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The purpose of this paper is to provide a new method called the Lagrange–Noether method for solving second-order

differential equations. The method is, firstly, to write the second-order differential equations completely or partially in

the form of Lagrange equations, and secondly, to obtain the integrals of the equations by using the Noether theory of

the Lagrange system. An example is given to illustrate the application of the result.
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1. Introduction

The modern development of differential equa-
tions has mainly two directions: one is the geomet-
rical method, such as Arnold’s work;[1] the other is
the Lie group method, for example, the works of
Olver, Bluman, etc.[2−4] Reference [4] pointed out
that symmetry and first integral are two fundamental
structures for ordinary differential equations. Sym-
metries are mainly the Noether symmetry,[5−9] the
Lie symmetry[6−8,10−18] and form invariance.[8,19−21]

From the integration point of view, the Noether sym-
metry is easier to use. This paper completely or
partially transforms a system of ordinary differential
equations of second order into a Lagrange system, and
finds its Noether conserved quantities by using the
Noether symmetries of the above Lagrange system.
So, this method is said to be the Lagrange–Noether
method. On finding part of the conserved quantities
of the system, it can reduce its equations; on finding

all of the conserved quantities of the system, it can
give the solution of the system.

2. Completely or partially La-

grangian representation of

equations

Consider the integrals of a system of differential
equations of second order

q̈s = fs(t, q, q̇) (s = 1, . . . , n). (1)

The necessary and sufficient condition that system (1)
is self-adjoint is that fs are linear with respect to q̇,
i.e. they have the form

q̈s − ρsk(t, q)q̇k − σs(t, q) = 0, (2)

and satisfy conditions[22]

ρsk + ρks = 0,
∂ρsk

∂qr
+

∂ρkr

∂qs
+

∂ρrs

∂qk
= 0, (s, k, r = 1, . . . , n),

∂ρsk

∂t
=

∂σs

∂qk
− ∂σk

∂qs
. (3)
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In this case, system (1) can be written in the form of
Lagrange equations whose Lagrangian is

L =
1
2
q̇sq̇s + Dk(t, q)q̇k + C(t, q), (4)

where

Dk = −
[∫ 1

0

dττρks(t, τq)
]

qs, (5)

C =
[∫ 1

0

dτ

(
σs +

∂Ds

∂t

)
(t, τq)

]
qs. (6)

If there is only one equation in system (1), then
it is self-adjoint only when it does not contain q̇.

If system (1) is not self-adjoint, but it can be writ-
ten in the self-adjoint form

hsk(t, q, q̇)(q̈k − fk) = 0. (7)

In such case, one can find the Lagrangian. The
method is as follows:

Let

Ask = hsk, Bs = −hskfk. (8)

Then the necessary and sufficient condition that
Eqs.(7) are self-adjoint is

Ask = Aks,

∂Ask

∂q̇r
=

∂Ark

∂q̇s
,

∂Bs

∂q̇k
+

∂Bk

∂q̇s
= 2

(
∂

∂t
+ q̇r

∂

∂qr

)
Ask,

∂Bs

∂qk
− ∂Bk

∂qs
=

1
2

(
∂

∂t
+ q̇r

∂

∂qr

)(
∂Bs

∂q̇k
− ∂Bk

∂q̇s

)
,

(s, k, r = 1, . . . , n), (9)

and the Lagrangian has the form

L = K(t, q, q̇) + Dk q̇k + C(t, q), (10)

where the n + 2 functions K, Dk, C form a solution of
the following overdetermined system of partial differ-
ential equations:

∂2K

∂q̇s∂q̇k
= Ask(t, q, q̇),

∂Ds

∂qk
− ∂Dk

∂qs
=

1
2

(
∂Bs

∂q̇k
− ∂Bk

∂q̇s

)
+

∂2K

∂qs∂q̇k
− ∂2K

∂q̇s∂qk
≡ Zsk(t, q),

∂C

∂qs
=

∂Ds

∂t
−Bs − ∂K

∂qs
+

∂2K

∂q̇s∂t
+

[
∂2K

∂qs∂q̇k
+

1
2

(
∂Bs

∂q̇k
− ∂Bk

∂q̇s

)]
q̇k ≡ Ws(t, q),

specifically,

K(t, q, q̇) = q̇s

∫ 1

0

dτ ′
{[∫ 1

0

dτAsk(t, q, τ q̇)
]

q̇k

}
(t, q, τ ′q̇),

Dk =
[∫ 1

0

dττZks(t, τq)
]

qs,

C =
[∫ 1

0

dτWs(t, τq)
]

qs. (11)

Thus, system (1) can be transformed into the La-
grange equations

d
dt

∂L

∂q̇s
− ∂L

∂qs
= 0 (s = 1, . . . , n). (12)

If system (1) cannot be expressed or is difficult to
express by using a Lagrangian, then it can be partially
transformed into the Lagrange equations, namely be
transformed into a general holonomic mechanical sys-

tem whose equations are

d
dt

∂L

∂q̇s
− ∂L

∂qs
= Qs, (s = 1, . . . , n), (13)

where

L =
1
2
q̇sq̇s, Qs = fs. (14)
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3. Integration of equations

System (1), after being expressed by using a La-
grangian, becomes Eqs.(12). The Noether theory
for the Lagrange system shows that if infinitesimal
generators ξ0 = ξ0(t, q, q̇), ξs = ξs(t, q, q̇) and the
gauge function GN = GN(t, q, q̇) satisfy the Noether
identity[5−8]

Lξ̇0 + X1(L) + ĠN = 0, (15)

where

X(1) = ξ0
∂

∂t
+ ξs

∂

∂qs
+ (ξ̇s − q̇sξ̇0)

∂

∂q̇s
, (16)

then system (12) possesses the Noether conserved
quantity[5−8]

IN = Lξ0 +
∂L

∂q̇s
(ξs − q̇sξ0) + GN = const. (17)

System (1), after being partially expressed by us-
ing a Lagrangian, becomes Eqs.(13). The Noether the-
ory shows that if infinitesimal generators ξ0, ξs and the
gauge function GN satisfy the Noether identity[5−8]

Lξ̇0 + X(1)(L) + Qs(ξs − q̇sξ0) + ĠN = 0, (18)

then system (13) possesses the Noether conserved
quantity (17).

Clearly, the Noether conserved quantity (17) is
an integral of system (1). If enough integrals can be
found, then a solution of system (1) can be obtained.

4. An illustrative example

Consider a second-order differential equation

q̈ +
4
t
q̇ +

2
t2

q = 0, (t > 0). (19)

Clearly, Eq.(19) does not satisfy conditions Eqs.(3),
so it is not self-adjoint. Multiplying both its sides by
t4, we have

t4q̈ + 4t3q̇ + 2t2q = 0, (20)

which is self-adjoint according to conditions Eqs.(9).
Expression (11) shows

K = q̇

∫ 1

0

t4q̇τ ′dτ ′ =
1
2
t4q̇2,

D = 0,

C =
∫ 1

0

(−2t2q2τ)dτ = −t2q2.

Then the Lagrangian

L =
1
2
t4q̇2 − t2q2 (21)

and the Noether identity (15) gives

Lξ̇0 + (2t3q̇2 − 2tq2)ξ0 − 2t2qξ

+t4q̇(ξ̇ − q̇ξ̇0) + ĠN = 0,

which has the following solutions

ξ0 = 0, ξ = t−2, GN = 2tq, (22)

ξ0 = 0, ξ = t−1, GN = t2q. (23)

The Noether conserved quantity (17) gives respec-
tively

IN = t2q̇ + 2tq = C1, (24)

IN = t3q̇ + t2q = C2, (25)

where C1, C2 are arbitrary constants. Elimination of
q̇ in the above two integrals gives

q = C1t
−1 − C2t

−2, (26)

which is the solution of Eq.(19).
Otherwise, Eq.(19) can also be partially expressed

by using the Lagrangian as

L =
1
2
q̇2, Q = −4

t
q̇ − 2

t2
q. (27)

Then the Noether identity (18) gives

Lξ̇0 + q̇(ξ̇ − q̇ξ̇0)−
(

4
t
q̇ +

2
t2

q

)
(ξ − q̇ξ0) + ĠN = 0.

It has the following solutions:

ξ0 = 0, ξ = t2, GN = 2tq, (28)

ξ0 = 0, ξ = t3, GN = t2q. (29)

The Noether conserved quantity (17) gives the in-
tegrals (24) and (25), respectively. The solution of
Eq.(19) is also expression (26).

5. Conclusions

In this paper, the Lagrange–Noether method
for solving second-order differential equations is pre-
sented; its essential idea is completely or partially to
transform equations into a Lagrange system, and find
its Noether conserved quantities, namely the integrals
of the equations, by using the Noether theory of the
Lagrange system. If enough conserved quantities of
the equations are found, one can obtain the solution
of the equations.
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