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This paper deals with the bending problem of rectangular plates with two opposite edges simply supported. It is

proved that there exists no normed symplectic orthogonal eigenfunction system for the associated infinite-dimensional

Hamiltonian operator H and that the two block operators belonging to Hamiltonian operator H possess two normed

symplectic orthogonal eigenfunction systems in some space. It is demonstrated by using the properties of the block

operators that the above bending problem can be solved by the symplectic eigenfunction expansion theorem, thereby

obtaining analytical solutions of rectangular plates with two opposite edges simply supported and the other two edges

supported in any manner.
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1. Introduction

The Hilbert–Schmidt theorem, also known as the
eigenfunction expansion theorem, is the theoretical
foundation of traditional separation of variables, and
it is very useful in solving self-adjoint problems in
mathematical physics. As is well known, the expan-
sion theorem has two requirements: the compactness
and self-adjointness of the corresponding operators in
Hilbert spaces, which guarantee the completeness of
their eigenfunction system and the calculation of coef-
ficients of the eigenfunction expansion. However, most
systems encountered in elasticity and relevant fields do
not possess self-adjointness. So, traditional separation
of variables does not work for these problems.

In 1991, by using the simulation theory between
structural mechanics and optimal control and by com-
bining infinite dimensional Hamiltonian systems with
elasticity, the separation of variables based on Hamil-
tonian systems of solving problems in elasticity was
introduced.[1] In later publications, a large number of
non-self-adjoint problems in applied mechanics have

been considered (see, for example, Refs.[2]–[5]). This
method extends the traditional separation of vari-
ables, and its mathematical foundation, i.e. the sym-
plectic eigenfunction expansion theorem, belongs to
the eigenvalue problem of infinite dimensional Hamil-
tonian operators. In general, Hamiltonian operators
are non-self-adjoint, and their eigenfunction expan-
sion problem is far from being understood. In this
direction, we mention the cases of the Sturm–Liouville
equation and plane magnetoelectroelastic solids (see,
for example, Refs.[6] and [7] and references therein).
For more details about the symplectic eigenfunction
expansion, readers may refer to Refs.[8] and [9].

In the present paper, we propose a symplectic
eigenfunction expansion method of the plate bending
equation. To be precise, for the bending problem of
rectangular plates with two opposite edges simply sup-
ported, we consider the existence and completeness
of the normed symplectic orthogonal eigenfunction
system of the associated infinite-dimensional Hamil-
tonian operator, and give analytical solutions of the
problem.
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2. Preliminaries

This section is devoted to reviewing some basic
notions in mathematics. Let X be a Hilbert space un-
less otherwise stated in particular. Throughout this
paper, an operator or operator matrix is always linear
(not necessarily bounded).

Definition 2.1.[10] Let H : D(H) ⊆ X × X →
X ×X,

H =


 A B

C −A∗


 (1)

be a closed densely defined operator. If A is a closed
densely defined operator, and B and C are self-adjoint
operators, then H is called an infinite-dimensional
Hamiltonian operator or simply a Hamiltonian oper-
ator. Note that for an operator T , T ∗ denotes its
adjoint operator.

Obviously, the infinite dimensional Hamiltonian
operator is a generalization of the finite dimensional
case (i.e. Hamiltonian matrix). So, we call u̇ = Hu an
infinite dimensional Hamiltonian system. When H is
a differential operator matrix in some energy space, by
the Vainberg theorem about the criteria of potential
operators,[11] this definition in general coincides with

the traditional definition u̇ = J−1 δH
δu

, where

J =


 0 I

−I 0


 (2)

is the structure operator matrix on X ×X, and H is
the corresponding Hamiltonian functional.

The domains of the operators A, B and C are de-
noted by D(A), D(B) and D(C), respectively. Clearly,

D(H) = (D(A) ∩ D(C))× (D(B) ∩ D(A∗)) (3)

serves as the natural domain of the Hamiltonian op-
erator H.

Definition 2.2. Let X be a Hilbert space of
functions. Then, the operator M : D(M) ⊆ X → X

is said to have a normed symplectic orthogonal eigen-
function system, if there is a sequence of functions{
Uk | k = ±1,±2, . . .

}
such that

MUk = λkUk, (4)

〈Uk, JU−j〉X = ckjδkj (5)

for each k, j = ±1,±2, . . .. Here for the Hilbert
space G, 〈·, ·〉G represents the inner product of G, ckj

(ckj 6= 0 for k = j) is a constant associated with the
functions Uk and U−j , and δkj is the common Kro-
necker symbol.

3. Plate bending equation and its

Hamiltonian properties

3.1.Hamiltonian form

Without losing the generality of the symplectic
eigenfunction expansion method, we consider here the
case of rectangular plates with two opposite edges sim-
ply supported, i.e.

D

(
∂2

∂x2
+

∂2

∂y2

)2

ω = f(x, y) (6)

with f(x, y) being the lateral load in the region
{(x, y) | 0 ≤ x ≤ h, 0 ≤ y ≤ 1}, and the bound-
ary conditions for simply supported edges y = 0 and
y = 1 are

ω = 0,
∂2ω

∂y2
= 0, for y = 0 and y = 1. (7)

Introducing the state functions

θ =
∂ω

∂x
,

q = D

(
∂3ω

∂x3
+

∂3ω

∂x∂y2

)
,

m = −D

(
∂2ω

∂x2
+

∂2ω

∂y2

)
(8)

(q is a Lagrange parametric function, and m repre-
sents the bending moment), we obtain




ω̇

θ̇

q̇

ṁ




=




0 1 0 0

−∂2/∂y2 0 0 −1/D

0 0 0 ∂2/∂y2

0 0 −1 0







ω

θ

q

m




+




0

0

f

0




, (9)
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which is an infinite dimensional Hamiltonian system
derived from Eq.(6), and the corresponding Hamilto-
nian operator is

H =




0 I 0 0

−d2/dy2 0 0 −I/D

0 0 0 d2/dy2

0 0 −I 0




. (10)

In Eq.(9), we have used the x-coordinate to simu-

late time coordinate t, to be precise, ω̇ = ∂ω/∂x,
θ̇ = ∂θ/∂x, q̇ = ∂q/∂x and ṁ = ∂m/∂x.

For the Hamiltonian operator (10), a suitable
choice of state space which directly influences the solv-
ing of the problem is necessary. Here, we introduce the
Hilbert space L2[0, 1] and set

W = L2[0, 1]× L2[0, 1]× L2[0, 1]× L2[0, 1]. (11)

According to the boundary conditions (7), we have

D(H) =








ω

θ

q

m



∈W

∣∣∣∣∣∣∣∣

ω(0) = ω(1) = 0, m(0) = m(1) = 0, ω′,m′ are

absolutely continuous, ω′′,m′′ ∈ L2[0, 1]





. (12)

Thus, the plate bending problem (Eq.(6) and bound-
ary condition (7)) can be written in the following
Hamiltonian form

u̇ = Hu. (13)

3.2. Eigenvalues and eigenfunction sys-

tems

In Ref.[12], for the bending problem of rectangu-
lar plates with two opposite edges simply supported,
the distribution of eigenvalues of the corresponding
Hamiltonian operator is given. Further, we now study
the properties of the Hamiltonian operator.

Direct calculations show that the eigenvalues and
the associated eigenfunctions of the Hamiltonian op-
erator H are given by

λk = kπ, Yk =




sin(kπy)

kπ sin(kπy)

0

0




, (14)

where k = ±1,±2, . . ..

The normed orthogonality of the eigenfunction
system plays an especially important role in the
Hilbert–Schmidt theorem, and so is the normed
symplectic orthogonality of the eigenfunction system
in the symplectic eigenfunction expansion theorem.
However, unfortunately, the preceding eigenfunction
system does not possess this kind of property.

Theorem 3.1. The infinite dimensional Hamil-
tonian operator H has no normed symplectic orthog-
onal eigenfunction system.

Proof For the space W defined in expression
(11) and the Hamiltonian operator H, the structure
operator matrix is clearly

J =




0 0 I 0

0 0 0 I

−I 0 0 0

0 −I 0 0




(15)

with I being the identity operator on L2[0, 1]. Then,
for each pair of numbers (k,−j), we always have that

〈Yk, JY−j〉W =
∫ 1

0




sin(kπy)

kπ sin(kπy)

0

0




T 


0 0 I 0

0 0 0 I

−I 0 0 0

0 −I 0 0







sin(−jπy)

−jπ sin(−jπy)

0

0




dy = 0. (16)
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In particular, set j = k (k = ±1,±2, . . .) in Eq.(16),
then the above formula still holds true.

On the other hand, apart from a multiple of a
constant, every eigenfunction system of H coincides
with

{
Yk | k = ±1,±2, . . .

}
defined in expression (14).

Therefore, by Eq.(5) in Definition 2.2, the claim of the
Theorem is proven.

4. Analytical solutions of the

plate bending problem

4.1.Theoretical aspects

Many problems in elasticity can be solved by us-
ing the symplectic eigenfunction expansion theorem:
first, write the problem under consideration in a suit-
able infinite-dimensional Hamiltonian form Eq.(13);
next, separate variables for Eq.(13) and obtain the so-
lutions of separated variable type. As we mentioned,
the essential point of this method is the existence and

the completeness of the normed symplectic orthogonal
eigenfunction system. However, from Theorem 3.1,
we see that the Hamiltonian operator H derived from
the plate bending problem (Eq.(6) and boundary con-
dition (7)) has no any normed symplectic orthogonal
eigenfunction system. This is a pathological case that
leads to the failure of the common symplectic eigen-
function expansion method. Fortunately, we can in
general remedy various kinds of pathologies through
taking full advantage of the inherent structure of the
Hamiltonian operator.

Indeed, the infinite dimensional Hamiltonian op-
erator H can be written as the following block opera-
tor representation

H =




0 I 0 0

−d2/dy2 0 0 −I/D

0 0 0 d2/dy2

0 0 −I 0




(17)

with the block operators

A =


 0 I

−d2/dy2 0


 ,−A∗ =


 0 d2/dy2

−I 0




B =


 0 0

0 −I/D




C =


 0 0

0 0








. (18)

Then, the remaining important thing is how to take the domain of the operators in expression (18). The selection
of the domain is dependent not only on the problem itself but also on whether it can reduce complexities in
the treatment. Since the domain of the Hamiltonian operator H defined as expression (17) is actually written
as expression (3), the various choices of the domains of the operator matrices in expression (18) are admitted if
the domain of the Hamiltonian operator H satisfies expression (12). These choices are equivalent to each other,
but their effects could be completely different. Based on the above considerations, we set

D(A) =






 ω

θ


 ∈ Ŵ

∣∣∣∣∣∣
ω′ is absolutely continuous,

ω(0) = ω(1) = 0, ω′′ ∈ L2[0, 1]



 , (19)

D(A∗) =






 q

m


 ∈ Ŵ

∣∣∣∣∣∣
m′ is absolutely continuous,

m(0) = m(1) = 0,m′′ ∈ L2[0, 1]



 , (20)

where
Ŵ = L2[0, 1]× L2[0, 1]. (21)

From expressions (18), (19) and (20), we see that A and −A∗ are both infinite dimensional Hamiltonian
operators. We endeavour to solve the plate bending problem (Eq.(6) and boundary condition (7)) by using
Hamiltonian operators A and −A∗, which are needed to study their properties.
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Theorem 4.1. The infinite dimensional Hamiltonian operator A has a normed symplectic orthogonal
eigenfunction system in the symplectic space Ŵ . In particular, apart from a multiple of a constant, the
eigenvalues and the associated eigenfunctions of A are given by

µk = kπ, Uk =


 sin(kπy)

kπ sin(kπy)


 , k ∈ Λ, (22)

where Λ =
{± 1,±2, . . . ,±n . . .

}
.

Proof Straightforward calculations show that the sequence
{
µk | k ∈ Λ

}
consists of all eigenvalues of the

Hamiltonian operator A, and the sequence of functions
{
Uk | k ∈ Λ

}
defined in expression (22) is an eigenfunction

system.
Set

J =


 0 I

−I 0


 (23)

with I being the identity operator on L2[0, 1], then it will be the structure operator matrix related to the space
Ŵ and the Hamiltonian operator A. Thus,

〈Uk, JU−j〉Ŵ =
∫ 1

0


 sin(kπy)

kπ sin(kπy)




T 
 0 I

−I 0





 sin(−jπy)

−jπ sin(−jπy)


dy = kπδkj (24)

for each k, j ∈ Λ. This implies by Definition 2.2 that the eigenfunction system
{
Uk | k ∈ Λ

}
possesses normed

symplectic orthogonality.
Theorem 4.2. The eigenfunction system

{
Uk | k ∈ Λ

}
defined in the expression (22) of the Hamiltonian

operator A is complete in the symplectic space Ŵ , i.e., for each


 f

g


 ∈ Ŵ , there exist sequences {Ck}+∞k=1 and

{C−k}+∞k=1 such that 
 f

g


 =

+∞∑

k=1

CkUk + C−kU−k. (25)

Moreover, the above formula is called the symplectic eigenfunction expansion, and, in general, it is also called

the symplectic Fourier expansion of


 f

g


 in terms of

{
Uk | k ∈ Λ

}
.

Proof For k ∈ Λ, setting

Ck =

∫ 1

0

UT
−kJ


 f

g


dy

∫ 1

0
UT
−kJUk dy

= − 1
kπ

∫ 1

0

(−kπf sin(kπy)− g sin(kπy)) dy, (26)

and substituting it into expansion (25), we have

+∞∑

k=1

CkUk + C−kU−k =




∑+∞
k=1 2(

∫ 1

0
f sin(kπy) dy) sin(kπy)

∑+∞
k=1 2(

∫ 1

0
(g sin(kπy) dy) sin(kπy)


 . (27)

Note that the two components of the vector-valued function on the right hand side of Eq.(27) are the corre-
sponding Fourier sine series expansion associated with f and g in L2[0, 1], respectively. Therefore, Eq.(25) is
valid.

Similarly, we immediately obtain the following consequence.
Theorem 4.3. The infinite dimensional Hamiltonian operator −A∗ has a normed symplectic orthogonal

eigenfunction system in the symplectic space Ŵ . In particular, apart from a multiple of a constant, a complete
symplectic orthogonal eigenfunction system of −A∗ is given by

{
Ûk | k ∈ Λ

}
, where
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Ûk =


−kπ sin(kπy)

sin(kπy)


 (28)

is the eigenfunction associated with the eigenvalue
µ̂k = kπ.

4.2.Analytical solution

In Section 3.1, we have written the plate bending
problem (Eq.(6) and boundary condition (7)) as the
Hamiltonian form (13). Let

Z =


 ω

θ


 , Ẑ =


 q

m


 ,

F =


 0

−m/D


 , and F̂ =


 f

0


 ,

then, the Hamiltonian form Eq.(13) can be equiva-
lently written as

∂

∂x
Z = AZ + F, (29)

∂

∂x
Ẑ = −A∗Ẑ + F̂ , (30)

with D(A) and D(A∗) defined in expressions (19) and
(20), respectively.

Note that the completeness of the symplectic or-
thogonal eigenfunction system

{
Ûk | k ∈ Λ

}
of −A∗

in Theorem 4.3, then we will apply separation of vari-
ables to the problem (30). First, consider the corre-
sponding homogeneous case

∂

∂x
Ẑ = −A∗Ẑ. (31)

We look for the solutions of the form

Ẑ(x, y) = T̂ (x)Û(y). (32)

Then, inserting this expression for Ẑ into Eq.(31)
yields

T̂ ′(x)

T̂ (x)
=
−A∗Û(y)

Û(y)
. (33)

Both sides are therefore constant, say equal to µ̂. So,
the problem (31) reduces to the following

T̂ ′(x) = µ̂T̂ (x), (34)

−A∗Û(y) = µ̂Û(y). (35)

It should be noticed that separating variables for the
Hamiltonian system (31) will obtain the eigenvalue
problem of the Hamiltonian operator −A∗. Theorem
4.3 shows that µ̂ = kπ (k ∈ Λ) and Û(y) is a multiple
of the vector-valued function Ûk, and hence T̂ (x) is a
multiple of ekπx. By superposing these solutions, we
have the solution of the form

Ẑ(x, y) =
+∞∑

k=1

T̂k(x)Ûk(y) + T̂−k(x)Û−k(y) =
+∞∑

k=1


−(ckekπx + c−ke−kπx)kπ sin(kπy)

(ckekπx − c−ke−kπx) sin(kπy)


 (36)

with c±k being unknown constants to be determined.
By the completeness of the eigenfunction system of −A∗ in the symplectic space Ŵ , we then see that the

inhomogeneous item F̂ in Eq.(30) has the following symplectic Fourier expansion

F̂ =
+∞∑

k=1

F̂k(x)Ûk(y) + F̂−k(x)Û−k(y), (37)

where

F̂k(x) =

∫ 1

0
ÛT
−kJF̂ dy

∫ 1

0
ÛT
−kJÛk dy

= − 1
kπ

∫ 1

0

f(x, ξ) sin(kπξ) dξ = F̂−k(x), k ∈ Λ. (38)

Thus, for the inhomogeneous problem, we can still find the solution of the form (36). Substituting Eqs.(36) and
(37) into problem (30), we have

T̂
′
k(x) = µ̂kT̂k(x) + F̂k(x), k ∈ Λ. (39)

Straightforward calculations show that

T̂k(x) = d̂kekπx +
∫ x

0

F̂k(η)ekπ(x−η) dη, k ∈ Λ, (40)
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where d̂k, k ∈ Λ are unknown constants to be determined. Therefore, the solution of the inhomogeneous problem
is given by

Ẑ(x, y) =
+∞∑

k=1

T̂k(x)Ûk(y) + T̂−k(x)Û−k(y)

=
+∞∑

k=1


−

(
d̂kekπx + d̂−ke−kπx +

∫ x

0
F̂k(η)(ekπ(x−η) + e−kπ(x−η)) dη

)
kπ sin(kπy)

(
d̂kekπx − d̂−ke−kπx +

∫ x

0
F̂k(η)(ekπ(x−η) − e−kπ(x−η)) dη

)
sin(kπy)




=
+∞∑

k=1



−(

d̂kekπx + d̂−ke−kπx − 1
kπ

∫ x

0

dη

∫ 1

0

(ekπ(x−η) + e−kπ(x−η))f(η, ξ) sin(kπξ) dξ
)
kπ sin(kπy)

(
d̂kekπx − d̂−ke−kπx − 1

kπ

∫ x

0

dη

∫ 1

0

(ekπ(x−η) − e−kπ(x−η))f(η, ξ) sin(kπξ) dξ
)
sin(kπy)


 .

(41)

To solve the problem, we substitute m given by the second component in expression (41) into Eq.(29).
Then, we obtain a concrete inhomogeneous Hamiltonian system. Similarly, from Theorems 4.1 and 4.2, we see
that the inhomogeneous item F in Eq.(29) has the following symplectic Fourier expansion

F =
+∞∑

k=1

Fk(x)Uk(y) + F−k(x)U−k(y), (42)

where

Fk(x) =

∫ 1

0
UT
−kJF dy

∫ 1

0
UT
−kJUk dy

= − 1
kπD

∫ 1

0

m(x, y) sin(kπy) dy = − 1
2kπD

(
d̂kekπx − d̂−ke−kπx

− 1
kπ

∫ x

0

dη

∫ 1

0

(ekπ(x−η) − e−kπ(x−η))f(η, ξ) sin(kπξ) dξ

)

= F−k(x) (43)

for k ∈ Λ; and direct calculations for k ∈ Λ yield

Tk(x) = dkekπx +
∫ x

0

Fk(τ)ekπ(x−τ) dτ (44)

with unknown constants dk to be determined. Therefore, the analytical solutions of Eq.(29) are given by

Z(x, y) =
+∞∑

k=1

Tk(x)Uk(y) + T−k(x)U−k(y)

=
+∞∑

k=1




(
dkekπx − d−ke−kπx +

∫ x

0
Fk(τ)(ekπ(x−τ) − e−kπ(x−τ)) dτ

)
sin(kπy)

(
dkekπx + d−ke−kπx +

∫ x

0
Fk(τ)(ekπ(x−τ) + e−kπ(x−τ)) dτ

)
kπ sin(kπy)




=
+∞∑

k=1




(
dkekπx − d−ke−kπx +

d̂k

2kπD

(
sinh(kπx)

kπ
− ekπxx

)

(
dkekπx + d−ke−kπx − d̂k

2kπD

(
ekπxx +

sinh(kπx)
kπ

)

+
d̂−k

2kπD

(
sinh(kπx)

kπ
− e−kπxx

)
+

1
(kπ)2D

∫ x

0

dτ

∫ τ

0

dη

∫ 1

0

(cosh(kπ(x− η))

+
d̂−k

2kπD

(
e−kπxx +

sinh(kπx)
kπ

)
+

1
(kπ)2D

∫ x

0

dτ

∫ τ

0

dη

∫ 1

0

(sinh(kπ(x− η))

− cosh(kπ(x + η − 2τ)))f(η, ξ) sin(kπξ) dξ
)
sin(kπy)

− sinh(kπ(x + η − 2τ)))f(η, ξ) sin(kπξ) dξ
)
kπ sin(kπy)


. (45)
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Remark The preceding Z(x, y) is in fact a general solution of Eq.(29) with d±k and d̂±k being unknown
constants to be determined through the other two given edges, and its first component is the deflection function,
i.e.

w(x, y) =
(
dkekπx − d−ke−kπx +

d̂k

2kπD

(
sinh(kπx)

kπ
− ekπxx

)

+
d̂−k

2kπD

(
sinh(kπx)

kπ
− e−kπxx

)
+

1
(kπ)2D

∫ x

0

dτ

∫ τ

0

dη

∫ 1

0

(cosh(kπ(x− η))

− cosh(kπ(x + η − 2τ)))f(η, ξ) sin(kπξ) dξ
)
sin(kπy). (46)

Direct calculations show that w(x, y) given in expres-
sion (46) is a general solution of the plate bending
problem (Eq.(6) and boundary condition (7)). Also,
using Levy’s trigonometric series method, we have the
following general solution

w(x, y) =
+∞∑

k=1

(ak cosh(kπx) + bk sinh(kπx)

+ ckx cosh(kπx) + dkx sinh(kπx)

+ f∗k (x)) sin(kπy), (47)

where the function f∗k (x) and unknown constants ak,
bk, ck, dk are determined by lateral load f(x, y) and
the other two edges. By the independence of ekπx and
e−kπx, we see that these two solutions can transform
into each other. This shows that from the aspect of the
symplectic eigenfunction expansion theorem, Levy’s
method is reasonable.

5. Conclusions

Generally speaking, there are three kinds of meth-
ods for solving partial differential equations, i.e., an-
alytical, semi-analytical and numerical methods.[13,14]

The analytical method is the basis of the other two
kinds of methods. To overcome the restrictions of self-
adjointness, extend the Hilbert–Schmidt theorem, and
develop the analytical method of solving problems in
applied mechanics, numerous authors have studied the
separation of variables based on Hamiltonian systems.
However, the mathematical foundation, i.e. the feasi-
bility of this kind of method, has not been established.
In this paper, for rectangular plates with two opposite
edges simply supported, we obtain the following re-
sults: the infinite-dimensional Hamiltonian operator
(10) associated with the domain (12) is found to have
no normed symplectic orthogonal eigenfunction sys-
tem, let alone completeness of its eigenfunction sys-
tems; using the block operators in the Hamiltonian
operator H, the appropriate Hamiltonian theoretical
aspects are proposed; and then analytical solutions
of rectangular plates with two opposite edges simply
supported and the other edges supported in any man-
ner are given. We remark that the symplectic eigen-
function expansion method is universal; in particular,
it can be applied to other problems in mathematical
physics.
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