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It is shown in this paper that the upper triangular strip matrix of Lie algebra can be used to construct a new inte-

grable coupling system of soliton equation hierarchy. A direct application to the Ablowitz–Kaup–Newell– Segur(AKNS)

spectral problem leads to a novel multi-component soliton equation hierarchy of an integrable coupling system with

sixteen-potential functions. It is indicated that the study of integrable couplings when using the upper triangular strip

matrix of Lie algebra is an efficient and straightforward method.
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1. Introduction

Searching for the solution of the soliton equa-
tion is a piece of important and interesting work.
There are many methods to obtain the new solutions
of nonlinear evolution equations, such as Darboux
transformation,[1] the Lie symmetry method, and so
on. These soliton equations have a rich mathematic
structure, for example, the Neumann, Bargmann
systems, the quasi-bi-Hamiltonian systems,[2−4] etc.
However, how to search for the new equation hierar-
chy is an important job.

Many coupled equations appear in practical prob-
lems, such as biochemistry, physics, mechanics, etc.
For example, in order to systematically describe a
kind of biochemistry model, Prigogine and Lefever
proposed a coupled mathematical model in Ref.[5],
which describes a biology-chemistry model; the well-
known shallow water wave mathematical model and
coupled Korteweg–de Vries(KdV) model are presented
in Refs.[6] and [7]; many integrable coupled mathe-
matical models that can solve practical problems are
given in Ref.[8].

In Ref.[9], the integrable coupling system is pre-
sented by using Virasoro symmetry algebra. Specifi-
cally let

ut = K(u)

be a known integrable system, the following system:

{
ut = K(u),

vt = S(u, v)

is called the integrable coupling system, if vt = S(u, v)
is also integrable and S(u, v) contains explicitly u or
u-derivative with respect to x. Ma and Fuchssteinen[9]

first proposed a perturbation method of establishing
integrable couplings. Guo and Zhang[10] presented the
enlarged Lie algebra method to obtain integrable cou-
plings.

In the present paper, we present a relation be-
tween the upper triangular strip matrix of Lie alge-
bra and integrable couplings of the multi-component
soliton equations. A feasible way to generate inte-
grable couplings is presented through the upper trian-
gular strip matrix of Lie algebra. The general theory
is used to construct a novel class of integrable cou-
plings of the nonlinear multi-component soliton equa-
tion hierarchy. It is indicated that the study of in-
tegrable couplings using the upper triangular strip
matrix of Lie algebra is an important step towards
constructing multi-component integrable systems. As
an example, we present an integrable couplings of
the multi-component AKNS hierarchy with sixteen-
potential functions.
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2. From the upper triangular

strip matrix of Lie algebra to

integrable couplings

In Ref.[11], the continuous integrable coupling
system is presented by using semi-direct sums of Lie
algebras. In this section, we construct the integrable
couplings of the multi-component AKNS equation hi-
erarchy using the upper triangular strip matrix of Lie
algebra.

Let G be a matrix Lie algebra, and assume an
integrable equation of evolution type

Ut = K(u) (1)

to be associated with G. Moreover, there is a pair of
Lax matrices U and V , so that we obtain the matrix
spectral problem

φx = Uφ = U(u, λ)φ (2)

and the associated matrix spectral problem

φt = V φ = V (u, λ)φ, (3)

where λ is a spectral parameter. Equations (2) and (3)
generate an integrable equation through their isospec-
tral compatibility condition

Ut = Vx − [U ,V ]. (4)

To construct an integrable coupling of the non-
linear soliton equation hierarchy, we enlarge the Lie
algebra G and obtain the matrix Lie algebra Ḡ that
is composed of the matrix Lie algebra G and Gi, i =
1, 2, 3,

Ḡ = G⊕Gi.

The notion of matrix means that G and Gi satisfy

[G,Gi] ∈ Ḡ, (5)

where [G,Gi] = {[A,B],A ∈ G,B ∈ Gi}, the sub-
script i indicates a contribution to constructing the
integrable couplings. Consider a pair of new Lax pair
in matrix Lie algebra Ḡ of G and Gi:

Ū = U + Ui, V̄ = V + Vi, Ui,Vi ∈ Gi. (6)

The new Lax pair form is presented as follows:

Ū =


 U U1

U2 U3


 , V̄ =


 V V1

V2 V3


 , (7)

and by substituting a pair of enlarged matrix spectral
(7) into the stationary zero curvature equation

V̄x = [Ū , V̄ ],

the new stationary zero curvature equations are given
as

Vx = [U ,V ] + U1V2 − V1U2,

V1x = UV1 + U1V3 − V U1 − V1U3,

V2x = U2V + U3V2 − V2U − V3U2,

V3x = U2V1 − V2U1 + [U3,V3]. (8)

Then, enlarged zero curvature equations are presented
as follows:

Ut − Vx + [U ,V ] + U1V2 − V1U2 = 0,

U1t − V1x + UV1 + U1V3 − V U1 − V1U3 = 0,

U2t − V2x + U2V + U3V2 − V2U − V3U2 = 0,

U3t − V3x + U2V1 − V2U1 + [U3,V3] = 0. (9)

When U1 = U2 = 0, the first equation here turns ex-
actly into Eq.(4). Eq.(9) provides a coupling system
for Eq.(4). To summarize, the matrix of Ḡ with new
Lie algebra provides a greater choice of candidates of
integrable couplings for Eq.(9) associated with G.

Next, we shed light on the above idea of construct-
ing coupling systems by using a particular class of the
upper triangular strip matrix of Lie algebra. Consider
the following upper triangular strip matrix of Lie al-
gebra:

G =




1 0 . . . 0
... 1

. . .
...

...
. . . . . . 0

0 . . . . . . 1




,

G1 =




0 1 . . . 0
... 0

. . .
...

...
. . . . . . 1

0 . . . . . . 0




, . . . ,

. . . , Gn−1 =




0 . . . 1 0
... 0

. . . 1
...

. . . . . .
...

0 . . . . . . 0




,



No. 9 A new multi-component integrable coupling system for AKNS equation hierarchy . . . 3653

Gn =




0 . . . 0 1
... 0

. . . 0
...

. . . . . .
...

0 . . . . . . 0




, (10)

Ḡ = G⊕Gi(i = 1, . . . , n), G = {diag(1, . . . , 1)},
(11)

So the new enlarged spectral matrices Ū and V̄ in
G⊕Gi can be chosen respectively as

Ū = UG + U1G1 + . . . + UnGn

and
V̄ = V G + V1G1 + . . . + VnGn, (12)

i.e.

Ū =




U U1 . . . Un

0 U
. . .

...
...

. . . . . . U1

0 . . . . . . U




and

V̄ =




V V1 . . . Vn

0 V
. . .

...
...

. . . . . . V1

0 . . . . . . V




.

Then, coupling system (9) becomes

Ut = Vx − [U ,V ],

Ui,t = Vix −
∑

k+l=i,k,l,≥0

[Uk,Vl], 1 ≤ i ≤ n,

(13)

which is similar to the equation in Ref.[11].
Define a solution

W̄ =




W W1 . . . Wn

0 W
. . .

...
...

. . . . . . W1

0 . . . . . . W




(14)

to the enlarged stationary zero curvature equation
W̄x = [Ū , W̄ ], then for each m ≥ 0, we will choose

V̄ = (λmW̄ )+ + ∆̄m, (15)

and

∆̄m =




∆m ∆1,m . . . ∆n,m

0 ∆m
. . .

...
...

. . . . . . ∆1,m

0 . . . . . . ∆m




, (16)

where ∆m and ∆i,m do not depend on λ, but they
satisfy

∆mx = [U ,∆m],

∆i,mx = [U ,∆i,m], 1 ≤ i ≤ n. (17)

According to V̄x = [Ū , V̄ ], we can directly obtain
that the zero curvature equation as

Ūtm
= V̄x − [Ū , V̄ ], (18)

i.e.

Utm
= Wx − [U ,W ] + ∆x − [U ,∆],

Ui,tm = Wi,x − [Uk,Wl] + ∆i,x − [Uk,∆l],

1 ≤ i ≤ n, k + l = i. (19)

We will see that this enlarged hierarchy of Lax in-
tegrable coupling systems can hold other integrable
properties in the special case.

3. Integrable coupling system of

the multi-component AKNS

equation hierarchy

By using the theory on continuous integrable
couplings,[9−14] some integrable coupling systems
of the known integrable hierarchies have been ob-
tained, such as Wadati–Konono–Ichikawa (WKI) hi-
erarchy, Kauo–Newell (KN) hierarchy, task decompo-
sition(TD) hierarchy, etc, in Refs.[15]–[22]. In the
present paper, in order to obtain the new integrable
coupling system, we apply a method using the up-
per triangular strip matrix of Lie algebra to nonlinear
soliton equation hierarchy.

The new Lax pair, U3 and V3, is presented as
follows:

U3 =


 U1 U2

0 U1


 ,

and

V3 =


 V1 V2

0 V1


 . (20)

From the zero curvature equation it follows that

U1t − V1x + [U1,V1] = 0,

U2t − V2x + [U1,V2] + [U2,V1] = 0. (21)
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To illustrate our method, we consider the follow-
ing isospectral problem:

U1 =




λ

2
q

p −λ

2


 , U2 =


 1 u

v 1


 ,

V1 =


 a b

c −a


 , V2 =


 d e

f g


 , (22)

i.e.

U3 =




λ

2
q 1 u

p −λ

2
v 1

0 0
λ

2
q

0 0 p −λ

2




,

V3 =




a b d e

c −a f g

0 0 a b

0 0 c −a




where q and r are matrix-potentials, u, v are new de-
pendent variables and ū = (q, r, u, v)T.

Set

a =
n∑

k=0

akλk, b =
n∑

k=0

bkλk,

c =
n∑

k=0

ckλk, d =
n∑

k=0

dkλk,

e =
n∑

k=0

ekλk, f =
n∑

k=0

fkλk,

g =
n∑

k=0

Gkλk. (23)

The corresponding enlarged stationary zero curvature
equation is obtained as

V3x = [U3,V3], (24)

i.e.

V1x = [U1,V1],

V2x = [U1,V2] + [U2,V1]. (25)

Obviously, we have

[U1,V1] =


 qcn − bnp 2λbn − 2qan

−2λcn + 2pan pbn − cnq


, (26a)

[U1,V2] =


 qfn − enp λen + qgn − dnq

pdn − gnp− λfn pen − fnq


, (26b)

[U2,V1] =


 ucn − bnv −uan − anu

van + anv vbn − cnu


. (26c)

According to Eq.(26), we can obtain

anx = qcn − pbn,

bnx = 2bn+1 − 2qan,

cnx = −2cn+1 + 2pan,

dnx = qfn − pen + ucn − vbn,

enx = en+1 + qgn − qdn − 2uan,

fnx = pdn − pgn − fn+1 + 2van,

gnx = pen − qfn + vbn − ucn. (27)

Set b0 = c0 = 0, a0 =
1
2
, d0 = e0 = f0 =

g0 = 0, then we will see that all sets of functions
an, bn, cn, dn, en, fn, gn are uniquely determined. In
particular, the first few sets are

b1 = q, c1 = p, a1 = 0,

b2 = qx, c2 = −px, a2 = −qp,

b3 = qxx − 2q2p,

c3 = pxx − 2p2q,

d1 = 0, e1 = u, f1 = v, g1 = 0,

d2 = −qvx − pu, e2 = ux,

f2 = −vx, g2 = pu + qv. (28)
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Based on Tu Guizhang’s(Tu) method, it is obtained
that

Ūtn =




q

p

u

v




t

=


 J1 0

0 J2







bn+1

cn+1

fn+1

en+1




, (29)

with

J1 =


−1 0

0 1


 , J2 =


 0 −1

1 0


 ,

where J1 and J2 are Hamiltonian operators. Accord-
ing to Eq.(26), we have the following reduced relation:




bn+1

cn+1

fn+1

en+1




= L




bn

cn

fn

en




, (30)

where

L =




∂ − 2q∂−1p 2q∂−1q 0 0

−2p∂−1p −∂ + 2p∂−1q 0 0

L31 L32 L33 L34

L41 L42 L43 L44




with

L31 = −2p∂−1v − 2v∂−1p, L32 = 2p∂−1u + 2v∂−1q,

L33 = −∂ + 2p∂−1q, L34 = −2p∂−1p,

L41 = −2q∂−1v − 2u∂−1p, L42 = 2q∂−1u + 2u∂−1q,

L43 = 2q∂−1q, L44 = ∂ − 2q∂−1p.

By using Eqs.(27) and (28), when n = 2 the first sys-
tems in Eq.(29) are

qt2 = −qxx + 2q2p,

pt2 = pxx − 2p2q,

ut2 = −uxx + 4qpu + 2q2v,

vt2 = vxx − 4qpv − 2p2u. (31)

When u = v = 0, they turn into the well-known non-
linear AKNS equation. So system (29) is a novel soli-
ton equation hierarchy.

Substitute

q(x, t) =


 q1 q2

q3 q4


,

p(x, t) =


 p1 p2

p3 p4


,

u(x, t) =


 u1 u2

u3 u4


,

v(x, t) =


 v1 v2

v3 v4


, (32)

into integrable coupling system (31), then we will
obtain the super-integrable coupling system of the
AKNS equations with sixteen-potential functions as
follows:

q1t = −q1xx + 2(q2
1p1 + q2q3p1 + q1q2p3 + q2q4p3),

q2t = −q2xx + 2(q2
1p2 + q2q3p2 + q1q2p4 + q2q4p4),

q3t = −q3xx + 2(q1q3p1 + q3q4p1 + q2q3p3 + q2
4p3),

q4t = −q4xx + 2(q1q3p2 + q3q4p2 + q2q3p4 + q2
4p4),

p1t = p1xx − 2(p2
1q1 + p2p3q1 + p1p2q3 + p2p4q3),

p2t = p2xx − 2(p2
1q2 + p2p3q2 + p1p2q4 + p2p4q4),

p3t = p3xx − 2(p1p3q1 + p3p4q1 + p2p3q3 + p2
4q3),

p4t = p4xx − 2(p1p3q2 + p3p4q2 + p2p3q4 + p2
4q4),

u1t = −u1xx + 4(q1p1u1 + q2p3u1 + q1p2u3 + q2p4u3) + 2(q2
1v1 + q2q3v1 + q1q2v3 + q2q4v3),

u2t = −u2xx + 4(q1p1u2 + q2p3u2 + q1p2u4 + q2p4u4) + 2(q2
1v2 + q2q3v2 + q1q2v4 + q2q4v4),

u3t = −u3xx + 4(q3p1u1 + q4p3u1 + q3p2u3 + q4p4u3) + 2(q1q3v1 + q3q4v1 + q2q3v3 + q2
4v3),

u4t = −u4xx + 4(q3p1u2 + q4p3u2 + q3p2u4 + q4p4u4) + 2(q1q3v2 + q3q4v2 + q2q3v4 + q2
4v4),
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v1t = v1xx − 4(q1p1v1 + q2p3v1 + q1p2v3 + q2p4v3)− 2(p2
1u1 + p2p3u1 + p1p2u3 + p2p4u3),

v2t = v2xx − 4(q1p1v2 + q2p3v2 + q1p2v4 + q2p4v4)− 2(p2
1u2 + p2p3u2 + p1p2u4 + p2p4u4),

v3t = v3xx − 4(q3p1v1 + q4p3v1 + q3p2v3 + q4p4v3)− 2(p1p3u1 + p3p4u1 + p2p3u3 + p2
4u3),

v4t = v4xx − 4(q3p1v2 + q4p3v2 + q3p2v4 + q4p4v4)− 2(p1p3u2 + p3p4u2 + p2p3u4 + p2
4u4). (33)

We obtain the integrable couplings of AKNS
equations with sixteen-potential functions by using
the upper triangular strip matrix of Lie algebra.
Equation(33) is referred to as multi-component AKNS
equations.

4. Conclusion

A technically-feasible way to construct integrable
couplings of multi-component soliton equations has

been presented by using the upper triangular strip ma-
trix of Lie algebra, and an application of the general
theory to the AKNS hierarchy of soliton equations is
made. The general idea in our analysis could also be
applied to other types of soliton equations such as dis-
crete soliton equations and higher-dimensional soliton
equations. All integrable couplings generated in this
way provide examples of multicomponent integrable
systems and show a richness of integrable systems.
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