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Electromagnetic scattering from two-layer rough
interfaces in the Kirchhoff approximation∗
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Electromagnetic wave scattering from multilayers consisting of two two-layer Gaussian rough surfaces with lossless

media is investigated in the Kirchhoff approximation (KA), with consideration of the shadowing effects. The tapered

incident wave is introduced into the classic KA, and the bistatic scattering coefficient is redetermined. The advantage

of this method is that it is faster in computation than the exact numerical methods. The numerical results show that

the bistatic scattering coefficient calculated in the KA is in good agreement with that obtained by using the method of

moment (MOM) over a most angular range, which indicates the validity of the KA proposed in our paper. Finally, the

effects of the relative permittivity, the root-mean-square (RMS) height, the correlative length, and the average height

between the two interfaces on the bistatic scattering coefficient are discussed in detail.
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1. Introduction

Electromagnetic wave scattering from layered
rough surfacs has been intensively investigated for
its applications in a number of important research
areas,[1−5] such as remote sensing, ocean engineering
etc. Remote sensing can be used for detecting and
monitoring possible oil spills on ocean surfaces. How-
ever, other phenomena may lead to the same effects
on measurements. In order to ascertain such an en-
vironmental effect on measurements, we focus on the
issues of wave scattering from rough surfaces in mi-
crowave and optical ranges. Electromagnetic models
for rough surface scattering have been developed for
several years; however, in these models only a single
layer is generally considered, that is to say, one rough
interface. Their extension to multilayer separated by
rough interfaces has been studied analytically.[6] In the
present paper the tapered incident wave, which is com-
monly used in the MOM for calculating rough surface
scattering, is introduced into the classical KA and the
bistatic scattering coefficient is redetermined to cal-
culate the scattering from the multilayer consisting of
two one-dimensional rough surfaces. Also the influ-
ence of the shadowing effect[7,8] is taken into account
in the KA so as to make the results more accurate.

The remainder of the present paper is organized
as follows. The scattering model is developed in Sec-
tion 2. The theoretical formulation of the KA and the
redetermination of bistatic scattering coefficient with
consideration of the shadowing effects are developed
in Section 3. Then the numerical results on the scat-
tering coefficient of the two-layer model are given and
discussed in Section 4. Finally given in Section 5 are
the conclusions and further investigation in this topic.

2. The scattering model

As depicted in Fig.1, the considered multilayer
configuration consists of two one-dimensional Gaus-
sian rough interfaces: one is the upper interface
S0, which separates a lossless homogeneous dielectric
medium Ω0(ε0, µ0) with relative permittivity ε0 = 1
and permeability µ0 = 1, from a lossless medium
Ω1(ε1, µ1 = µ0), and the other is lower interface S1,
which separates the homogeneous medium Ω1 that is
filled between interfaces S0 and S1, from the semi-
infinite lower medium Ω2(ε2, µ2 = µ0). Each bound-
ary is invariant with respect to any translation along
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Fig.1. Geometric model of two-layer Gaussian rough sur-

faces.

the y axis. The height profiles of surfaces S0 and S1

are given by z0 = f0(x) and z1 = f1(x) respectively. d

is the average height between the two Gaussian rough
interfaces.

For the scattering computation, the two-layer sur-
face realizations are needed at a set of P points with
spacing ∆x over length L = P∆x. Realizations
with the desired properties can be generated at points
xp = p∆x (p = 1, . . . , P ) using

f0,1(xp) =
1
L

P/2−1∑

i=−P/2

F (Ki) exp(jKixp), (1)

where, for i ≥ 0,

F (Ki) =
√

2πLW (Ki)





[N(0, 1) + jN(0, 1)] /
√

2, i 6= 0, P/2,

N(0, 1), i = 0, P/2,
(2)

and for i < 0, F (Ki) = F (K−i)∗. Ki = 2πi/L and
each time N(0, 1) appears, which indicates an inde-
pendent sample taken from a zero mean, unit vari-
ance Gaussian distribution. For the present work, the
rough surface model used in the scattering model is
generated randomly with a Gaussian roughness spec-
trum, i.e.[9]

W (Ki) = (l0,1δ
2
0,1/2

√
π)e−K2

i l20,1/4, (3)

where δ0,1 and l0,1 denote the root-mean-square
(RMS) heights and the correlation lengths of the up-
per and the lower surfaces, respectively. Expression
(1) is computed by using a fast Fourier transform
(FFT). We can choose different values of the parame-
ters (δ0,1, l0,1) for upper and the lower Gaussian rough
surfaces.

3. Theoretical formulation of

Kirchhoff approximation

Consider a wave ψi(r) (r = xx̂ + zẑ) impinging
on a random two-layer Gaussian rough surface (Fig.1)
with the correlation lengths l0 and l1 and the RMS
heights δ0 and δ1, respectively. The total field ψ(r) in
medium Ω0 is

ψ(r) = ψi(r) + ψs(r), (4)

where ψs(r) is the scattered field, which consists of
the scattered field ψsc

00 from the upper surface due to

the incident field in medium Ω0 and the transmitted
field ψtr

10 from medium Ω1. It should be noted that
the ψi may be defined as Ei(r) = ψi(r)ŷ for hori-
zontal polarization and Hi(r) = ψi(r)ŷ for vertical
polarization.

We can write an analytical expression of the scat-
tered field ψs(r) in medium Ω0. The scattered field
due to the rough upper and the rough lower interfaces
is obtained by using the Huygens’s principle:[10]

ψs(r)

=
∫

S0

[
ψ(r0)

∂G(r, r0)
∂n0

−G(r, r0)
∂ψ(r0)

∂n0

]
dS0, (5)

where ψ(r0) denotes the total field of r0 in surface
S0, G is two-dimensional Green’s function in the free
space

G(r, r0) =
i
4
H

(1)
0 (k |r − r0|), (6)

and the normal derivative of the Green’s function[11]

∂G(r, r0)
∂n0

=
ik
4

n̂0 · r − r0

|r − r0|H
(1)
1 (k |r − r0|). (7)

Here n̂0 is the unit normal vector of the rough surface
S0

n̂0 =
−f ′0(x)x̂ + ẑ√

1 + [f ′0(x)]2
, (8)

where f ′(x) is first derivative of f0(x). In order to cal-
culate the total field ψ(r0) at each point in the upper
rough surface S0 with consideration of the transmitted
field, it is necessary to derive the value of scattering
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coefficient in the approximation described below. In
this section we derive the scattering coefficient in the
KA as shown in Fig.2.

Fig.2. Configuration of the KA.

We assume that points in the upper and the lower
rough surfaces each have a large radius of curvature
relative to the wavelength of the incident fields. Un-
der this assumption, the tangent plane hypothesis is
valid and Fresnel laws can be locally used. Thus, at
the point A(r0) in surface S0, we have

ψsc
00(r0) = R01(r0)ψi(r0), (9a)

∂ψsc
00(r0)
∂n0

= −R01(r0)
∂ψi(r0)

∂n0
, (9b)

where ψsc
00(r0) is the field scattered in surface S0 due

to the incident field, and R01 is the Fresnel reflection
coefficient, defined as

Rij(r) =





cos θk − (εj/εi − sin2 θk)1/2

cos θk + (εj/εi − sin2 θk)1/2
, for horizontal polarization,

εj/εi cos θk − (εj/εi − sin2 θk)1/2

εj/εi cos θk + (εj/εi − sin2 θk)1/2
, for vertical polarization,

(10)

where εi,j is the relative permittivity of the medium
Ωi,j and θk=0,1,2 represents the local incident angle
as shown in Fig.2. Now, we consider the transmitted
light. The field scattered into medium Ω1 due to the
incident field ψi(r0) is given in surface S0 by

ψtr
01(r0) = T01(r0)ψi(r0), (11a)

∂ψtr
01(r0)
∂n0

= T01(r0)
∂ψi(r0)

∂n0
, (11b)

where Tij = ρij(1 + Rij) is the Fresnel transmission
coefficient. For the horizontal polarization ρij = 1
and for the vertical polarization ρij =

√
εi/εj . The

transmitted beam from A(r0) will intercept the lower
interface at point B(r1). It can be easily located by

using the Fresnel law

sin θ′0 = sin θ0
1√
ε1

. (12)

Then it is easy to obtain

ψsc
11(r1)

= R12(r1)T01(r0)ψi(r0)e−jk
√

ε1|r1−r0|, (13a)

∂ψsc
11(r1)
∂n1

= −R12(r1)T01(r0)
∂ψi(r0)

∂n0
e−jk

√
ε1|r2−r1|, (13b)

where k is the wave vector in medium Ω0. Finally,
the transmitted field ψtr

10(r2) at point C(r2) can be
written as

ψtr
10(r2) = T10(r2)R12(r1)T01(r0)ψi(r0)e−jk

√
ε1(|r2−r1|+|r1−r0|), (14a)

∂ψtr
10(r2)
∂n2

= T10(r2)(−R12(r1))T01(r0)
∂ψi(r0)

∂n0
e−jk

√
ε1(|r2−r1|+|r1−r0|). (14b)
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In order to obtain the transmitted field ψtr
10 which

means that the phase shift of the field between points
A(r0) and C(r2) is to be calculated, it is necessary to
determine numerically the locations of points B(r1)
and C(r2). We do it as follows. Once the local inci-
dent angle θ of the transmitted beam is known (see
Fig.3), it is easy to determine the projected point A′

of A(r0) in surface S1 and we can find the two nearest
points B′

1 and B′
2 with respect to point B′ by search-

ing the projected point of each point in the discrete
surface S1, which leads to finding the two nearest dis-
crete points B1 and B2 with respect to point B in sur-
face S1. Finally, we obtain the numerical point Bnum

which is the crossing point of these two lines AB′ and
B1B2. Through the same process the numerical point
Cnum can be found. Then the phase shift ∆ϕ may be
estimated by

∆ϕ = k
√

ε1(ABnum + BnumCnum). (15)

Fig.3. Scheme of the location of point.

Then ψtr
10(r2) is calculated by using Eq.(14). Finally we add at each point of S0 the values ψi(r), ψsc

00(r)
and existent ψtr

10(r). Thus the total field at each point in surface S0 (from Eqs.(9a), (9b) and (14)) is obtained
as

ψ(r0) = ψi(r0) + ψsc
00(r0) + ψtr

10(r0) |if exist = ψi(r0)
[
1 + R01 + T10R12T01e−j∆ϕ |if exist

]
, (16a)

∂ψ(r0)
∂n0

=
∂ψi(r0)

∂n0
+

∂ψsc
00(r0)
∂n0

+
ψtr

10(r0)
∂n0

∣∣∣∣if exist =
∂ψi(r0)

∂n0

[
1−R01 − T10R12T01e−j∆ϕ |if exist

]
. (16b)

To avoid artificial edge diffraction, the incident
wave should not be expressed as a plane wave, instead
it should contain a narrow-angle energy distribution,
where the energy is distributed within the mean in-
cident angle. The tapered plane wave developed by
Thorsos[9] satisfies this requirement, and so it is cho-
sen as the incident wave. Consider a tapered plane
wave to be incident on the rough surface

ψi(r) = exp (−jk0 (x sin θi − z cos θi) (1 + w(r)))

× exp

(
−

(
x + z tan θi

g

)2
)

, (17)

where θi is the incident angle, g the tapering param-
eter, and w (r) should be such a function that ψi(r)
obeys the wave equation to a higher order. Thus w (r)

is chosen to be

w (r) =

[
2

(
x + y tan θi

g

)2

− 1

]

(kg cos θi)
2 , (18)

Then it is easy to obtain

∂ψi(r0)
∂n0

= (∇ψi(r0) · n̂0)

= ψi(r0)



−f0(x0)P1 +

2(x + f0(x0) tan θi)
g2

P2

+P3 +
2 tan θi(x + f0(x0) tan θi)

g2
P2


 ,

(19)
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where

P1 = jk sin θi(1 + w(r0)), (20a)

P2 = jk
2(x0 sin θi − f0(x0) cos θi)

(kg cos θi)2
− 1, (20b)

P3 = −jk cos θi(1 + w(r0)). (20c)

Inserting Eqs.(17) and (19) into Eqs.(16a) and
(16b), we can obtain the expressions of ψ(r0) and
∂ψ(r0)

∂n0
. With far-field restriction the following re-

lationship then holds for the argument of the Green’s
function:

k |r − r0| = k(r2 − 2r0 · r + r2
0)

1/2

∼ kr

[
1− r0 · r

r2
+ o

(r0

r

)2
]

∼ kr − kr̂ · r0, (21)

where r̂ is the unit vector in the r (observation) di-
rection. The normal derivative of the Green’s func-
tion is similarly evaluated by making the additional
assumption that k |r − r0| À 1, which is equivalent
to kr À 1. Then the Green’s function and its normal
derivative, respectively, become

G(r, r0)

≈
√

i
8πkr

exp(ikr) exp(−iks · r0), (22a)

∂G(r, r0)
∂n0

≈
√

i
8πkr

exp(ikr) exp(−iks · r0)(−iks · n̂0). (22b)

where ks = k(sin θsx̂+cos θsẑ) is scattering wave vec-
tor and θs is the scattered angle. Combining Eqs.(17),
(19), (16), (22a), (22b) and Eq.(5), the scattered wave
can be rewritten as

ψs(r) =
√

i
8πk0r

exp(ikr)ψ(N)
s (θs), (23)

where

ψ(N)
s (θs) =

∫

S0

[
ψ(r0)(−iks · n̂0)− ∂ψ(r0)

∂n0

]

× exp(−iks · r0)dS0 (24)

with dS0 =
√

1 + [f ′0(x0)]2dx. The bistatic scattering
coefficient σ(θs) is determined as[12,13]

σ(θs) =

∣∣∣ψ(N)
s (θs)

∣∣∣
2

8πkg

√
π

2
cos θi

[
1− 1 + 2 tan2 θi

2k2g2 cos2 θi

] . (25)

Taking the shadowing effect into account and rec-
tifying the bistatic scattering coefficient yield[7]

σ(θs) = S(θi, θs)σ(θs), (26)

where S(θi, θs) is the shadowing function

S(θi, θs) =





[1 + erf(vs)](1− e−2Bs)/(4Bs), 0 ≤ θs ≤ θi,

[1 + erf(vi)](1− e−2Bi)/(4Bi), θ ≤ θs ≤ π/2,

[erf(vi) + erf(vs)]{1− exp[−2(Bi + Bs)]}/[4(Bi + Bs)], π/2 ≤ θs ≤ π,

(27)

with
Bs(i) =

{
exp(−9v2

s(i)/8)/(3πv2
s(i))

1/2 + exp(−v2
s(i))/(πv2

s(i))
1/2 − [1− erf(vs(i))]

}
/4. (28)

Here, erf(·) is the error function and vs(i) =
∣∣tan θs(i)

∣∣ l/
√

2δ.

4. Numerical results and discussions

In all the following numerical implementations, the relevant parameters of the Gaussian rough surface are
measured in incident wavelength λ and the rough surface is created by 100 Monte Carlo realizations. The
average height between the two interfaces is d = 5λ for the scattering plots in Figs.4–7.

In order to examine the validity of the KA with consideration of the shadowing effects in this work, we first
illustrate in Fig.4 the bistatic scattering coefficients of a single-layer Gaussian rough interface (ε1 = ε2 = 1.6) for
different polarizations by using the classical MOM and the KA. The RMS height and the correlation length in
the numerical implementation are set to be δ= 0.2λ, and l = 1.5λ, respectively, which are in the KA assumption
(k0l > 6, and l2 > 2.76δλ). The incident angle θi is 40◦, i.e. θi = 40◦. It is easily observed that the bistatic
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scattering coefficient calculated in the KA with consideration of the tapered wave in our paper is in good
agreement with that obtained by using the MOM over the most angular range, especially for the small and the
moderate incident angles.

Fig.4. Bistatic scattering coefficients of a single-layer system with Gaussian rough interfaces by a tapered wave with

different polarizations.

Fig.5. Bistatic scattering coefficients of the two-layer model versus ε2 for different polarizations.

Fig.6. Bistatic scattering coefficients of the two-layer model versus the RMS height for different polarizations.
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Fig.7. Bistatic scattering coefficients of the two-layer model versus l for different polarizations.

To further explore the important scattering char-
acteristics of the two-layer Gaussian rough surface
model, the dependence of the bistatic scattering co-
efficient on relative permittivity ε2 is plotted in the
KA for different polarizations in Fig.5 with incident
angle θi = 40◦ for horizontal polarization (Fig.5(a))
and θi = 10◦ for vertical polarization (Fig.5(b)). The
RMS heights of the upper rough surface and the lower
rough surface are both 0.1λ and the correlative length
is 1.2λ. It is found that the bistatic scattering coeffi-
cients of the layered model increases with the increase
of ε2 for different polarizations. It should be pointed
out that for the case of ε2 = ε1, the two-layer media
can be regarded as a single-layer medium, and the to-
tal scattered field in medium Ω0 is just the scattered
field ψsc

00(r0) in surface S0 due to the incident field.
As for the case of ε2 6= ε1 that is concerned, the to-
tal scattered field in medium Ω0 consists of ψsc

00(r0) in
surface S0 and ψtr

10(r) due to surface S1, which leads
the bistatic scattering coefficient of layered model to
increase with the larger value of the relative permit-
tivity ε2 in the lower medium. Another point that is
worth noting is that for the small value of ε2, there is
a more obvious peak in the specular direction for both
polarizations. This phenomenon is caused mainly by
the fact that the transmitted field increases with the
large value of ε2, which leads the incoherent scattering
in the total scattering to increase, hence, the scatter-
ing peaks in the specular direction become small with
the increase of ε2.

In Fig.6, the effect of the RMS height on the
bistatic scattering coefficient of the two-layer Gaussian

rough surface with the same parameters (δ0=δ1, l0=l1)
is also investigated, with incident angle θi = 20◦ for
horizontal polarization (Fig.6(a)) and θi = 5◦ for ver-
tical polarization (Fig.6(b)). The relative permittiv-
ities of media Ω1 and Ω2 are given by ε1= 2.5 and
ε2= 3.0 respectively. The correlative lengths of sur-
faces S0 and S1 are both 1.5λ. It is observed that
the bistatic scattering coefficients increase with RMS
height for different polarizations over the most angu-
lar range except for in the specular direction. It is due
mainly to the fact that the two-layer rough surface can
be regarded as two flat interfaces for the small value of
the RMS height, which results in the obvious peaks in
the specular direction and weak incoherent scattering
in the angular range far from the specular direction.

In Fig.7, the effects of the correlative length
on the bistatic scattering coefficient of the two-layer
Gaussian rough surface with the same parameters
(δ0=δ1, l0=l1) are depicted. The incident angles θi

are 30◦ for horizontal polarization (i.e. θi = 30◦ in
Fig.7(a)) and 15◦ for vertical polarization (i.e. θi =
15◦ in Fig.7(b)) respectively. The relative permittivi-
ties of media Ω1 and Ω2 are the same as those in Fig.6.
The RMS heights of surfaces S0 and S1 are both 0.1λ

for Fig.6(a) and 0.2λ for Fig.6(b). It can be seen that
the bistatic scattering coefficients increase with the
decrease of the correlative length for different polar-
izations over the most angular range, the reason for
this is that with the same RMS height, the smaller
value of l means the larger value of the RMS slope co-
efficient of the two-layer rough surface, which results
in the strong incoherent scattering (as shown by the
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solid line in Fig.7). A comparison between the plots
in Figs.7(a) and 7(b) shows that another point that is
worth noting is that the values of the scattering peaks
in the specular direction are dependent mainly on the
value of the RMS height, in other words, the values of
the scattering peaks are not sensitive to the variation
in correlative length.

Figure 8 shows the scatterings from the two-layer
system with different values of height d between the
two interfaces for the horizontal polarization. The
RMS height and the correlative length of the two-
layered rough surface are 0.3λ and 1.5λ, respectively.
The incident angle θi is 15◦ (i.e. θi = 15◦) and the rel-
ative permittivites of media Ω1 and Ω2 are the same as
those in Fig.6. It is obvious that the bistatic scatter-
ing coefficient is almost not sensitive to the variation
of the average height between the two interfaces.

Fig.8. Bistatic scattering coefficients of the coefficients of

the two-layer model with different values of roughness.

In Fig.9, the rough surface scatterings from two-
layered Gaussian rough surface with different values of
roughness are plotted for the horizontal polarization.
The values of roughness for the upper rough surface
are δ0 = 0.2λ and l0 = 1.5λ for curves 1 and 2 and
δ0 = 0.3λ and l0 = 1.2λ for curves 3 and 4. The in-
cident angle θi is 30◦ (i.e. θi = 30◦) and the relative
permittivies of media Ω1 and Ω2 are also the same as
those in Fig.6. It is shown that the bistatic scatter-
ing coefficient is more sensitive to the variation of the

value of roughness for the upper rough surface (δ0 and
l0) than that for the lower rough surface (δ1 and l1),
which may be attributed to the fact that the value of
field transmitted in medium Ω0 is smaller than that of
the field scattered in surface S0 (ψsc

00(r0)) due to the
incident field.

Fig.9. Bistatic scattering two-layer model with different

values of d.

5. Conclusions

To investigate the bistatic scattering from the
two-layer Gaussian rough surface, we use the KA with
consideration of the shadowing effects to calculate the
bistatic scattering coefficient of this two-layer system.
The tapered incident wave is introduced into the KA
and the bistatic scattering coefficient of KA is rede-
termined. The average field is computed by using
the Monte-Carlo method for different polarizations.
The bistatic scattering coefficient calculated in the KA
with the introduction of the tapered wave in our pa-
per is in good agreement with that obtained by using
the MOM over the most angular range, which indi-
cates the validity of the KA proposed in our paper.
What remains in this respect is to calculate the scat-
tering from two-layer lossy dielectric rough surface by
using the method suggested in this paper, which is
even more significant in engineering
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