Vol 18 No 9, September 2009
1674-1056/2009/18(09)/3647-04

Chinese Physics B

© 2009 Chin. Phys. Soc.
and IOP Publishing Ltd

Lagrange—Noether method for solving
second-order differential equations®

Wu Hui-Bin(Z#E#)»T and Wu Run-Heng( 5 1))

a) Faculty of Science, Beijing Institute of Technology, Beijing 100081, China

b) Faculty of Science, North China University of Technology, Beijing 100041, China

(Received 1 July 2008; revised manuscript received 18 October 2008)

The purpose of this paper is to provide a new method called the Lagrange-Noether method for solving second-order

differential equations. The method is, firstly, to write the second-order differential equations completely or partially in

the form of Lagrange equations, and secondly, to obtain the integrals of the equations by using the Noether theory of

the Lagrange system. An example is given to illustrate the application of the result.
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1. Introduction

The modern development of differential equa-
tions has mainly two directions: one is the geomet-
rical method, such as Arnold’s work;! the other is
the Lie group method, for example, the works of
Olver, Bluman, etc.*~4 Reference [4] pointed out
that symmetry and first integral are two fundamental
structures for ordinary differential equations. Sym-
metries are mainly the Noether symmetry,®=9! the
Lie symmetryl6—810=18] and form invariance.!$:19~-21]
From the integration point of view, the Noether sym-
metry is easier to use. This paper completely or
partially transforms a system of ordinary differential
equations of second order into a Lagrange system, and
finds its Noether conserved quantities by using the
Noether symmetries of the above Lagrange system.
So, this method is said to be the Lagrange—Noether
method. On finding part of the conserved quantities
of the system, it can reduce its equations; on finding

|

all of the conserved quantities of the system, it can
give the solution of the system.

2. Completely or partially La-
grangian representation of

equations

Consider the integrals of a system of differential
equations of second order

s = fs(t,q,4) (s=1,...,n). (1)

The necessary and sufficient condition that system (1)
is self-adjoint is that fs are linear with respect to g,
i.e. they have the form

q's - psk(t> Q)Qk - Us(t> Q) = Ou (2)

and satisfy conditions/2?!

apsk apkr apTS
s 5:0, :07 7ka =1,..., )
Psk + Pk a4, + 4. + 94 (s, k,r n)
8psk :305_8016. (3)
ot an aQS
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In this case, system (1) can be written in the form of  Let
Lagrange equations whose Lagrangian is

Ask = hsk:y Bs = _hsktfk- (8)
1. . .
L= 59ss + Di(t,q)gr + C(t,q), (4) Then the necessary and sufficient condition that
Eqgs.(7) are self-adjoint is
where
1 Ask = AkSa
Dy = — [ / dTTpks(tzT(I)] s (5) 645k — aAf’“,
0 gy dqs
0B; 0B o . 0
-+ .k_2<+q7‘>ASk7
! D, Odr ~ Oqs ot 9qy
C= UO dr (as+8t >(t,7q)} Gs- (6) 0B, 0By _1(0 . 0\ (0B, 0B
8qk 8(]5 2\ ot " 5%« an a(Is '
If there is only one equation in system (1), then (s, k7 =1,...,n) 9)
it is self-adjoint only when it does not contain q.
If system (1) is not self-adjoint, but it can be writ-  and the Lagrangian has the form
ten in the self-adjoint form
L=K(q,q)+ Drix + C(t,q), (10)

hsi(t. q,4)(dr — fx) = 0. (7) . .
where the n + 2 functions K, Dy, C form a solution of
In such case, one can find the Lagrangian. The  the following overdetermined system of partial differ-
method is as follows: ential equations:

02K

:As t, 5 ] 5
93-00n k( q ‘I)
oD, 9D 1 (833 B 8Bk> K P
dqc  0¢s 2\ 0dr 04 ) " 0q.04r  04:0q,
oc 9D, 0K 9K { PK 1 <8BS 0By

- S a . . S . . ] = WS t7 9
og. o1 i+ o | 1 (a7 )| e = Wit
specifically,
1 1
ki) =i [ a{| [ arasara)ifear
0 0
1
Dy = [/ dTTst(t,TQ)} ds»
0
1
C= [/ dTWS(t,Tq)] qs- (11)
0
\
Thus, system (1) can be transformed into the La-  tem whose equations are
grange equations
d oL 0L
— - =0 =1,...,n). 12 j s IR
dt aqs aqs (8 ’ Y n) ( ) dt 6QG an

If system (1) cannot be expressed or is difficult to ~ where
express by using a Lagrangian, then it can be partially
transformed into the Lagrange equations, namely be 1. .
. . . L=-4sqs, Qs=fs. (14)
transformed into a general holonomic mechanical sys- 2



No.9

Lagrange—Noether method for solving second-order differential equations 3649

3. Integration of equations

System (1), after being expressed by using a La-
The Noether theory
for the Lagrange system shows that if infinitesimal
generators & = &o(t,q,49),&s = &s(t,q,q) and the
gauge function Gy = Gn(t, g, q) satisfy the Noether
identity[®>—8!

grangian, becomes Eqgs.(12).

L&+ X' (L) + Gy =0, (15)
where
0 . .0
x@ = g -
50 + §s q$ (fa QS€O) 8(15 3 (16)

then system (12) possesses the Noether conserved
quantity®>—8!

oL
IN = L§0 + N
94

System (1), after being partially expressed by us-

(&s — ¢s&) + Gn = const.  (17)

ing a Lagrangian, becomes Eqs.(13). The Noether the-

ory shows that if infinitesimal generators &y, £s and the

gauge function Gy satisfy the Noether identity®—8!

Lo+ XW(L) + Qs(& —

then system (13) possesses the Noether conserved

4séo) + Gn =0, (18)

quantity (17).

Clearly, the Noether conserved quantity (17) is
an integral of system (1). If enough integrals can be
found, then a solution of system (1) can be obtained.

4. An illustrative example
Consider a second-order differential equation

4 2
d+¥q+t—2q=0, (t>0). (19)

Clearly, Eq.(19) does not satisfy conditions Egs.(3),
o it is not self-adjoint. Multiplying both its sides by
t*, we have

trG 4+ 43§+ 2t%¢ = 0, (20)
which is self-adjoint according to conditions Egs.(9).

Expression (11) shows

1
1
K= q'/ trgr'dr’ = ~t1¢?,
0 2

C/

Then the Lagrangian

t2q27' dr = —t2¢°.

1
L= §t4q2 —t2¢* (21)

and the Noether identity (15) gives

L& + (2t°¢% — 2tq*)&o — 2t%¢¢
+t44(€ — §€o) + Gy =0,

which has the following solutions

& =0, &=t"2 Gn=2q, (22)

60 = 07 f = t_17 GN = t2q (23)

The Noether conserved quantity (17) gives respec-
tively

In =t2¢+2tq = C}, (24)
In =3¢+ t2q = Cs, (25)

where C7,Cy are arbitrary constants. Elimination of
¢ in the above two integrals gives

q = Cltil - Cgt72, (26)

which is the solution of Eq.(19).
Otherwise, Eq.(19) can also be partially expressed
by using the Lagrangian as

1 4 2
L= ~¢> =_——g—= 27
50 Q=—7i- 3¢ (27)
Then the Noether identity (18) gives
2

Léo + (€ — 4&) — ( t2Q> (€ — 4&) + Gn = 0.

It has the following solutions:

=1,
=1,

fOZOa
§0:Oa

GN = 2tq, (28)
Gn = t%q. (29)

The Noether conserved quantity (17) gives the in-

tegrals (24) and (25), respectively. The solution of

Eq.(19) is also expression (26).

5. Conclusions

In this paper, the Lagrange—Noether method
for solving second-order differential equations is pre-
sented; its essential idea is completely or partially to
transform equations into a Lagrange system, and find
its Noether conserved quantities, namely the integrals
of the equations, by using the Noether theory of the
Lagrange system. If enough conserved quantities of
the equations are found, one can obtain the solution

of the equations.
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