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The Fock—Darwin system is studied in noncommutative quantum mechanics.

We not only obtain its energy

eigenvalues and eigenstates in noncommutative phase space, but also give an electron orbit description as well as the

general expressions of the magnetization and the susceptibility in a noncommutative situation. Further, we discuss

two particular cases of temperature and present some interesting results different from those obtained from usual

quantum mechanics such as the susceptibility dependent on a magnetic field at high temperatures, the occurrence of

the magnetization in a zero magnetic field and zero temperature limit, and so on.

Keywords: Landau diamagnetism, space-space non-commutativity, momentum-momentum non-

commutativity

PACC: 0365, 1110Q
1. Introduction

In recent years, intensive research activities have
been devoted to the study of physics effects on non-
commutative (NC) spacel' =) where the coordinate 7;
and momentum p; satisfy

(6, 2;] = 16045, [Pi, D] =0, [&i,p;] = ihdi. (1)
Here { ©;,} is an antisymmetric matrix with very small
elements representing the noncommutative property
of the space. In the low energy effective theory
of D-brane with B field background and an ex-
treme situation such as in the string scale or at
very high energy levels, not only may the space non-
commutativity appear, but also the effects of momen-
tum non-commutativity can be significant, which is
called NC phase space. In this space the momentum

operators satisfy the commutation relation

[bi, bs] = 16y, (2)
where {6;;} is another antisymmetric matrix repre-
senting the non-commutativity of momentum. There

are many papers about the study of various aspects of

noncommutative problems, such as the energy levels

in hydrogen atoms,'%!] the Aharonov-Bohm (AB)
effect,['?] the Aharonov—Casher (AC) effect'314 and
the He-Mckellar-Wilkens effect.['5] As is well known,
a system of spinless electrons moving in a plane, sub-
jected to a perpendicular magnetic field B, plays a
very important role in modern physics, and it was first
investigated by Landau.l'®! Its interesting behaviours
such as Landau diamagnetism and quantum Hall ef-
fect have been discussed in the framework of NC space
recently.!718] If we neglect Coulomb interactions and
restrict the system to a harmonic confining poten-
tial, it will become the Fock-Darwin system.[!?! In the
present paper, we focus our attention on NC problems
of this system and make use of a standard coherent
state method to further study its magnetization and
magnetism in NC space and NC phase space.

The remainder of the present paper is organized
as follows. In Section 2, by using a generalized Bopps
shift formulation, instead of a star product method, we
obtain the levels and the eigenstates of this system in
the corresponding NC situation. In Section 3, by using
a coherent state method, we study its magnetism in a
NC situation and give the general expressions of the

magnetization and the susceptibility. In Section 4, we
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discuss two special cases of temperatures, present the
more brief formulas of the magnetization and the sus-
ceptibility in the two kinds of conditions and exhibit
some interesting results which do not exist in commu-
tative space. We expect these discussions to be able
to provide some clues to verifying the presence of NC
space and NC phase space in the future. Conclusions

and some remarks are given in the last section.

2. Electrons on NC phase space

In usual quantum mechanics, a planar spinless
electron confined by a harmonic potential —=mwy? and
moving in an external uniform magnetic field B =
V x A, perpendicular to the plane, is described by the

Fock—Darwin Hamiltonian

1 e
where P = (p,,p,) is the canonical momentum and

2

r? = 22 + y2. The Bose-Einstein statistics in non-

commutative quantum mechanics require both space—

l

1 /- N2 1
7(13 fA) + mwo?(#2 4+ §°)
2m c 2

g (07 252)

B

+ mwo

e 1 2 1
B (ay+ %9}%)) + ((apy - m@x) + 5
1 2 1 ?
5 (ax 2ha0py> + <ay + m&m) .

space and momentum—momentum not to be commu-
tative. Thus we need to consider physical problems in
NC phase space. The static Schrodinger equation of

this system in NC phase space can be expressed as
1 e \2 1
[2m (P + EA) + 2mw§r2} * 1) = E, (4)
where the star product * is the Moyal-Weyl product
defined in Ref.[20]. By replacing the star product with

a general ordinary product shift, i.e. shifting coordi-

nates x,y and momentums p,, py with

. 1(9
r — F=ar— —
2ha LY
. n 1 0
— §=ay+ —0p.,
Yy Yy Y 2hap

h + 1
— Pz = QPg ar 7Y
p P 2hozy

1
%9% (5)

where 2,9 and p, p, are the coordinates and momen-

Dz

Py — Dy =apy —
tums in NC phase space respectively, @, = 0 and

@zy = 0. The noncommutative version of the Hamil-

tonian (3) can be written as

eB

o))

(6)

1
ar 2ha

p B. B,
Here the symmetric gauge, A = ( > —q, 2 0), has been used. If we set
eBO \ > m2wy260?
v [( ) +aa wo} [(a 4ﬁac> 4h2a? 1’
-1
mw?
M = 0
l <a 4hac) 4h2a? ’
- 7 1mf,u29
we 1 aieBG 7i+eBa g %o )
2 m 4hoc 2ha 2c R

eB . .
where w, = — is the cyclotron frequency in com-
mc

mutative space, the Hamiltonian has the form
1

1
H = *M72 2 2
QM(pa: +pu)+8 o (z” +y7)
We
+7(ﬂfpy — Ypa). (8)

Introducing the creation and annihilation operators as

follows:

a; =
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Mo 2ip . [ Mo 2ip
+ _ ninied _ z iahed _ =y
Y (m Mw)+1 8h (y Mw)’
Mo 2ip, Mo 2ipy
h <x+Mw> V 8n <y+Mw ’
ot — i Mo . 2ip, _ @ y— 21py
2 V 8h Mo V s Ma

(9)

the Hamiltonian H for the motion in the plane in NC

phase space can be written as

w
7(afa1 +afay+1)+ ?C(afal —ajaz). (10)

Therefore, the energy eigenvalues and the correspond-

H =

ing eigenstates respectively are

_ hio,
Enl,ng = 7(711 + no + 1) + 7(711 — 77,2),
ny, n2:O,1,2... (11)
and
1
[ny,me) = (a])™ (a3)™0,0), (12)

V!
where |0,0) is the vacuum of H. In terms of the rela-
tion 00 = 4a%(1 — a?) in Ref.[20], we know that when
a = 1, which leaves # = 0, then the space is restricted
to NC space where only momentum—-momentum is
commutative. So the energy levels turn into the case
in NC space, i.e.

Enhnz

h\/4w0+w2 —Bel 2 5
( 8h\/4 +w2 | (ng+n2+1)

7 = Tre T

Y- 3)

the result returns to the case
En17n2 =

When 6 = 0,

of general quantum mechanics, i.e.

/302 + w2 huwe
(“g“”) (n1 +ng + 1) + == (n1 — na).

3. Non-commutative magnetiza-

tion and magnetism

A coherent state is one of the most important
states, since it can simulate a classical field. As the
average number of photons increases, the uncertainty
becomes negligible and the field is more and more
like a classical one. By adopting the coherent state
method, electron orbits can be described in classical
language and the expectation value of any observable
in the system could be computed.?!) Here we study
the magnetization and magnetism of the system in NC
space and NC phase space. Therefore, we introduce

the normalized coherent state as
le1,22) = exp |~z (121 + [2)
x expzia] + z2a3]|0,0) (14)
We still

use the standard form of the partition function in NC

where z, and z, are complex parameters.

phase space, i.e.

1 _ 1 [h@(,F + D+
_ ﬁ d221d222<21,z2|e e %2 (af a14a3 az+1)+ == (af a1 —aj a2)]|21 2’2> (15)

To approximately calculate this partition function, we need to know the expectation values of the coordinates

under the corresponding coherent state |21, z2) in the Heisenberg picture and the results are given by

=1
H

e (/57 a5 ) =0

N N N
Yy =1lm « 7M&) % oF 2
where z1(t) = z1e” HEEPAL nd 2(t) = ze —jl@=gelt

(a\/sz n i@)(@(t»} ,

A 3 Y R

Thus the wave packet centroid of the coherent state

| 2h | M
|21, 2z2) executes the motion as shown in Fig.1: when the point A (Re[( 2 o > —izo(t )}
@
2h . . . . 2h
K \/ 2@\/ oh > —izg)( ]) makes a circular motion with radius R = ‘ <a\ / Vo + %\/ o >
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the wave packet

state follows the
‘ 2h 0 [Mao

Fig.1. Motion of the coherent state |z1,z2).
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fre-
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0 — We
quency ,

centroid of the

coherent motion with radius

Ry =

—— — —1\/ —— | z1| at cyclotron fre-

Mo 2« 2h

w+ @
quency ° around the point A at the same time.

the wave

X(—iZg)‘ at cyclotron frequency 5 =
packet centroid of the coherent state follows the mo-

< \/TZ 2a\/]\277;d> a

° around the point A at the

tion with radius Ry = at

cyclotron frequency

same time. For the system in a plane with radius R,

the partition function can be approximately written
as

A

%
I

_ oo 2 h(@—a,)

= 24 2ef"”%Thw/ | 25| exp “ (ef%iT - 1>
ll l2 0 2

2

d|zz|/ |21 | exp [ (67 — 1)} d|z1], (17)

| 2h | M /
where [ = « o 204 ETE and lo =«

9 Mo

2h

lowing two considerations.

h(@to,)
KT

/
21
1

The result (17) is attributed to the fol-
1) The coherent states
with the centroid outside the plate are all excluded.
The limitation to the sum over the other coherent
states is equivalent to the cutoff of energy eigenstates

used by Landau. 2) Because the radius R > ly,1s

/2
and the exponential exp l 7—1 (e Mt _ 1)] and
1
Pk (5-5c)
exp [ 172 (e* T 1)] fall off rapidly with |21]
2

and |z5| respectively, the integration region of |z | and
|25| can be safely chosen from zero to infinity. So from
the perspective of the partition function, the system
with radius R is approximately equivalent to the one
with infinite side. Calculating Eq.(17), yields

Z = ! . (18)

4 sinh [M} sinh {h(w—wc)}

4kT 4kT
In terms of the standard formulas for the free
energy and the magnetization, F' = —nkT InZ and

M=- the magnetization is given by

OB’

M= _nh (oz e Be?d ehf n 1 (Ba462 3 a’ef 3 3B%a%e30 Be?60 B eh6?
2 \2em  42mh ' 8cma2h? T © \ 2¢2m?  2chm? 8c3hm? 2c2h?m?  8ch3m2a?
B3e10? 3B2e%0%0 Be?620* a’efwi  Be?0*wi ew0929 1 (ho  hoe
16¢im2h?  32303m2a?® | 322him2at 2ch 4c2h? 8ch3a 2)) coth [QkT ( T )]
~nh (_ a’e n Be?4 B ehf 1 (Ba462 B a’ef 3 3B%a2e30 Be?00 3 eh6?
2 2cm  4c?mh 8cma?h? 2¢2m?2  2chm? 8c3hm? 2c2h2m?2  8ch3m2a?
B3e10? 3B2%e%0%0 Be?620* a?efw  Be?0*wi ew0920) >
16c*m2h2  32c3h2m2a2  32c2h*m2at 2ch 4c2h? 8ch3a?
1 (hw  ho.
x coth [QkT < 5 )] , (19)
and the susceptibility is
h e%0 1 [/ a%e? 3Ba2e%0 €260 3B2%e*6? 3Be30%0 26262
A <_ 1@ © (2c2m2 C4C3m2h T 2C?m2R2 T 16C*m2R2  16c3h3m2a2 | 32¢2him2at
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e20%w? 2 Bate? _ a?ef - 3B%a%e%0 Be?00 _ ef? B3et6? _ 3B2%e362%0
4c2h? @3 \ 2¢2m?2  2chm? 8c3hm? 2¢2h2m?2  8ch3m2a?  16¢*m2h?  32c3h3m2a?

Be?620? B a?ew?  Be?0w3 B ewd0%0 2 coth 1 [ hw 4 hé.
32c2him2a4 2ch 4c2h? 8ch3a? 2T \ 2 2
_h e%0 N 1 ate? B 3Ba?e30 e200 3B2et6? B 3Be30%0 e20%6? e?02w?
2 \4c2hm @ \2c2m?2  4C3m2h  202m2h2  16C*m2h2  16c3h3m2a?  32c2htm2at 4c2h?
3 Bate? a2eh 3B2a2e%0 Be2600 €062 B3e*9? 3B2e36%0
w3 \ 2¢2m?2  2chm? 8c3hm? 2c2h2m?2  8chd3m2a?  16¢tm2h?  32c3h3m2a2
Be20%6? B a?efwt  Be?0%w? _ ew?620 ? coth 1 (ho  hi.
32c¢2him2at 2ch 4c2h? 8ch3a? 2kT \ 2 2
+ K2 e _ Be?6 " €60 +l Bate? B a2ef _ 3B2a2e%0 Be2600 _ €062
4kT \ 2em 4c2mh - 8cma?h? w0 \ 2¢2m?2  2chm? 8c3hm? 2¢2h2m?  8ch3m2a?
B3e*0? 3B2e362%0 Be?9262 a%@w% 36292(4)8 ew%@zé 2
16¢4m2h?  32c3h3m2a?2  32c2him2at 2ch 4c2h? 8ch3a?
wesch 1 hj n A, 2 n K2 B a’e n Be?6 - e60 . l Bate? B aZef
28T \ 2 2 4kT 2em  4c2mh 8cma2h? T 0 \ 2¢2m?2  2chm?
_332042639 Be%60 B ef6? B3e9? B 3B2e%02%0 Be2620? B a?efw?
8c3hm? 2c2h2m?2  8chd3m2a?  16¢tm2h2  32c¢3h3m2a?2  32c2him2at 2ch
Be20?w2  ew?6?0 ? 1 (ho  ha\]*
— h|—(— — . 20
1c212 80ﬁ3a2>> e [sz ( 2 2 )] (20)
|
By setting @ = 1 and § = 0, the magnetization neha*(l —a?)  hna’efug (21)
3ckm?2T0 12¢kT

and the susceptibility in NC space can be obtained
quickly from expressions (19) and (20). Further, if we
require 6 = 0 in addition, the results (19) and (20) can

be converted into expressions in commutative space.

4. Temperature limit

So far we have presented the general expressions
of the magnetization M and the susceptibility x in NC
phase space which are somewhat complicated. Here
we consider two interesting cases, namely high tem-
perature and zero temperature limits, and the results

are more simple.

4.1. High temperature approximation

In this case the magnetization M (19) can be ap-

proximated by

MNC phase space

B Bh*na*e?  B%hna?e36

T 1232m2kT T 163m2kT
nehia?0 hnazeﬂwg
12ckm?T 12¢kT

_ Bh?nat*e?  B%hna’e36

T 122m2kT T 1663m2kT

where we have only considered the first order mod-
ification from space-space non-commutativity and
momentum—momentum non-commutativity and used
the relation 60 = 4a2(1 — o?).

zations in NC space and commutative (C) space are

Thus, the magneti-

respectively
y _ Bhne? B2hne0  hnefw?
NC space — 122m2kT 16c3m2kT 12¢kT’
and
Bh2ne?
Mc space = — {52,277 (22)

According to expressions (21) and (22), we find that
although the magnetizations in the three spaces are
all proportional to the inverse of temperature 7', mag-
netizations Mnc space a1d MNC phase space depend on
the frequency of the harmonic potential wg that does

not appear in commutative space.

In terms of the formula x = the suscepti-

I . ~  nap’
bility in commutative space is given by
h2e?
XC space = —m’ (23)

which is obviously applicable to the case of low fre-
quency wo and consistent with the result in Ref.[21].

The susceptibilties in NC space and NC phase space
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i 2c2mmnefw?
are respectively 0
2
h%e? Bhe30 (B2e2 + 4c2m2w?)”/
NC = -
XNC space 12¢2m2kT ~ 8c3m2kT’ _ —2Bchne? + B?ne®0 + 2¢*m?nefw;
and 4c2my/B2e? + 4c2m2w
24,2 3.2
XNC phase space — — Ma’c Bhe’a 9 (24) + 802mn6a2(1 — a2)w(2)
12¢2m2kT  8c3m2kT

Although the systems in the three spaces all exhibit
Landau diamagnetism at high temperatures, the de-
pendence of susceptibility on the parameter of the sys-
tem in the NC situation is different from that in the
case of usual quantum mechanics and they are both
related to magnetic field B.

4.2. Zero temperature limit

For the other interesting case, T' — 0, the mag-
netizations in commutative space, NC space and NC
phase space can be expressed respectively as

Bhne?
2emy/B2e? + 4c2mw}’
—2Bchne? + B?ne30 + 2c*m2nefwd
4c2m/B2e? + 4c2m2w?

MC space 7

MNC space —

MNC phase space
—2Bchne? + B?ne0 + 2c2m2nefw?

)

; (25)
0(B2e? + 462m2w3)3/2

which retain only the first order modification from
space—space non-commutativity and momentum—
momentum non-commutativity. Notice that expres-
sion (25) is not applicable to the case of the frequency
wo — 0. For a normal but not special system, we
find that in the magnetic field B — 0, Mc space tends
to be zero and the system exhibits no magnetization
characteristic in commutative space, but a similar phe-
nomenon does not occur in the NC situation where the

magnetizations are given by

MNC space ~ nefcwoa
nebwy nefl
MNC phase space — A 4cm2w0
~ nebwy  nea’(1 — o?) (26)
4c Oem2wg

Further, we can obtain the susceptilities in the three

- 4c2m/B2e? + 4c2m2w3 spaces,
|
2B%hetwd  8he’w}
XCspace 7 T 2 a5 T 225
2B%hetwd  8he’wj B5e"0 5B3e’0wi  6Be*0wg
ANC space ™ T7 400 5 T @Zm2wd | Admbeb | 2 miws 3m2ws '
2B%a%hetw?  8halelwi B5e™9 5B3%e%0w?  6Be0wi  6Bedwd
XNC phase space ™ = 4 7 5 cZm2wb 4c¢"mbuwd  2cPmAwd Am2wb  Amiud
_ 2320427164(,«)8 87104262(.«.)61 B5"0 5B3659w3 68(2?’0(4)6L
 Amiwb cZm2wb 4c¢"mbuwd  2cPmAwd Am2wd
24Be3a?(1 — o?)wi
- 30140,,5 ’ (27)
cSmiw

where w = /w? + 4w3. For the case of the magnetic
field B — 0, the susceptibilities of the normal sys-

tem in the three spaces are Xc space = XNC space —
he? hea?

4c2m2wy 4c2m2wg

rately. Thus the system in these spaces may all be

and XNC phase space — , sepa-

inclined to display diamagnetism.

5. Conclusion and remarks

In this article, by use of the ‘shift’ method instead
of doing tedious star product calculation, we obtain
the energy eigenvalues and eigenstates of the Fock—
Darwin System in NC space and NC phase space.
Furthermore, utilizing the coherent state technique,
we present the general expressions of the magneti-
zation and the susceptibility in the NC situation as

well as their corrections to those in the commutative
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space as the consequence of the effects of space—space
non-commutativity and momentum—momentum non-
commutativity, and some interesting results which do
not exist in commutative space, such as the magne-
tization depending on the frequency of the harmonic

potential and the susceptibility related to the mag-

netic field at high temperatures, the emergence of the
magnetization in zero magnetic field and zero temper-
atures limit, and so on. All of these results may help
us to better verify the existence of NC space and NC

phase space.
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