <
N(u 0) = 1(u)+N2(

)| |

)

(i, @)

with w € L% (0,T;S2), w € L= (0,T;L?(R2)), 0 €
L (0,T; L* ().

Proof Let {w; (z,y)} be a basis of Sy and L?(£2).
For any fixed natural number m, set

Vin = w1, wa, -« . wm] ,

then V,,, C S3. Now the Galerkin approximating solu-

tions uy, (t) and 6, (t) of Egs.(1)—(6) can be denoted

|

+ (Au, Ap) + a (6, Ay)
(0.¢) = B0, 80) = (i Ag) + (N2 (1,6) . 0) =0,

where M; (i =1,.
Lemma 18! Let f € H' () and suppose f (£) =
0 for some & € £2. Then

., 6) are positive constants.

171 < == |70

il

3. Existence and uniqueness of

the weak solution

Theorem 1  Supposing that Np (u,6) and
Ny (u,0) satisfy Eqgs.(7) and (8), and (uog,u1,00) €
So x L2 (2) x L (£2), then for any T > 0, there exist
weak solutions v and 6 satisfying the initial conditions
Eq.(3) and the following equations:

+ (N1 (w,0),9) =0,

Vo € Sy

\
by
Um, (t) = Z 9im (t) Wi (Iv y) )

m

t) = Z Rim (t) wi (2,y) ,

where g;p, (t) and hy,, (t) are sufficiently regular func-
tions depending on ¢t. Moreover, u,, and 6,, satisfy
the following generalized equations

+ (A, Ap) + a (0, Ap) +
= B (Om, D) — o (tm, Ap) +

(N1 (U, 0m) ,0) =0, Yo € Vi,
(NQ (UM797rl)a<)0) =0, VSO €Vn

(T, @)

(émy ©)

with the initial conditions:

U (0) = uom = Z Qwi,  Ugm — U (z,y) (in Sa),
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it (0) = 1 = Z@w“ wim — w (2,y) (in L (2)),
am(o) = eom = nyiwh 00m - 90 (Ivy) (lIl L2 (‘Q)) (13)
i=1
\
Now Egs.(11)—(13) become a Cauchy problem of + (N1 (s Om) s Uim) + (Umy Uin) — (A, Uy
ordinary differential equations. Using the theory of or- = (U, ) — (At Uy - (14)

dinary differential equation, we know that there exists
m > 0, such that w,, (t) and 6,, (t) are existent and
unique in [0,%,] (0 <t <t,). The extension of the
solutions to the interval [0, 7] is a consequence of the

And considering ¢ = 6, in Eq.(12), we obtain

a priori estimate which we are going to prove below. (9”“ 67”) = B (Om, AOm) — & (i, Abr)
Estimate We first consider ¢ = ,, in Eq.(11), + (Na (U, 0m) ,0m) = 0. (15)
then we have

(T, Uim) + (AU, Attyy) + @ (O, Atty) Adding Egs.(14) and (15), we can obtain

+%W>+5Qﬁf k= )

= (umvum) - (Aumvum) (Nll(um) Um) — (N12(0m ) )_ <N21(Um) Om) — (N22(9 )s m)

o

1d
2d<MMIHAwM+HmH+H

Let As above, uy, (t) and 0,, (t) exist in [0,7], and
. o ) ) satisfy the bounds of Egs.(16) and (17).
B(t; tm, Om) = [l + [| Aum ™ + [10m]" Convergence From the bounds of Eqs.(16) and

From Eqs.(7) and (8) and applying the Schwarz (17), it is easily to show that there exist a subsequence

{u,} of {un,} and a subsequence {6, } of {8,,}, such

inequality, we have
that

L Bt ) < OBt s O),

dt u, — u weak - star in L> (0,T;S2);
where C' is a positive constant, while C' denotes dif- @, — U weak - star in L (O,T; L? (Q)) :
ferent constants in different parts of this paper. 0, — 0 weak - star in L™ (0’ T: L2 (Q)) ;

Using the Gronwall inequality, we have
& q v u, — u strongly in L?(Q) and a.e.

E(t; um, 0m) < E(0; ugm, Oom )eC T 0<t<T).
(&, bm) < E(0; vorm, bom) ( ) Since u, — u weak-star in L* (0,7 S5), when

From Eq.(13), it follows that E(0;uom,00m) is # — 0o, we have
bounded and independent of m. Then we obtain that
E,(t) is uniformly bounded and independent of m
and t € [0,T]. That is,

—u) ¢rdadydt

— 0,

V¢ € LY (0,T;S). (18)
l[tm[l < C, [[Aum| < C, (0] <C. (16)
About Ny (u,), by Eq.(7) and w,, € L*(0,T;S2),

From ||Au,| < C and according to the boundary we know

conditions, we have

9%u,, 0%u,,
- 77 || 0z0y ’ oy

Nii (u,) — x1 weak - star in L™ (0, T L? (1)),

= com

0x2

as [t — 00.
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Since |Ny; (u)] < My, by Eq.(18) we arrive at

/OT /ol /Ol (N1 () = Nua (u))Grdadydt
[ ] v - avasar

/OT /Ol /Ol (up — u) G dzdydt

as p — 00, where {; is between u, and u. By the

IN

M,

— 0,

uniqueness, we conclude that
Ni1 (u,) — Nii (u) weak-star in L (0,77 S2).
Using similar arguments to those above, we can
easily verify
Ny (8,,) — Ni2 (6) weak-star in L> (0, T L* (12)),
Noi (uy) — Nai (u) weak-star in L (0,7'; S2),
Naj (8,,) — Nag (6) weak-star in L> (0,T; L* (12)).
As above, when p — 0o, we obtain the weak so-
lutions v and 6 which satisfy Theorem 1.
Theorem 2 The weak solutions (u, §) satisfying
Theorem 1 are unique.
Proof Suppose (u,d) and (v, n) are two solutions
satisfying Theorem 1 with

u,v € L>(0,T5852),
u,v € L (0,T;L*(2)) ,
0,n € L (0,T;L*(12))

and suppose that (u,8) and (v,n) satisfy the initial
conditions

with (Uo,ul,ao) € 55 x L? (.Q) x L? (Q)
Then for all ¢ € Ss, we have

(i, ) + (Au, Ap) + a (0, Ap)

+ (N1 (u,0) ) =0, (19)

(0.¢) = B0, 5¢) — a (i, Ag)

+ (N2 (w,0) ) =0, (20)
and

(U,9) + (Av, Ap) + a(n, Ap)

+ (N1 (v,m), ) =0, (21)

(1, ¢) = B(n, Ap) — a (v, Ap)
+ (N2 (Uﬂ?) 7(:0) = 0.

Now subtracting Eq.(21) from Eq.(19) and also
Eq.(22) from Eq.(20), we obtain

(i, ) + (Aw, Ap) + a (v, Ap)

+(N1(u’9)_N1(vv77)»‘p):07 (23)
(da 90) - ﬁ (07 A@) -« (IU, A‘)O)
+(N2 (’LL,@)—NQ (0777)7@):07 (24)

where w =u — v, 0 = 0 — 1, then wy =0, o9 = 0.

Since S5 can be continuously and densely embed-
ded into L? (£2), thus ¢ in Egs.(23) and (24) can be
replaced by  and o (where 1w, o € L?(£2)), respec-
tively. Then we obtain

(w,w) + (Aw, Aw) + a (o, Aw)
+ (N1 (u,0) = N1 (v,m) ;) =0,
(6,0) — B (0,A0) — a(w, Ao)

+ (N2 (u,0) — No(v,m),0) = 0.

Set

2

2
5(0) = ol +aul i+ 52 | +| 52 |+l

Using similar arguments to the proof of Theorem 1,
we can obtain
d

SE() < CE(®).

By the Gronwall inequality, we have

E(t) < E(0)eT (0<t<T).

From the assumptions on (u,#) and (v,7), it implies
that E(0) = 0. Hence

2 2

ow 2
+|lolI” =0,

ow
12 2 2

A gwil 4|2
l|I” + [|Aw]]” + [Jw]] +Hax 3y

§

that is u = v, 6 = 1. Now Theorem 2 is proved.

4. Existence of the strong solu-

tion

Theorem 3 Suppose that Ny (u, ) and Nz (u, 0)
satisfy Eqs.(7) and (8), (ug,u1,60p) € S1 X S2 x Sa,
then there exist strong solutions u and 6 satisfying the
following equations:
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i 4+ A%u + a0 + Ny (u,0) =
0 — BAO — aNit+ Ny (u,0) =0,

in L>(0,T;L*(£2))

with v € L*(0,T7;51), « € L*(0,T;S3), Iinitial data and Eq.(7), we know
i € L*®(0,T;L*(R)), 0 € L>(0,T;S:), 0 € ) ,
L (O,T;L2 (Q)) lliim (0)]| < ||A uOm” + a[|A o |

: : - N1 (wom, bom) | < C. - (27)
Proof Letting {w; (x,y)} be a basis of S, simi-

lar to the proof of Theorem 1, we can obtain Eqs.(16)  Letting + = 0 in Eq.(26), from the initial data and
and (17). The approximate solutions u, (t) and 6, (t)  Eq.(8), we know

satisfy .
[ (O
_ .
i + A2ty + A O+ Ny (tn, 6) = 0, (25) < BlIAGomll + e [[Adiom|| + [Nz (wom, Gom)
. <0
— BA O — @ Aty + Nz (tt, 61) = 0. (26) =¢ (28)

Now differentiating Eq.(25) with respect to ¢, and tak-
Estimate Letting t = 0 in Eq.(25), from the  ing the inner product with i,,, we obtain

2 2.
0%y,

dxdy

0?1y,

oy?

Lty T e 2
2 dt i ox?

(N12 m,um) = 0. (29)

vz

2
) +a (Aém, um) + (N1y () U i)

Also, differentiating Eq.(26) with respect to ¢, and taking the inner product with 6,,, we obtain

. 2
00,
dy

0

o a (am,Aém) + (N§1 (um)um,ém) n (N§2 (em)e’m,ém) — 0. (30)

ool +5
st

Add Egs.(29) and (30), and note

i || N0 [P |0%0m P 1, 112
. T 2 m m m
Ey (5t O0m) = [ [|” + H o2 2 H dxdy H H dy? - HemH '
Then we have

1d 0

-—FE(t; maam == =

2 dt 1t u )+8 ‘ oz +‘ Oy

= — (N1iy (um) iy i) — (N{2 (Om) émv um) - (Nél (um) umaém> - (Néz (0m) éma em) .
By Eqgs.(7), (8) and the Schwarz inequality, we obtain
d
aEl (t, Um,, Hm) S CEl(t, Um,, em)
By the Gronwall inequality, Eqs.(27), (28) and the initial data, it follows that
D%y,

2, 2,
| < el < [
T

Oz Oy Oy?
From Eqgs.(8), (26) and (31), we have

liim]) < €, H

<o i) <c @)

BIA ] < ||| + 0 [1 At 4 |12 (i, 1) < C.
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Since (8 is a positive constant, therefore

A0, <C.
Moreover, we have
2 2 2
5= |aml=e [5#]=e 8
From Eqs.(7), (25), (31) and (32), we obtain as follows that
A% || < it + @ [|A0m]| + [Ny (i, )| < C.
Moreover, we have
4 4 4 4 4
e [glee [2le [Zple [Sle o
Now letting Eq.(25) take the inner product with —Ad,,, we obtain
1d (‘ Qi 2+’8um 2+' O |, H 8 tim 2+3‘ O tim 2+‘ 8 tim 2)
2dt Oz Oy ox3 0z20y OxOy> oy?
+a (A, —Ady) + (N1 (U, Om) , —Attyy,) =0 (34)
Also, letting Eq.(26) take the inner product with —A#6,,, we obtain
90, || 2 .
2dt (H + H0 ) + B A — o (Atimn, =Aby,) + (N2 (i, 0 ), —A b)) =0 (35)

Add Egs.(34) and (35), and note

E (t 9 )7 aum 2 aurrL 2+ 83um 2+ aBUm 2 aBum 2+ 83um 2
SR Ox3 020y Or0y> O3
Kl 2+ Bl
Ox Oy

From Eqgs.(7), (8), (31), (32) and the Schwarz inequality, we obtain

d
dt 2( ,U ) C

By the Gronwall inequality, we obtain
EQ(t; U, am) S EQ(O; UOm s 90m) + CT.

[

Convergence From the bounds of Egs.(16),
(17), (31), (32), (33) and (36), we find that there exist
a subsequence { u,} of { u,,} and a subsequence {6,,}

From the initial data, it is easy to know that

E5(0; wom, Bom) is bounded. Thus

O, <, Oy, <, of {0}, such that

Ox Jy u,, — u weak-star in L> (0,T;.51),
Lgum ‘ C ‘ L%m H <C U, — u weak-star in L> (0,7'; S2),

3 — ) 2 — 7
883% g? 0y ii,, — @i weak-star in L> (0,T; L* (1)),
833;5; H s ‘ a;;n <C, 9.# — 9 weak-star in L (0,T’; S2),
0,, — 6 weak-star in L™ (O T; L* (12)),

%o < ¢ P < 36 '

or || = 7 oz Il = (36) u, — u strongly in H' (Q) and a.e.
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Using similar arguments as in the proof of Theo-  Similarly, we have
rem 1, we can easily verify
. 2 . 2 .
Ni1 (u,) — Nip (u) weak-star in L (0,75 51), H 9 “;" (O)H <c, H O i, (O)H <C. (38)
Ni2(6,,) — N1z (0) weak-star in L™ (0,T;.52), 9y 9z0y

Noi (uy) — Nai (u) weak-star in L (0,7';.51),

Nog (0,,) — Nag (8) weak-star in L™ (0,T'; Sa).

As above, when i — oo, we obtain the strong
solutions u and € which satisfy Theorem 3.

5. Existence of the classical solu-
tion

Theorem 4 Suppose that Ny (u, 0) and N (u, )
satisfy Eqs.(7)—(10), (uo,u1,00) € So x S x Si,
then there exist classical solutions w and 6 satis-
fying Eqs.(1)-(6) with v € L*(0,T7;S51), 4 €
L®(0,T;8), i € L=(0,T;L2(R), 6 €
L>®(0,T;S,), 6 e L*® (0,T;L*(2)), and u €
C1(Q) N [CF (@) x C2[0,T], 0 € C2(2) x C1[0,T).

Proof Letting {w; (z,y)} be a basis of Sy, similar
to the proof of Theorem 1 and Theorem 3, the approx-
imating solutions u,, (t) and 6,, (t) satisfy Eqs.(16),
(17), (31), (32), (33) and (36).

Estimate Differentiating Eq.(25) twice with re-
spect to x and letting ¢t = 0, we have

0%, O%uy, 8%u,, O%u,,
Ox? (0)+ 0xb 0) + 28x48y2 0)+ Ox20y* 0)
00, 0%0,,
o < Ozt (©0) 0x20y? (O)>
N1 (wom, Oom)
e =0

Then from Egs.(7), (9) and the initial data, we obtain
that

Differentiating Eq.(26) twice with respect to x

and letting ¢t = 0, we have

920,
Ox2

<o>—/3(

00,,

910,

ozt

(0) +

0x20y?

o)

Oy,

Oy,
- ( Ozt 0)+ 02 0y>?

902N (wom Oom)
+ 0x2

o)

=0.

Then from Eqgs.(8), (9) and the initial data, we
have

90,
‘ 92 (O)H <C. (39)
Similarly, we have
920, 920,
< <C.
a0 < |FEof<e @)

From {w;} € So, Eqgs.(25) and (26), we obtain the
compatibility conditions

Uga (2,0,t) = ugza (x,1,t) =0,
Uys (0,9, 1) = uya (I, y,t) =0,
022 (0,y,t) = bus (1, y, 1) =0,
Oyy (2,0,t) = Oyy (z,1,t) =0

92 Now differentiating Eq.(25) with respect to ¢, and
—(0)]| < C. (37) . . : 2, .
o2 taking the inner product with A#i,,, we obtain
|
1d (0%, || i ||° || 02 || N 12 S s
2dt (H z? H dxdy H Oy? [ A% n][” | +a (Aﬂm,A um>
(VY () o, A1) + (N (8) G, A% ) = 0. (41)
Also, differentiating Eq.(26) with respect to ¢, and taking the inner product with A2, we obtain
L2 .2 L2 .2 e 112 e 112 .2
1d 0%0,, 0%0,, 02%0,, LB 020, %0, %0, %0,
2 dt O0x? Oxdy Oy? ox3 0x?0y Oxdy? oy
—a <A2 ity Ad ) + (N;1 () i, A6 + <N§2 (em)ém,ﬂém) =0. (42)
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Plus Eqgs.(41) and (42), and note

9 2
+2 ’ 2 ‘ + ’

Then from Eqgs.(7), (8), (9), (10), (16) and (31), together with the Gagliardo-Nirenberg inequality!® and
the Schwarz inequality, we obtain

.2
8%6,,
Oy?

.2
9%0,,
Ox2

L2
0%y,

Oy?

0%y,

0x?

0%y,

0xdy

020,
0x0y

2

+ ||A2um||2 +

%Eg,(t; Uy Om) < CEs(t; U, Om)-

Using the Gronwall inequality, we obtain

B3 (t; tm, Om) < E3(0; wom, fom )" .
From Eqs.(37), (38), (39), (40) and the initial data, we find that E3(0;uy,, 0y, ) is bounded. Thus we have

iy il Pl 020, 90, 020,
— < < - Y < L — || < C.
‘ x? ’ <G dxdy H ’ 2 H il < C, ox? || — dzdy ay? || — ¢. 43
From HAQQmH < C, we obtain
ot ot ot ot ot
— 2 <C, || s—n] < — | <C = C <. 44
’ Ozt ‘ - ‘ dx3dy H ’ ’ ox20y?|| — ‘ dzoy3 || = ‘ oyt || — (44)
Now applying the Laplace operator A to Eq.(25), we have
Oum \ Oum \
Aty + A3y, + a0, 4+ Niy () At + N7j (um) ((8;) + (&;n) )
90, \°  (00.,\°
+N12 (0m) Al + N1, (6:) <<8x> + ((%) ) =0. (45)
Applying the Laplace operator A to Eq.(26), we have
. Oum \° Oum \°
— BA%0,, — @Ay, + Noy (um) At + N3 (un) ((8%‘) i (&U) >
90, \°  (00,\°
+Ng (0m) Db + No (01m) ((895) + <8y> ) =0. (46)
\
From Egs.(46), (8), (9), (16), (32), (43), (44) and  Then it follows that
the GagliardoNirenberg inequality,®! we have
0%u O%u
A%9,,|| < C. m | < Z <
e <o 25
Then it follows that 5u,, 5,
00, < C <c Ox40y? ’ Ox30y3 ’
Ox* 8x33y 8z28y u,, u,,
70, e R v
<C, <C. (47)
Oz oy? 5‘y 9% o
< cC. 48
From Egs.(45), (7), (9), (16), (32), (43), (44) and oys || ~ (48)

the GagliardoNirenberg inequality,®! we obtain

”ABUmH <C. Now differentiating Eq.(25) with respect to ¢,
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from Eq.(7) and the derived bounds, we have
[dm] <C. (49)

Also, differentiate Eq.(26) with respect to ¢, then from
Eq.(8) and the derived bounds, we have

|| < c. (50)

Convergence From the bounds Eqgs.(43), (44),
(47), (48), (49), (50) and (50), and using Lemma 1,
we may extract a subsequence {u,} of {u,} and a
subsequence {6,} of {#0,,}, such that

u,, — u weak-star in L> (0,7 .5),

U, — U weak-star in L> (0,7 51),

i, — i weak-star in L> (0,7 52),

u,, — U weak-star in L™ (O,T; L? (Q))7

6,, — 0 weak-star in L> (0,7T'; S1),

0,, — 6 weak-star in L (0,T;S5),

u,, — u strongly in H? (Q) and a.e.

6, — 0 strongly in H' (Q) and a.e.

Using the similar arguments as in the proof of
Theorem 1, we can easily verify

Ni1 (uy) — Ni1 (uw) weak-star in L™ (0,T'; Sp),

N1z (0,) = Ni2 (0) weak-star in L™ (0,7 .51),

Noi (uy) — Nap (u) weak-star in L™ (0,T'; Sp),

Nog (0,,) — Naa (8) weak-star in L™ (0,T'; S1).

By the Sobolev embedding theorem, we can ob-
tain classical solutions v and 6 which satisfy Theorem
4 as p — 0.
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