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It is shown in this paper that the upper triangular strip matrix of Lie algebra can be used to construct a new inte-

grable coupling system of soliton equation hierarchy. A direct application to the Ablowitz—Kaup—Newell- Segur(AKNS)

spectral problem leads to a novel multi-component soliton equation hierarchy of an integrable coupling system with

sixteen-potential functions. It is indicated that the study of integrable couplings when using the upper triangular strip

matrix of Lie algebra is an efficient and straightforward method.
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1. Introduction

Searching for the solution of the soliton equa-
tion is a piece of important and interesting work.
There are many methods to obtain the new solutions
of nonlinear evolution equations, such as Darboux
transformation,!!! the Lie symmetry method, and so
on. These soliton equations have a rich mathematic
structure, for example, the Neumann, Bargmann
systems, the quasi-bi-Hamiltonian systems,?~% etc.
However, how to search for the new equation hierar-
chy is an important job.

Many coupled equations appear in practical prob-
lems, such as biochemistry, physics, mechanics, etc.
For example, in order to systematically describe a
kind of biochemistry model, Prigogine and Lefever
proposed a coupled mathematical model in Ref.[5],
which describes a biology-chemistry model; the well-
known shallow water wave mathematical model and
coupled Korteweg—de Vries(KdV) model are presented
in Refs.[6] and [7]; many integrable coupled mathe-
matical models that can solve practical problems are
given in Ref.[8].

In Ref.[9], the integrable coupling system is pre-
sented by using Virasoro symmetry algebra. Specifi-
cally let

up = K(u)

be a known integrable system, the following system:

{ uy = K(u),
vy = S(u,v)

is called the integrable coupling system, if v; = S(u,v)
is also integrable and S(u,v) contains explicitly u or
u-derivative with respect to . Ma and Fuchssteinen!®!
first proposed a perturbation method of establishing
integrable couplings. Guo and Zhang'9) presented the
enlarged Lie algebra method to obtain integrable cou-
plings.

In the present paper, we present a relation be-
tween the upper triangular strip matrix of Lie alge-
bra and integrable couplings of the multi-component
soliton equations. A feasible way to generate inte-
grable couplings is presented through the upper trian-
gular strip matrix of Lie algebra. The general theory
is used to construct a novel class of integrable cou-
plings of the nonlinear multi-component soliton equa-
tion hierarchy. It is indicated that the study of in-
tegrable couplings using the upper triangular strip
matrix of Lie algebra is an important step towards
constructing multi-component integrable systems. As
an example, we present an integrable couplings of
the multi-component AKNS hierarchy with sixteen-
potential functions.
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2. From the wupper triangular

strip matrix of Lie algebra to

integrable couplings

In Ref.[11], the continuous integrable coupling
system is presented by using semi-direct sums of Lie
algebras. In this section, we construct the integrable
couplings of the multi-component AKNS equation hi-
erarchy using the upper triangular strip matrix of Lie
algebra.

Let G be a matrix Lie algebra, and assume an
integrable equation of evolution type

U, = K(u) (1)

to be associated with G. Moreover, there is a pair of
Lax matrices U and V, so that we obtain the matrix
spectral problem

¢ =Ug =Ul(u,\)¢ (2)

and the associated matrix spectral problem

¢t =V =V(ul)o, (3)

where ) is a spectral parameter. Equations (2) and (3)
generate an integrable equation through their isospec-
tral compatibility condition

U =V, [UV] (4)

To construct an integrable coupling of the non-
linear soliton equation hierarchy, we enlarge the Lie
algebra G' and obtain the matrix Lie algebra G that
is composed of the matrix Lie algebra G and G;,i =
1,2,3,

G=GaG;.

The notion of matrix means that G and G; satisfy
[G.Gi] € G, (5)

where [G,G;] = {[A,B], A € G,B € G,}, the sub-
script ¢ indicates a contribution to constructing the
integrable couplings. Consider a pair of new Lax pair
in matrix Lie algebra G of G and G;:

f]:l]—Fl]l7 ViV+W, U,,V; € G;. (6)

The new Lax pair form is presented as follows:

_ U U, _ Vv
U= aV: ; (7)
U, Uy Vo V3

and by substituting a pair of enlarged matrix spectral
(7) into the stationary zero curvature equation

V. =[0,V],

the new stationary zero curvature equations are given
as

V., =[U,V]+ UV, — VU,

Vi, =UV, + U V3 — VU, — V1Us,

Vor = UV 4+ UsVy — VLU — V3Us,

Vi, = UaVi — VLU, + [Us, Va). (8)

Then, enlarged zero curvature equations are presented
as follows:

U —V,+[U,V]+U Vo — VU =0,

Uit — Vi, +UVI + U, V3 — VU, — V1U; =0,
Uyt — Vo + U2V + UV — VoU — V3U; = 0,
Usi — Va, + U Vi — Vo2U; + [Us, V3] = 0. 9)

When U; = U, = 0, the first equation here turns ex-
actly into Eq.(4).
for Eq.(4). To summarize, the matrix of G with new

Eq.(9) provides a coupling system

Lie algebra provides a greater choice of candidates of
integrable couplings for Eq.(9) associated with G.
Next, we shed light on the above idea of construct-
ing coupling systems by using a particular class of the
upper triangular strip matrix of Lie algebra. Consider
the following upper triangular strip matrix of Lie al-

gebra:
1 0 0
1
G = ,
0
0 1
0 1 0
0 T
G1: ) ge ey
0O ... ... 0
0 1 0
G 0 1
L Un-1 = )
0O ... ... 0
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0 0 1
2 D
0O ... ... 0
G=GaG(i=1,...,n), G={diag(l,...,1)},
(11)

So the new enlarged spectral matrices U and V in
G & G; can be chosen respectively as

U=UG+UG,+...+U,G,

and
V=VG+ VG +...+ V,,G,, (12)
i.e.
u v, ... U,
_ 0 U
U:
U
o ... ... U
and
vV Vi ...V,
_ 0 Vv
V=
Vi
o ... ...V

Then, coupling system (9) becomes
Ut = ‘/2? - [Ua V]a

Uit =Viz — U, Vi], 1<i<n,

ktH=i,k,1,>0 (13)

which is similar to the equation in Ref.[11].
Define a solution

w W, ... W,
_ 0o W
W= (14)
W
0 .. W

to the enlarged stationary zero curvature equation
W, = [U, W], then for each m > 0, we will choose

V=Q0"W),+A4,, (15)
and
Am Al,m An,m
_ 0 A,
A, = : (16)
Al,m
0 A,

where A,, and 4A;,, do not depend on A, but they
satisfy

Amx = [U7 Am}v

According to V, = [U, V], we can directly obtain
that the zero curvature equation as

i.e.

Uy, =W, - [UW|+ A, -[U,A]|,
Ui, =W — U, W]+ A, — Uy, 4],
1<i<nk+l=i. (19)

We will see that this enlarged hierarchy of Lax in-
tegrable coupling systems can hold other integrable
properties in the special case.

3. Integrable coupling system of
the multi-component AKNS

equation hierarchy

By using the theory on continuous integrable
couplings,®~14 some integrable coupling systems
of the known integrable hierarchies have been ob-
tained, such as Wadati-Konono-Ichikawa (WKI) hi-
erarchy, Kauo—Newell (KN) hierarchy, task decompo-
sition(TD) hierarchy, etc, in Refs.[15]-[22]. In the
present paper, in order to obtain the new integrable
coupling system, we apply a method using the up-
per triangular strip matrix of Lie algebra to nonlinear
soliton equation hierarchy.

The new Lax pair, Us and V3, is presented as

follows:
U, U
U, — 1 2 ’
0o U,
and
Vi Vs
vi=| ' . (20)
0 W

From the zero curvature equation it follows that

Uit — Vi + [U1, V1] = 0,
Uz, — Vi + [Uy, Vo] 4 [Us, V1] = 0. (21)
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To illustrate our method, we consider the follow- Set
ing isospectral problem: n n
A a:Zak)\k, b:ZbkAk,
U= 2 q)\ L U, = 1w , k=0 k=0
P —5 v 1 - k - k
2 c=>Y o, d=Y " d\,
k=0 k=0
v a b v d e 99 n n
1 — ¢ —a ) 2 — f g ’ ( ) e:Zek)\k’ J":ka)\k7
k=0 k=0
i.e. n .
é q 1 U 9= Z GiX™ (23)
2 A\ k=0
p —= v 1 ) )
U; = 2 A\ ) The corresponding enlarged stationary zero curvature
0 0 5 q equation is obtained as
A
0 o p —=
2 VSr = [Ug, ‘/23]7 (24)
a b d e
¢ —a g i.e.
.VS =
0 0 a b Vi, = [0, V4],
0 0 ¢ —a Vo = U1, Val + [Un, VA. (25)
where ¢ and r are matrix-potentials, u, v are new de-
pendent variables and @ = (g, 7, u,v)T. Obviously, we have
|
cp — b 2Ab,, — 2qa
[U17 ‘/1] _ qCn nD n qan 7 (26&)
—2Xcn +2pa,  pbp — cng
—e e, + qgn — d,
[U17 ‘/2] _ Qfn nP n T 44n 4 7 (26b)
pdn — gnpP — )‘fn Pe€n — fnq
uc, — by,v  —ua, — apu
[Us, V1] = l S (26¢)
va, +a,v Vb, —cpu
\
According to Eq.(26), we can obtain go = 0, then we will see that all sets of functions
" Gnybns Cnydny €n, frn, gn are uniquely determined. In
Anz = (Cp — POp, particular, the first few sets are
bnm - 2bn+1 - 2qan7
Crg = _20n+1 + 2pan bl =4q, C1=p, a1= 07
d, :qf — pen + uc — b b2=%, C2 = —Pgz, A2 = —qp,
LT n n n ny o B 9
€nz = €n+1 + q9n — qdy, — 2uay, b3 = Guw = 24°D,
_ 52
frnz = pdn — pgn — frne1 + 2vay, €3 = Paz = 2074,
G = Pen — qfn + vby — U, (27) di =0, es=u, fi=v, g1 =0,
1 d2 = —qUgz — pPU, €3 = Uy,
Set bgp = co = 0, ap = 2 do = eo = fo = fo=—vg, g2 = pu+ qu. (28)
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Based on Tu Guizhang’s(Tu) method, it is obtained
that

b71,+1
Ji| 0 Cn
U, = == L (29
u 0 JQ f’n,—‘,—l
v . €n+1
with
—-10 0 -1
Jl = ) J2 =
01 10

where J; and Jy are Hamiltonian operators. Accord-
ing to Eq.(26), we have the following reduced relation:

bn+1 bn
Cn cn
=L , (30)
fn+1 fn
€n+41 €n
where
0 —2¢0 p 2¢0 ¢ 0 0
I 2207 'p —0+20p07q O 0
L3 L33 L33 L3y
L Lo Ly3 Ly
with

L31 = —2p0~ v — 2007 p, Las = 2p0~ u + 2007 ¢,

L3 = —0+2p0~"'q, Lys = —2p0~ 'p,
Ly = —2¢0" v — 2ud™p, Lyy = 2q0 ™ u + 2ud ¢,

Ly3 =290 q, Lys = 0 — 2¢0 ™ 'p.

By using Eqs.(27) and (28), when n = 2 the first sys-
tems in Eq.(29) are

dts = —Qzx + 2q2pa
Pty = Paax — 2]72117
Upy = —Ugy + 4qpu + 2(]2?),
Vg, = Vzz — 4qpuv — 2p%u. (31)

When v = v = 0, they turn into the well-known non-
linear AKNS equation. So system (29) is a novel soli-

q1 42
g3 g4 ’
p(x,t) = (m D2

ton equation hierarchy.
Substitute

q(x, t) -

b3 P4

U3z Uq

V1 U2
(32)
V3 V4

),
U1 Ug)
into integrable coupling system (31), then we will
obtain the super-integrable coupling system of the

AKNS equations with sixteen-potential functions as
follows:

Gt = —Qrae + 2(GP1 + ¢243P1 + 1q2D3 + 424ap3),
G2t = —Q200 + 2(41P2 + Q2a3P2 + q1G2P1 + G2q4p1),
@3t = —Q3ax + 2(q1q3D1 + 4394P1 + G243P3 + 4ip3),
Q1t = —Qazo + 2(q143D2 + G304P2 + Q243P4 + 3p1),

Pit = Plzx
D2t = P2z

—2(piq1 + p2p3q1 + P1P2g3 + P2paqs),
— 2(piqa + P2p3g2 + P1P2ga + P2paqa),

(
P3t = P3za — 2(P1P3q1 + P3paqr + P2p3gs + Pig3),
(

Pat = Paza —

Uy = —Uge + 4(quP1U2 + q2pP3U2 + q1P2Us + G2Pay
U3y = —Uzz + 4(g3p1ur + qupsu1 + g3paus + qapaus
Ugr = —Usge + 4(gsp1u2 + qupsug + gspatg + qapatiy

2(p1p3q2 + P3paqe + P2p3qs + Pida),
Uy = —Uigz + 4(@1p1u1 + @ap3ur + q1paus + gapaus

Giv1 + q2q3v1 + 10203 + G2qav3),
Giv2 + q2a3v2 + q1G2v4 + 42q404)
)
)

)

q193v1 + q3q4v1 + q2q3vs + qgvs

9

) +2(
) +2(
) +2(
) +2(

q193v2 + q3q4V2 + q2q3v4 + qim )
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V1t = Vige — 4(qp1v1 + qap3v1 + 1p2vs + qapavs) — 2(piug + Papaus + p1paus + papaus),
Vot = Vazz — 4(q1D1V2 + q2p3v2 + q1Pavs + qapavs) — 2(pTus + papaus + P1pata + Papatis),
V3t = Vage — 4(qap1v1 + qup3v1 + qapavs + qupavs) — 2(p1paus + papaus + papsus + pius),
Vgt = Vagr — 4(q3p102 + qap3v2 + q3P2vs + upavs) — 2(p1p3us + P3paus + papsug + piug). (33)

We obtain the integrable couplings of AKNS
equations with sixteen-potential functions by using
the upper triangular strip matrix of Lie algebra.
Equation(33) is referred to as multi-component AKNS
equations.

4. Conclusion

A technically-feasible way to construct integrable
couplings of multi-component soliton equations has

been presented by using the upper triangular strip ma-
trix of Lie algebra, and an application of the general
theory to the AKNS hierarchy of soliton equations is
made. The general idea in our analysis could also be
applied to other types of soliton equations such as dis-
crete soliton equations and higher-dimensional soliton
equations. All integrable couplings generated in this
way provide examples of multicomponent integrable
systems and show a richness of integrable systems.
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