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The Fock–Darwin system is studied in noncommutative quantum mechanics. We not only obtain its energy

eigenvalues and eigenstates in noncommutative phase space, but also give an electron orbit description as well as the

general expressions of the magnetization and the susceptibility in a noncommutative situation. Further, we discuss

two particular cases of temperature and present some interesting results different from those obtained from usual

quantum mechanics such as the susceptibility dependent on a magnetic field at high temperatures, the occurrence of

the magnetization in a zero magnetic field and zero temperature limit, and so on.
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1. Introduction

In recent years, intensive research activities have
been devoted to the study of physics effects on non-
commutative (NC) space[1−9] where the coordinate x̂i

and momentum p̂i satisfy

[x̂i, x̂j ] = iΘ ij , [p̂i, p̂j ] = 0, [x̂i, p̂j ] = i~δij . (1)

Here {Θij} is an antisymmetric matrix with very small
elements representing the noncommutative property
of the space. In the low energy effective theory
of D-brane with B field background and an ex-
treme situation such as in the string scale or at
very high energy levels, not only may the space non-
commutativity appear, but also the effects of momen-
tum non-commutativity can be significant, which is
called NC phase space. In this space the momentum
operators satisfy the commutation relation

[p̂i, p̂j ] = iΘ̄ij , (2)

where {Θ̄ij} is another antisymmetric matrix repre-
senting the non-commutativity of momentum. There
are many papers about the study of various aspects of
noncommutative problems, such as the energy levels

in hydrogen atoms,[10,11] the Aharonov–Bohm (AB)
effect,[12] the Aharonov–Casher (AC) effect[13,14] and
the He–Mckellar–Wilkens effect.[15] As is well known,
a system of spinless electrons moving in a plane, sub-
jected to a perpendicular magnetic field B, plays a
very important role in modern physics, and it was first
investigated by Landau.[16] Its interesting behaviours
such as Landau diamagnetism and quantum Hall ef-
fect have been discussed in the framework of NC space
recently.[17,18] If we neglect Coulomb interactions and
restrict the system to a harmonic confining poten-
tial, it will become the Fock–Darwin system.[19] In the
present paper, we focus our attention on NC problems
of this system and make use of a standard coherent
state method to further study its magnetization and
magnetism in NC space and NC phase space.

The remainder of the present paper is organized
as follows. In Section 2, by using a generalized Bopps
shift formulation, instead of a star product method, we
obtain the levels and the eigenstates of this system in
the corresponding NC situation. In Section 3, by using
a coherent state method, we study its magnetism in a
NC situation and give the general expressions of the
magnetization and the susceptibility. In Section 4, we
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discuss two special cases of temperatures, present the
more brief formulas of the magnetization and the sus-
ceptibility in the two kinds of conditions and exhibit
some interesting results which do not exist in commu-
tative space. We expect these discussions to be able
to provide some clues to verifying the presence of NC
space and NC phase space in the future. Conclusions
and some remarks are given in the last section.

2. Electrons on NC phase space

In usual quantum mechanics, a planar spinless

electron confined by a harmonic potential
1
2
mω0

2 and
moving in an external uniform magnetic field B =
∇×A, perpendicular to the plane, is described by the
Fock–Darwin Hamiltonian

H =
1

2m

(
P +

e

c
A

)2

+
1
2
mw2

0r
2, (3)

where P = (px, py) is the canonical momentum and
r2 = x2 + y2. The Bose–Einstein statistics in non-
commutative quantum mechanics require both space–

space and momentum–momentum not to be commu-

tative. Thus we need to consider physical problems in

NC phase space. The static Schrödinger equation of

this system in NC phase space can be expressed as
[

1
2m

(
P +

e

c
A

)2

+
1
2
mw2

0r
2

]
∗ ψ = Eψ, (4)

where the star product ∗ is the Moyal–Weyl product

defined in Ref.[20]. By replacing the star product with

a general ordinary product shift, i.e. shifting coordi-

nates x, y and momentums px, py with

x −→ x̂ = αx− 1
2~α

θpy,

y −→ ŷ = αy +
1

2~α
θpx,

px −→ p̂x = αpx +
1

2~α
θ̄y,

py −→ p̂y = αpy − 1
2~α

θ̄x, (5)

where x̂, ŷ and p̂x, p̂y are the coordinates and momen-

tums in NC phase space respectively, Θxy = θ and

Θ̄xy = θ̄. The noncommutative version of the Hamil-

tonian (3) can be written as

H =
1

2m

(
P̂ +

e

c
Â

)2

+
1
2
mω0

2(x̂2 + ŷ2)

=
1

2m

[((
αpx +

1
2~α

θ̄y

)
− eB

2c

(
αy +

1
2~α

θpx

))2

+
((

αpy − 1
2~α

θ̄x

)
+

eB

2c

(
αx− 1

2~α
θpy

))2 ]

+
1
2
mω0

2

(
αx− 1

2~α
θpy

)2

+
(

αy +
1

2~α
θpx

)2

. (6)

Here the symmetric gauge, Â =
(
−B

2
ŷ,

B

2
x̂, 0

)
, has been used. If we set

ω̄ =

√√√√
[(

θ̄

~αm
− αωc

)2

+ 4α2ω0
2

][(
α− eBθ

4~αc

)2

+
m2ω0

2θ2

4~2α2

]
,

M =

[
1
m

(
α− eBθ

4~αc

)2

+
mω2

0θ2

4~2α2

]−1

,

ω̄c

2
=

1
m

(
α− eBθ

4~αc

)(
− θ̄

2~α
+

eBα

2c

)
−

1
2
mω2

0θ

~
, (7)

where wc =
eB

mc
is the cyclotron frequency in com-

mutative space, the Hamiltonian has the form

H =
1

2M
(px

2 + py
2) +

1
8
Mω̄2(x2 + y2)

+
ω̄c

2
(xpy − ypx). (8)

Introducing the creation and annihilation operators as

follows:

a1 =

√
Mω̄

8~

(
x +

2ipx

Mω̄

)
− i

√
Mω̄

8~

(
y +

2ipy

Mω̄

)
,
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a+
1 =

√
Mω̄

8~

(
x− 2ipx

Mω̄

)
+ i

√
Mω̄

8~

(
y − 2ipy

Mω̄

)
,

a2 = i

√
Mω̄

~

(
x +

2ipx

Mω̄

)
−

√
Mω̄

8~

(
y +

2ipy

Mω̄

)
,

a+
2 = −i

√
Mω̄

8~

(
x− 2ipx

Mω̄

)
−

√
Mω̄

8~

(
y − 2ipy

Mω̄

)
,

(9)

the Hamiltonian H for the motion in the plane in NC
phase space can be written as

H =
~ω̄
2

(a+
1 a1 + a+

2 a2 + 1) +
ω̄c

2
(a+

1 a1 − a+
2 a2). (10)

Therefore, the energy eigenvalues and the correspond-
ing eigenstates respectively are

En1,n2 =
~ω̄
2

(n1 + n2 + 1) +
~ω̄c

2
(n1 − n2),

n1, n2 = 0, 1, 2 . . . (11)

and

|n1, n2〉 =
1√

n1!n1!
(a+

1 )n1(a+
2 )n2 |0, 0〉, (12)

where |0, 0〉 is the vacuum of H. In terms of the rela-
tion θθ̄ = 4α2(1−α2) in Ref.[20], we know that when
α = 1, which leaves θ̄ = 0, then the space is restricted
to NC space where only momentum–momentum is
commutative. So the energy levels turn into the case
in NC space, i.e.

En1,n2

=

(
~
√

4ω2
0 + ω2

c

2
−Beθ

8c~

√
4ω2

0 + ω2
c

)
(n1 + n2 + 1)

+
(
~ωc

2
− ω2

cmθ

8~
− ω2

0mθ

2~

)
(n1 − n2). (13)

When θ = 0, the result returns to the case
of general quantum mechanics, i.e. En1,n2 =(
~
√

4ω2
0 + ω2

c

2

)
(n1 + n2 + 1) +

~ωc

2
(n1 − n2).

3. Non-commutative magnetiza-

tion and magnetism

A coherent state is one of the most important
states, since it can simulate a classical field. As the
average number of photons increases, the uncertainty
becomes negligible and the field is more and more
like a classical one. By adopting the coherent state
method, electron orbits can be described in classical
language and the expectation value of any observable
in the system could be computed.[21] Here we study
the magnetization and magnetism of the system in NC
space and NC phase space. Therefore, we introduce
the normalized coherent state as

|z1, z2〉 = exp
[
−1

2
(|z1|2 + |z2|2)

]

× exp[z1a
+
1 + z2a

+
2 ]|0, 0〉 (14)

where zx and zy are complex parameters. We still
use the standard form of the partition function in NC
phase space, i.e.

Z = Tre−
H
kT

=
1
π2

∫
d2z1d2z2〈z1, z2|e− 1

kT [ ~ω̄
2 (a+

1 a1+a+
2 a2+1)+

ω̄c
2 (a+

1 a1−a+
2 a2)]|z1, z2〉. (15)

To approximately calculate this partition function, we need to know the expectation values of the coordinates
under the corresponding coherent state |z1, z2〉 in the Heisenberg picture and the results are given by

¯̂x = Re

[(
α

√
2~

Mω̄
− θ

2α

√
Mω̄

2~

)
z1(t) + (α

√
2~

Mω̄
+

θ

2α

√
Mω̄

2~
)(−iz2(t))

]
,

¯̂y = Im

[
−

(
α

√
2~

Mω̄
− θ

2α

√
Mω̄

2~

)
z1(t) +

(
α

√
2~

Mω̄
+

θ

2α

√
Mω̄

2~

)
(−iz2(t))

]
, (16)

where z1(t) = z1e−i
(ω̄+ω̄c)t

2 and z2(t) = z2e−i
(ω̄−ω̄c)t

2 . Thus the wave packet centroid of the coherent state

|z1, z2〉 executes the motion as shown in Fig.1: when the point A

(
Re

[(
α

√
2~

Mω̄
+

θ

2α

√
Mω̄

2~

)
(−iz2(t)

)]
,

Im
[(

α

√
2~

Mω̄
+

θ

2α

√
Mω̄

2~

)
(−iz2)(t)

])
makes a circular motion with radius R1 =

∣∣∣∣
(

α

√
2~

Mω̄
+

θ

2α

√
Mω̄

2~

)
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Fig.1. Motion of the coherent state |z1, z2〉. The

shaded region represents the Gaussian packet. When the

point A

(
Re

[(
α

√
2~

Mω̄
+

θ

2α

√
Mω̄

2~

)
(−iz2(t)

)]
,

Im

[(
α

√
2~

Mω̄
+

θ

2α

√
Mω̄

2~

)
(−iz2)(t)

])

makes a circular motion with radius R1 =∣∣∣∣∣

(
α

√
2~

Mω̄
+

θ

2α

√
Mω̄

2~

)
(−iz2)

∣∣∣∣∣ at cyclotron fre-

quency
ω̄ − ω̄c

2
, the wave packet centroid of the

coherent state follows the motion with radius

R2 =

∣∣∣∣∣

(
α

√
2~

Mω̄
− θ

2α

√
Mω̄

2~

)
z1

∣∣∣∣∣ at cyclotron fre-

quency
ω̄ + ω̄c

2
around the point A at the same time.

×(−iz2)
∣∣∣∣ at cyclotron frequency

ω̄ − ω̄c

2
, the wave

packet centroid of the coherent state follows the mo-

tion with radius R2 =

∣∣∣∣∣

(
α

√
2~

Mω̄
− θ

2α

√
Mω̄

2~

)
z1

∣∣∣∣∣ at

cyclotron frequency
ω̄ + ω̄c

2
around the point A at the

same time. For the system in a plane with radius R,

the partition function can be approximately written
as

Z

=
4

l1
2l2

2 e−
1

2kT
~ω̄

∫

0

∞
|z′2| exp

[∣∣∣∣
z′2
l2

∣∣∣∣
2 (

e−
~(ω̄−ω̄c )

2kT − 1

)]

d|z′2|
∫

0

∞
|z′1| exp

[∣∣∣∣
z′1
l1

∣∣∣∣
2 (

e−
~(ω̄+ω̄c )

2kT − 1

)]
d|z′1|, (17)

where l1 = α

√
2~

Mω̄
− θ

2α

√
Mω̄

2~
and l2 = α

√
2~

Mω̄
+

θ

2α

√
Mω̄

2~
. The result (17) is attributed to the fol-

lowing two considerations. 1) The coherent states
with the centroid outside the plate are all excluded.
The limitation to the sum over the other coherent
states is equivalent to the cutoff of energy eigenstates
used by Landau. 2) Because the radius R À l1, l2

and the exponential exp

[∣∣∣∣
z′1
l1

∣∣∣∣
2 (

e−
~(ω̄+ω̄c)

2kT − 1
)]

and

exp

[∣∣∣∣
z′2
l2

∣∣∣∣
2 (

e−
~(ω̄−ω̄c)

2kT − 1
)]

fall off rapidly with |z′1|
and |z′2| respectively, the integration region of |z′1| and
|z′2| can be safely chosen from zero to infinity. So from
the perspective of the partition function, the system
with radius R is approximately equivalent to the one
with infinite side. Calculating Eq.(17), yields

Z =
1

4 sinh
[
~(ω̄ + ω̄c)

4kT

]
sinh

[
~(ω̄ − ω̄c)

4kT

] . (18)

In terms of the standard formulas for the free
energy and the magnetization, F = −nkT lnZ and

M = −∂F

∂B
, the magnetization is given by

M = −n~
2

(
α2e

2cm
− Be2θ

4c2m~
+

eθθ̄

8cmα2~2
+

1
ω̄

(
Bα4e2

2c2m2
− α2eθ̄

2c~m2
− 3B2α2e3θ

8c3hm2
+

Be2θθ̄

2c2~2m2
− eθθ̄2

8c~3m2α2

+
B3e4θ2

16c4m2~2
− 3B2e3θ2θ̄

32c3~3m2α2
+

Be2θ2θ̄2

32c2~4m2α4
− α2eθω2

0

2c~
+

Be2θ2ω2
0

4c2~2
− eω2

0θ2θ̄

8c~3α2

))
coth

[
1

2kT

(
~ω̄
2

+
~ω̄c

2

)]

−n~
2

(
− α2e

2cm
+

Be2θ

4c2m~
− eθθ̄

8cmα2~2
+

1
ω̄

(
Bα4e2

2c2m2
− α2eθ̄

2c~m2
− 3B2α2e3θ

8c3hm2
+

Be2θθ̄

2c2~2m2
− eθθ̄2

8c~3m2α2

+
B3e4θ2

16c4m2~2
− 3B2e3θ2θ̄

32c3~3m2α2
+

Be2θ2θ̄2

32c2~4m2α4
− α2eθω2

0

2c~
+

Be2θ2ω2
0

4c2~2
− eω2

0θ2θ̄

8c~3α2

))

× coth
[

1
2kT

(
~ω̄
2
− ~ω̄c

2

)]
, (19)

and the susceptibility is

χ = −~
2

(
− e2θ

4c2~m
+

1
ω̄

(
α4e2

2c2m2
− 3Bα2e3θ

4C3m2~
+

e2θθ̄

2C2m2~2
+

3B2e4θ2

16C4m2~2
− 3Be3θ2θ̄

16c3~3m2α2
+

e2θ2θ̄2

32c2~4m2α4
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+
e2θ2ω2

0

4c2~2

)
− 2

ω̄3

(
Bα4e2

2c2m2
− α2eθ̄

2c~m2
− 3B2α2e3θ

8c3hm2
+

Be2θθ̄

2c2~2m2
− eθθ̄2

8c~3m2α2
+

B3e4θ2

16c4m2~2
− 3B2e3θ2θ̄
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+
Be2θ2θ̄2

32c2~4m2α4
− α2eθω2

0

2c~
+

Be2θ2ω2
0

4c2~2
− eω2

0θ2θ̄

8c~3α2

)2
)

coth
[

1
2kT

(
~ω̄
2

+
~ω̄c

2

)]

−~
2

(
e2θ

4c2~m
+

1
ω̄

(
α4e2

2c2m2
− 3Bα2e3θ
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+

e2θθ̄
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+
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+

e2θ2θ̄2
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)
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+
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+

B3e4θ2
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Be2θ2θ̄2
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− α2eθω2

0
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Be2θ2ω2
0
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− eω2

0θ2θ̄

8c~3α2

)2
)

coth
[

1
2kT

(
~ω̄
2
− ~ω̄c

2

)]

+
~2

4kT

(
α2e

2cm
− Be2θ

4c2m~
+

eθθ̄

8cmα2~2
+

1
ω̄

(
Bα4e2

2c2m2
− α2eθ̄

2c~m2
− 3B2α2e3θ

8c3hm2
+

Be2θθ̄

2c2~2m2
− eθθ̄2

8c~3m2α2

+
B3e4θ2

16c4m2~2
− 3B2e3θ2θ̄

32c3~3m2α2
+

Be2θ2θ̄2

32c2~4m2α4
− α2eθω2

0

2c~
+

Be2θ2ω2
0

4c2~2
− eω2

0θ2θ̄

8c~3α2
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×csch
[

1
2kT

(
~ω̄
2

+
~ω̄c

2

)]2

+
~2

4kT

(
− α2e

2cm
+

Be2θ

4c2m~
− eθθ̄

8cmα2~2
+

1
ω̄

(
Bα4e2

2c2m2
− α2eθ̄

2c~m2

−3B2α2e3θ

8c3hm2
+

Be2θθ̄

2c2~2m2
− eθθ̄2

8c~3m2α2
+

B3e4θ2

16c4m2~2
− 3B2e3θ2θ̄

32c3~3m2α2
+

Be2θ2θ̄2

32c2~4m2α4
− α2eθω2

0

2c~

+
Be2θ2ω2

0

4c2~2
− eω2

0θ2θ̄

8c~3α2

))2

csch
[

1
2kT

(
~ω̄
2
− ~ω̄c

2

)]2

. (20)

By setting α = 1 and θ̄ = 0, the magnetization
and the susceptibility in NC space can be obtained
quickly from expressions (19) and (20). Further, if we
require θ = 0 in addition, the results (19) and (20) can
be converted into expressions in commutative space.

4. Temperature limit

So far we have presented the general expressions
of the magnetization M and the susceptibility χ in NC
phase space which are somewhat complicated. Here
we consider two interesting cases, namely high tem-
perature and zero temperature limits, and the results
are more simple.

4.1.High temperature approximation

In this case the magnetization M (19) can be ap-
proximated by

MNC phase space

= −B~2nα4e2

12c2m2kT
+

B2~nα2e3θ

16c3m2kT

+
ne~α2θ̄

12ckm2T
+
~nα2eθω2

0

12ckT

= −B~2nα4e2

12c2m2kT
+

B2~nα2e3θ

16c3m2kT

+
ne~α4(1− α2)

3ckm2Tθ
+
~nα2eθω2

0

12ckT
, (21)

where we have only considered the first order mod-
ification from space–space non-commutativity and
momentum–momentum non-commutativity and used
the relation θθ̄ = 4α2(1 − α2). Thus, the magneti-
zations in NC space and commutative (C) space are
respectively

MNC space = − B~2ne2

12c2m2kT
+

B2~ne3θ

16c3m2kT
+
~neθω2

0

12ckT
,

and

MC space = − B~2ne2

12c2m2kT
. (22)

According to expressions (21) and (22), we find that
although the magnetizations in the three spaces are
all proportional to the inverse of temperature T , mag-
netizations MNC space and MNC phase space depend on
the frequency of the harmonic potential ω0 that does
not appear in commutative space.

In terms of the formula χ =
1
n

∂M

∂B
, the suscepti-

bility in commutative space is given by

χC space = − ~2e2

12c2m2kT
, (23)

which is obviously applicable to the case of low fre-
quency ω0 and consistent with the result in Ref.[21].
The susceptibilties in NC space and NC phase space
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are respectively

χNC space = − ~2e2

12c2m2kT
+

B~e3θ

8c3m2kT
,

and

χNC phase space = − ~2α4e2

12c2m2kT
+

B~e3α2θ

8c3m2kT
. (24)

Although the systems in the three spaces all exhibit
Landau diamagnetism at high temperatures, the de-
pendence of susceptibility on the parameter of the sys-
tem in the NC situation is different from that in the
case of usual quantum mechanics and they are both
related to magnetic field B.

4.2. Zero temperature limit

For the other interesting case, T → 0, the mag-
netizations in commutative space, NC space and NC
phase space can be expressed respectively as

MC space → − B~ne2

2cm
√

B2e2 + 4c2m2ω2
0

,

MNC space → −2Bc~ne2 + B2ne3θ + 2c2m2neθω2
0

4c2m
√

B2e2 + 4c2m2ω2
0

,

MNC phase space

→ −2Bc~ne2 + B2ne3θ + 2c2m2neθω2
0

4c2m
√

B2e2 + 4c2m2ω2
0

+
2c2mneθ̄ω2

0

(B2e2 + 4c2m2ω2
0)3/2

=
−2Bc~ne2 + B2ne3θ + 2c2m2neθω2

0

4c2m
√

B2e2 + 4c2m2ω2
0

+
8c2mneα2(1− α2)ω2

0

θ(B2e2 + 4c2m2ω2
0)3/2

, (25)

which retain only the first order modification from
space–space non-commutativity and momentum–
momentum non-commutativity. Notice that expres-
sion (25) is not applicable to the case of the frequency
ω0 → 0. For a normal but not special system, we
find that in the magnetic field B → 0, MC space tends
to be zero and the system exhibits no magnetization
characteristic in commutative space, but a similar phe-
nomenon does not occur in the NC situation where the
magnetizations are given by

MNC space → neθω0

4c
,

MNC phase space → neθω0

4c
+

neθ̄

4cm2ω0

=
neθω0

4c
+

neα2(1− α2)
θcm2ω0

. (26)

Further, we can obtain the susceptilities in the three
spaces,

χC space → −2B2~e4ω2
0

c4m4ω5
− 8~e2ω4

0

c2m2ω5
,

χNC space → −2B2~e4ω2
0

c4m4ω5
− 8~e2ω4

0

c2m2ω5
+

B5e7θ

4c7m6ω5
+

5B3e5θω2
0

2c5m4ω5
+

6Be3θω4
0

c3m2ω5
,

χNC phase space → −2B2α2~e4ω2
0

c4m4ω5
− 8~α2e2ω4

0

c2m2ω5
+

B5e7θ

4c7m6ω5
+

5B3e5θω2
0

2c5m4ω5
+

6Be3θω4
0

c3m2ω5
− 6Be3θ̄ω2

0

c3m4ω5

= −2B2α2~e4ω2
0

c4m4ω5
− 8~α2e2ω4

0

c2m2ω5
+

B5e7θ

4c7m6ω5
+

5B3e5θω2
0

2c5m4ω5
+

6Be3θω4
0

c3m2ω5

−24Be3α2(1− α2)ω2
0

c3m4θω5
, (27)

where ω =
√

ω2
c + 4ω2

0 . For the case of the magnetic

field B → 0, the susceptibilities of the normal sys-

tem in the three spaces are χC space = χNC space →
− ~e2

4c2m2ω0
and χNC phase space → − ~e2α2

4c2m2ω0
, sepa-

rately. Thus the system in these spaces may all be

inclined to display diamagnetism.

5. Conclusion and remarks

In this article, by use of the ‘shift’ method instead

of doing tedious star product calculation, we obtain

the energy eigenvalues and eigenstates of the Fock–

Darwin System in NC space and NC phase space.

Furthermore, utilizing the coherent state technique,

we present the general expressions of the magneti-

zation and the susceptibility in the NC situation as

well as their corrections to those in the commutative
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space as the consequence of the effects of space–space
non-commutativity and momentum–momentum non-
commutativity, and some interesting results which do
not exist in commutative space, such as the magne-
tization depending on the frequency of the harmonic
potential and the susceptibility related to the mag-

netic field at high temperatures, the emergence of the
magnetization in zero magnetic field and zero temper-
atures limit, and so on. All of these results may help
us to better verify the existence of NC space and NC
phase space.
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