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Firstly, the new combined error model of cumulative geoid height influenced by four error sources, including the

inter-satellite range-rate of an interferometric laser (K-band) ranging system, the orbital position and velocity of a global

positioning system (GPS) receiver and non-conservative force of an accelerometer, is established from the perspectives

of the power spectrum principle in physics using the semi-analytical approach. Secondly, the accuracy of the global

gravitational field is accurately and rapidly estimated based on the combined error model; the cumulative geoid height

error is 1.985×10−1 m at degree 120 based on GRACE Level 1B measured observation errors of the year 2007 published

by the US Jet Propulsion Laboratory (JPL), and the cumulative geoid height error is 5.825×10−2 m at degree 360 using

GRACE Follow-On orbital altitude 250 km and inter-satellite range 50 km. The matching relationship of accuracy

indexes from GRACE Follow-On key payloads is brought forward, and the dependability of the combined error model is

validated. Finally, the feasibility of high-accuracy and high-resolution global gravitational field estimation from GRACE

Follow-On is demonstrated based on different satellite orbital altitudes.

Keywords: global gravitational field, GRACE Follow-On, semi-analytical approach, combined error
model
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1. Introduction

Since the Italian physicist Galileo determined gravity for the first time at the end of the 16th century, an
army of international researchers have accomplished all sorts of gravity studies.[1−24] The Earth’s static and
time-varying gravitational field is a physical field which can reflect the spatial distribution, movement and change
of materials on and inside of the Earth, and can dominate the undulation and change of geoid.[25] Accordingly,
the investigation of the detailed configuration and time-variable characteristics of the Earth’s gravitational
field is not only to satisfy the requirements for geophysics, geodesy, oceanography, seismology, space science,
national defense and so on, but will also provide important information for resource exploration, environmental
protection and disaster monitoring.[26,27] The Gravity Recovery And Climate Experiment (GRACE) satellites
launched successfully and GRACE Follow-On to be launched (shown in Table 1) declare that human beings will
meet the era of unprecedented satellite gravity exploration.

The GRACE satellites researched cooperatively by the American National Aeronautics and Space Admin-
istration (NASA) and the German Das Deutsche Zentrum für Luft- und Raumfahrt (DLR) are designed to
have an almost circular and near polar orbit, and high-accuracy measurement of inter-satellite range-rate by
the K-band ranging system, of orbital position and velocity by high-orbiting global positioning system (GPS)
satellites and of non-conservative forces (atmospheric drag, solar radiation pressure, Earth’s albedo, orbital
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altitude and attitude control forces and so on) by the SuperSTAR accelerometer. GRACE not only includes
two groups of the satellite-to-satellite tracking in the high–low mode (SST-HL), but also determines the mutual
movements of two low-orbiting satellites based on the differential principle. Accordingly, the accuracy of the
static and time-variable GRACE global gravitational field is at least one order of magnitude higher than that of
the CHAllenging Minisatellite Payload (CHAMP) satellite, and GRACE will establish a stable foundation for
high-accuracy measurement from the gravity field and steady-state ocean circulation explorer (GOCE) satellite.

Table 1. A comparison between GRACE and GRACE Follow-On missions.

parameters
indexes

GRACE GRACE Follow-On

country America and Germany America

organization NASA and DLR NASA

launch time 2002.3.17 2013

lifetime 5–10 y > 2 y

orbital altitude 500–300 km ∼ 250 km

orbital inclination 89◦ 89◦

orbital eccentricity < 0.004 < 0.004

inter-satellite range 220 km 50 km

spatial resolution 166 km 55 km

Based on the excellent behaviors of the high-
accuracy measurement of the medium–long wave
global gravitational field from GRACE, NASA
brought forward another dedicated future satellite
mission named GRACE Follow-On to determine with
high-accuratcy the medium–short wave global grav-
itational field.[28,29] GRACE Follow-On, designed as
an almost circular, near polar and low Earth orbit,
measures with high-accuracy the inter-satellite range-
rate by an interferometric laser ranging system, the or-
bital position and velocity by high-orbiting GPS satel-
lites and the non-conservative force by an accelerom-
eter, and compensates the non-conservative force by
a drag-free control system. Accordingly, the accuracy
of static and time-variable GRACE Follow-On global
gravitational field is at least one order of magnitude
higher than that of GRACE.

The semi-analytical approach is one of the effec-
tive methods to estimate the accuracies of GRACE
and GRACE Follow-On global gravitational field. The
advantages are that the physical meaning of the
satellite observation equation is definite, the error
is analyzed easily, and the high-degree global grav-
itational field can be solved rapidly. Recently, an
army of researchers has acquired illustrious fruits on
estimating to high-accuracy the global gravitational
field using the semi-analytical approach. Jekeli and
Rapp[30] built the single error model of cumulative
geoid height, influenced only by inter-satellite range-
rate error; however, the influences of orbital position,
orbital velocity and non-conservative force errors were

not considered in their studies. Thereby, the accuracy
of the global gravitational field can only be estimated
approximately. Differently from previous studies, we
establish, for the first time so far as we know, the
combined error model of cumulative geoid height in-
fluenced by four error sources including inter-satellite
range-rate, orbital position, orbital velocity and non-
conservative force from the view of the power spec-
trum principle in physics using the semi-analytical ap-
proach; the matching relationship of accuracy indexes
from GRACE Follow-On key payloads is brought for-
ward; the feasibility of high-accuracy global gravi-
tational field estimation from GRACE Follow-On is
demonstrated using different orbital altitudes. There-
fore, the accuracies of GRACE and GRACE Follow-
On global gravitational field can be accurately esti-
mated based on the combined error model in this pa-
per.

2. Methods

2.1. Inter-satellite range-rate error

model

The disturbing geopotential T (r, φ, λ) can be de-
fined as

T (r, φ, λ) =
GM

r

L∑

l=2

l∑
m=0

[(
Re

r

)l

(C̄lm cos mλ

+ S̄lm sinmλ)P̄lm(sinφ)
]
, (1)



No. 8 Accurate and rapid error estimation on global gravitational field . . . 3599

where r is the distance from satellite centroid to the
geocentre, φ and λ are respectively geocentric latitude
and longitude, GM is the product of the Earth’s mass
M and gravitational constant G, Re represents the
Earth’s mean radius, P̄lm(sinφ) denotes the normal-
ized Legendre polynomial with degree l and order m,
and C̄lm and S̄lm are the estimated and normalized
geopotential coefficients.

The power spectrum of T (r, φ, λ) is expressed as

P 2
l {T (r, φ, λ)}

=
l∑

m=0

[
1
4π

∫∫
T (r, φ, λ)Ȳlm(φ, λ) cos φdφdλ

]2

,

(2)

where Ȳlm(φ, λ) = P̄l|m|(sinφ)Qm(λ), Qm(λ) =



cos mλ m ≥ 0,

sin |m|λ m < 0.

Based on orthogonality of the spherical harmonic

function, equation (2) is simplified as

P 2
l {T (r, φ, λ)} =

(
GM

Re

)2(
Re

r

)2l+2

×
l∑

m=0

(C̄2
lm + S̄2

lm). (3)

The power spectrum of the geoid can be represented
as

P 2
l {N} = R2

e

l∑
m=0

(C̄2
lm + S̄2

lm). (4)

Combining Eq.(3) with Eq.(4), the relationship be-
tween P 2

l {N} and P 2
l {T (r, φ, λ)} is obtained as

P 2
l {N} = R2

e

(
Re

GM

)2(
r

Re

)2l+2

P 2
l {T (r, φ, λ)}. (5)

In the spherical coordinate system, the partial deriva-
tives of T (r, φ, λ) with respect to φ and λ can be shown
as

∂T (r, φ, λ)
∂φ

=
GM

r

L∑

l=2

l∑
m=0

[(
Re

r

)l

(C̄lm cos mλ + S̄lm sinmλ)(P̄l,m+1(sinφ)−m tg φP̄lm(sinφ))
]
,

∂T (r, φ, λ)
∂λ

=
GM

r

L∑

l=2

l∑
m=0

[(
Re

r

)l

(−mC̄lm sinmλ + mS̄lm cos mλ)P̄lm(sinφ)
]
. (6)

As shown in Fig.1, the asterisk, solid and cir-
cled lines are P 2

l {T (r, φ, λ)}, P 2
l {∂T (r, φ, λ)/∂φ} and

P 2
l {∂T (r, φ, λ)/∂λ}, respectively. The relationship

between P 2
l {∂T (r, φ, λ)/∂λ} is given by

P 2
l {∂T (r, φ, λ)/∂λ} =

(
GM

Re

)2(
Re

r

)2l+2

×
l∑

m=0

m2(C̄2
lm + S̄2

lm)

=
l2

2
P 2

l {T (r, φ, λ)}. (7)

Due to spherical symmetry, P 2
l {∂T (r, φ, λ)/∂φ} is the

same with P 2
l {∂T (r, φ, λ)/∂λ}

P 2
l

{
∂T (r, φ, λ)

∂φ

}
= P 2

l

{
∂T (r, φ, λ)

∂λ

}

=
l2

2
P 2

l {T (r, φ, λ)}. (8)

Based on the energy conservation principle in physics,
the observation equation of single satellite can be de-

fined as
1
2
ṙ2 = V0 + T + C, (9)

where ṙ is the velocity vector, V0 denotes the geocen-
tric potential, and C is the energy constant.

Fig.1. Power spectrum of T (r, φ, λ), ∂T (r, φ, λ)/∂φ and

∂T (r, φ, λ)/∂λ at each degree.

As shown in Fig.2, O–XY Z denotes the Earth-
centered inertial (ECI) frame, the observation equa-
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tion of twin satellites is expressed as

1
2
(ṙ2 + ṙ1)ρ̇12 = T2 − T1, (10)

where
1
2
(ṙ2+ṙ1) =

√
GM/r denotes the mean velocity

Fig.2. In-orbit flight of GRACE satellites.

of satellites, ṙ1 and ṙ2 represent the absolute velocity
of double satellites, respectively; ρ̇12 = ṙ12 · e12 shows
the range-rate of the K-band range-rate system along
the track, ṙ12 = ṙ2− ṙ1 expresses the relative velocity
vector between twin satellites, and e12 = r12/|r12| in-
dicates the unit vector identifying the direction to the

second satellite from the first; T2−T1 =
∂T

∂φ
∆φ shows

the disturbing geopotential difference of double satel-
lites, ∆φ =

ρ12

r
, where ρ12 denotes the inter-satellite

range. The power spectrum of ρ̇12 is expressed as

P 2
l {ρ̇12} =

r

GM
P 2

l

{
∂T (r, φ, λ)

∂φ

}
(∆φ)2. (11)

Combining Eqs.(5) and (8) with Eq.(11), the relation-
ship between cumulative geoid height error δNρ̇ and

inter-satellite range-rate error δρ̇12 can be expressed
as

δNρ̇12 =Re

√√√√ Re

GM

(
r

ρ12

)2 L∑

l=2

[
2
l2

(
r

Re

)2l+1

σ2
l (δρ̇12)

]
.

(12)

2.2.Orbital position error model

The relationship between the centripetal acceler-
ation r̈ and linear velocity ṙ of a satellite can be given
by

r̈ =
ṙ2

r
, (13)

where r̈ = r̈ρ12
/sin(∆φ/2), r̈ρ12

denotes the along-
track component of r̈. Equation (13) is rewritten as

r̈ρ12
=

sin(∆φ/2)
r

ṙ2. (14)

Differentiating Eq.(14) on both sides yields

dr̈ρ12
=

2ṙ sin(∆φ/2)
r

dṙ, (15)

where ṙ =
√

GM/r. Multiplying Eq.(15) by time t

on both sides results in

dṙρ12
=

√
4GM sin2(∆φ/2)

r3
dr. (16)

Based on Eq.(16), the relationship between inter-
satellite range-rate error δρ̇12 and orbital position er-
ror δr can be shown to be

δρ̇12 =

√
4GM sin2(∆φ/2)

r3
δr. (17)

Substituting Eq.(17) into Eq.(12), the relationship be-
tween cumulative geoid height error δNr and orbital
position error δr can be expressed as

δNr = Re

√√√√ Re

GM

(
r

ρ12

)2 L∑

l=2

[
2
l2

(
r

Re

)2l+1

σ2
l

(√
4GM sin2(∆φ/2)

r3
δr

)]
. (18)

2.3.Orbital velocity error model

As shown in Fig.2, the relationship between r̈ρ12
and r̈ can be shown to be

r̈ρ12
= r̈ sin(∆φ/2). (19)
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Differentiating Eq.(19) on both sides yields

dr̈ρ12
= sin(∆φ/2)dr̈, (20)

Multiplying Eq.(20) by time t on two sides yields

dṙρ12
= sin(∆φ/2)dṙ. (21)

Based on Eq.(21), the relationship between inter-
satellite range-rate error δρ̇12 and orbital velocity er-

ror δṙ can be given by

δρ̇12 = sin(∆φ/2)δṙ. (22)

Substituting Eq.(22) into Eq.(12), the relationship be-
tween cumulative geoid height error δNṙ and orbital
velocity error δṙ can be expressed as

δNṙ = Re

√√√√ Re

GM

(
r

ρ12

)2 L∑

l=2

[
2
l2

(
r

Re

)2l+1

σ2
l (sin(∆φ/2)δṙ)

]
. (23)

2.4.Non-conservative force error model

Because the main direction of non-conservative
force is approximately the same as the inter-satellite
range-rate and non-conservative force usually repre-
sents the cumulative characteristics of error, based
on the integral square error principle, the relation-
ship between inter-satellite range-rate error δρ̇12 and

non-conservative force error δf is given by

δρ̇12 =

√∫
(δf)2dt. (24)

Substituting Eq.(24) into Eq.(12), the relationship be-
tween cumulative geoid height error δNf and non-
conservative force error δf can be expressed as

δNf = Re

√√√√ Re

GM

(
r

ρ12

)2 L∑

l=2

[
2
l2

(
r

Re

)2l+1

σ2
l

(√∫
(δf)2dt

)]
. (25)

2.5.Combined error model

According to Eqs.(12), (18), (23) and (25), the combined error model of cumulative geoid height influenced
by four error sources including inter-satellite range rate, orbital position, orbital velocity and non-conservative
force can be established as

δN = Re

√√√√ Re

GM

(
r

ρ12

)2 L∑

l=2

[
2
l2

(
r

Re

)2l+1

σ2
l (δη)

]
, (26)

where

δη =

√√√√
σ2

l (δρ̇12) + σ2
l

(√
4GM sin2(∆φ/2)

r3
δr

)
+ σ2

l (sin(∆φ/2)δṙ) + σ2
l

(√∫
(δf)2dt

)
.

Based on the semi-analytical approach, the pro-
cesses of estimating cumulative geoid height error us-
ing the combined error model are shown as follows
(e.g. for GRACE Follow-On):

Firstly, the ephemerides of GRACE Follow-On
are simulated based on the numerical integral formu-

las of the 9th-order Runge–Kutta linear single-step
method together with the 12th-order Adams–Cowell
linear multi-step method. The orbital parameters are
shown in Table 1, the simulated orbit is shown in
Fig.3, and the numerical simulation of orbital data
takes about 3 hours.
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Fig.3. Simulated orbit of GRACE Follow-On satellite.

Secondly, the stochastic noises δη of normal dis-
tribution with time span of 30 d and sample interval
of 10 s are produced based on δρ̇12, δr, δṙ and δf .

Thirdly, the grids with a 1◦ × 1◦ resolution are
plotted on an orbital reference sphere of longitude λ

(0◦–360◦) and latitude φ (−90◦–90◦), and δη is put
in the track position of orbit on the reference sphere.
As shown in Fig.4, δη(φ, λ) is reduced averagely to
the grids, where horizontal and vertical coordinates
represent respectively longitude and latitude, and the
darkness shows δη(φ, λ) reduced averagely to the grids
(nm/s). In this study, we estimate the accuracy of
the global gravitational field using different resolutions
of grid 0.1◦ × 0.1◦–10◦×10◦ on the orbital reference
sphere. The results show that with the increase of grid
resolution, the reduced errors including continuation
error and gridding error will be reduced, but comput-
ing time will be enhanced step by step. When the grid
resolution is designed to be 1◦×1◦, the reduced error
is about 10−10 m/s, which does not influence substan-
tively the accuracy of the global gravitational field by
the premise of guaranteeing computing speed.

Fig.4. Distribution of δη (nm/s) on orbital reference

sphere from GRACE Follow-On.

Finally, according to the spherical harmonic func-
tion, δη(φ, λ) is expanded as

δη(φ, λ) =
L∑

l=0

l∑
m=0

[(Cδηlm
cos mλ + Sδηlm

sinmλ)

× P̄lm(sinφ)], (27)

where Cδηlm
and Sδηlm

denote the expanded coeffi-
cients of δη(φ, λ)

(Cδηlm
, Sδηlm

)=
1
4π

∫∫
[δη(φ, λ)Ȳlm(φ, λ) cos φdφdλ].

(28)
The variance of δη at every degree is expressed as

σ2
l (δη) =

l∑
m=0

(C2
δηlm

+ S2
δηlm

). (29)

Substituting Eq.(29) into Eq.(26), the accuracy of the
global gravitational field can be accurately and rapidly
estimated using δη.

3. Results

Figure 5 illustrates a comparison of cumulative
geoid height errors up to degree and order 360 us-
ing the accuracy indexes of GRACE Follow-On key
payloads (shown in Table 2). The solid, dashed thin,
dashed bold and circle lines represent cumulative geoid
height errors based on, respectively, the inter-satellite
range-rate error of the interferometric laser ranging
system, the orbital position and velocity errors of GPS
receiver and the non-conservative force error of the ac-
celerometer using the semi-analytical approach. The
conformance of four curves at every degree can vali-
date that the accuracy indexes of key payloads match
one another.

Fig.5. A comparison of cumulative geoid height errors

based on the accuracy indexes of GRACE Follow-On key

payloads.
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Table 2. Accuracy indexes from GRACE and GRACE Follow-On key payloads.

parameters
accuracy indexes

GRACE GRACE Follow-On

inter-satellite rang rate 1×10−6/m·s−1 1×10−9/m·s−1

orbital position 3×10−2/m 3×10−5/m

orbital velocity 5×10−5/m·s−1 5×10−8/m·s−1

non-conservative force 3×10−10/m·s−2 3×10−13/m·s−2

Figure 6 compares cumulative geoid height errors
from GRACE and GRACE Follow-On for the same
inter-satellite range 50 km and different orbital alti-
tudes based on the semi-analytical approach. The sta-
tistical results of cumulative geoid height error from
GRACE and GRACE Follow-On for different satellite
orbital altitudes at every degree are shown in Table 3.

As shown in Fig.6, the cross line expresses the
accuracy of Earth’s gravitational field model EIGEN-
GRACE02S complete up to degree and order 120
which is provided by the GeoForschungsZentrum Pots-
dam (GFZ) in Germany, and cumulative geoid height
error is 1.839×10−1 m at degree 120. The dashed
thin line represents the cumulative geoid height error
using GRACE Level 1B measured observation errors
of the year 2007 from key payloads published by the
Jet Propulsion Laboratory (JPL), (shown in Table 2),
and cumulative geoid height error is 1.985×10−1 m

at degree 120. The conformance of two curves at ev-
ery degree confirms that the combined error model is
completely dependable.

Fig.6. A comparison of cumulative geoid height errors

from GRACE and GRACE Follow-On with different or-

bital altitudes.

Table 3. The statistics of cumulative geoid height error at every degree from GRACE and GRACE Follow-On.

Cumulative geoid height errors (m)

degrees
EIGEN-GRACE02S GRACE

GRACE Follow-On

450/km 350/km 250/km

50 2.282×10−3 2.505×10−3 3.920×10−6 2.253×10−6 1.406×10−6

80 1.566×10−2 1.524×10−2 1.878×10−5 6.709×10−6 2.606×10−6

100 5.756×10−2 5.682×10−2 5.955×10−5 1.562×10−5 4.356×10−6

120 1.839×10−1 1.985×10−1 1.916×10−4 3.725×10−5 7.573×10−6

200 – – 2.790×10−2 1.633×10−3 9.629×10−5

300 – – 2.696×101 3.571×10−1 4.602×10−3

360 – – 2.077×103 1.125×101 5.825×10−2

As shown in Fig.6, the solid bold, dashed bold
and solid thin lines denote, respectively, the cumula-
tive geoid height errors from GRACE Follow-On with
different satellite orbital altitudes 250 km, 350 km and
450 km. At degree 360, the cumulative geoid height
error is 5.825×10−2 m at altitude 250 km, is 193 times
enhanced at altitude 350 km, and is 35656 times im-
proved at altitude 450 km. The results are shown as
follows: with the increase of satellite orbital altitude
(250–450 km), the accuracy of the global gravitational
field is reduced rapidly. Accordingly, one of the three

key reasons why the accuracy of the global gravita-
tional field from GRACE Follow-On (∼ 250 km) is at
least one order of magnitude higher than that from
GRACE (∼ 450 km) is that satellite orbital altitude
from GRACE Follow-On is deceased sharply, and then
the attenuation of global gravitational field with the
increase of orbit altitude is effectively suppressed. The
other two reasons are that GRACE Follow-On greatly
improves the accuracy of inter-satellite range-rate by
the interferometric laser ranging system and compen-
sates very accurately the non-conservative force acting
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on twin satellites by the drag-free control system.

4. Conclusions

The 21st century is a new epoch during which
human beings upgrade cognitive abilities for “Digital
Earth” using the Satellite-to-Satellite Tracking (SST)
and Satellite Gravity Gradiometry (SGG) techniques.
In this study, we set up the new combined error
model of cumulative geoid height influenced by four er-
ror sources including inter-satellite range-rate, orbital
position, orbital velocity and non-conservative force,
based on the power spectrum principle in physics us-
ing the semi-analytical approach. We also put forward
the matching relationship of accuracy indexes from
GRACE Follow-On key payloads, validate the depend-
ability of the combined error model using GRACE
Level 1B observation errors measured in 2007, and
demonstrate the feasibility of high-accuracy and rapid
global gravitational field estimation to be made by the
future GRACE Follow-On mission.

Because GRACE and GRACE Follow-On key
payloads (K-band/interferometric laser ranging sys-
tem, GPS receiver and accelerometer) noises are the

most important error sources, the studies in this pa-
per mainly focus on the influences of key payloads
on the accuracy of global gravitational field estima-
tion. This work can not only provide a theoretical
foundation and calculational guarantee for the high-
accuracy measurement of current GRACE and the op-
timal design of future GRACE Follow-On, but also
may give some guide to the improvement of interna-
tional satellite gravity measurement. Future studies
may be possible by appropriately considering other
correction models, including tide, ocean, atmospheric
and so on, to improve the accuracy of global gravita-
tional field measurement.
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