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The kinetic theory of (2+4)-level atoms in σ+ − σ− laser fields is presented. We systemically discuss friction

coefficient, momentum diffusion tensor and atomic temperature based on the Fokker–Planck equation. This cooling

system is much like that of a (1+3)-level atom, and the temperature is still limited to the Doppler temperature. Since

this cooling system has not been investigated before, this work may be regarded as a necessary complement to the laser

cooling theory.
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1. Introduction

Laser cooling technologies have been widely ap-
plied in many areas.[1−3] They range from a new gener-
ation of atomic clocks,[4] which are operating or under
construction in many of the world’s major standards
laboratories, to the achievement of Bose–Einstein con-
densation in atomic alkali vapours.[5,6] Today, laser
cooling and its applications represent one of the ma-
jor subfields of atomic, molecular and optical physics.
Scientists have researched many cooling systems,[7−13]

and the kinetic theories of the basic multilevel atomic
schemes: (1+3)-, (3+3)-, (3+5)-, (5+7)-, (7+9)-, and
(9+11)-level atoms for the same case of a σ+ − σ−

cooling field configuration have been summarized in
Ref.[13]. However, no one has investigated the dy-
namics of the interaction between a (2+4)-level atom
and σ+ − σ− laser fields so far. Now, we systemically
discuss it in this paper.

2. Kinetic theory

A Fokker–Planck type kinetic equation is derived
for a one-dimensional model of a (2+4)-level atom
interacting with two counterpropagating circular po-
larized laser beams as shown in Fig.1. We numeri-
cally discuss radiation force, diffusion and tempera-
ture. Fields of two counter-propagating laser waves
constituting a σ+ − σ− field configuration can be ex-

pressed as

E1 =
1
2
E

(
e+ei(kz−ωlt) − e−e− i(kz−ωlt)

)
, (1)

E2 =
1
2
E

(
e−e− i(kz+ωlt) − e+ei(kz+ωlt)

)
, (2)

where e± = ∓ 1√
2

(ex ± i ey) are the spherical unit

vectors, ωl is the frequency of the cooling laser field,
k = ωl/c is the magnitude of the wave vector, and E
is the amplitude of the field. With respect to quanti-
zation axis Oz, the first laser field in expression (1) is
a σ+ polarized wave and the second laser field is a σ−

polarized wave. Since we consider only the tempera-
ture in the center of magneto-optical trap (MOT), we
can ignore the inhomogeneous static magnetic field,
which is introduced to compensate for the Doppler
frequency shift.

For the above interaction scheme, the atomic
Hamiltonian has a standard form

H = H0 −
(
~2∇2/2M

)− d ·E, (3)

where Hamiltonian H0 describes the internal
atomic states with unperturbed energies Eg±1/2 and
Ee±1/2,±3/2 , the second term on the right-hand side
of expression (1) denotes the atomic momentum, and
the last term describes the electric-dipole interaction
between atom and field E = E1 + E2. The electric-
dipole interaction operator can be re-expressed as

d ·E = −d−E+ + d0E0 − d+E−, (4)
∗Project supported by the National Fundamental Research Programme of China (Grants No 2005CB724500).
†Corresponding author. E-mail: jbchen@pku.edu.cn

http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn



3396 Yu Chuang et al Vol. 18

where dα and Eα with α = 0,± are the spherical com-
ponents of the dipole moments and fields respectively.

Fig.1. Atoms interacting with laser 1 which has polariza-

tion σ+ traveling along the z-axis and laser 2 which has

polarization σ− traveling in the opposite direction.

All the information on the atomic motion in the
laser fields is included in the density-matrix equation.
The density matrix operator in the Wigner representa-
tion is expressed as ρ = ρ (r,p, t) with atomic position
r and momentum p, and the density-matrix element
is given by

ραβ (r,p, t) = 〈α|ρ (r,p, t) |β〉, (5)

where α, β = L, S, J,MJ are the quantum numbers for
denoting an atomic state. It is convenient to represent
the electric field in the form of a plane wave expansion

E =
∑

a

Eaei ka·r−i ωlt. (6)

Equations of motion for atomic density matrix ele-
ments in the Wigner representation can be expressed
as[13]

i ~
d
dt

ρkl (r,p) = −
∑
a,m

dkm

{
Eaρml

(
r,p− 1

2
~ka

)

× ei ka·r−i(ωl−ωkm)t

+ Ea∗ρml

(
r,p +

1
2
~ka

)

× e− i ka·r+i(ωl−ωmk)t

}

+
∑
a,n

dnl

{
Eaρkn

(
r,p +

1
2
~ka

)

× ei ka·r−i(ωl−ωnl)t

+ Ea∗ρkn

(
r,p− 1

2
~ka

)

× e− i ka·r+i(ωl−ωln)t

}

− i ~〈k|Γρ (r,p) |l〉, (7)

where d/dt = ∂/∂t + v∂/∂r is the total time deriva-
tive, and the quantities ωij = (Ei − Ej) /~ are defined
to be positive. Operator Γ describes spontaneous re-
laxation from the excited-state sublevel |Je,Me〉 to the
ground-state level |Jg,Mg〉. All the dynamic equa-
tions for the atomic variables are derived and listed
in Appendix A. The Wigner density-matrix elements
are defined with respect to the time-dependent atomic
eigenfunctions. Upper indices represent the momen-
tum shifts due to the induced transition,

ρ
(±)
ab = 〈a|ρ(r,p± 1

2
~k)|b〉, (8)

where k = kez, and the notation 〈ρq
ll〉 is adopted

for the density matrix elements averaged over the
angular distribution of the spontaneous photon
emission,[12−18]

〈ρq
ll〉 =

∫
Φq (n) 〈l|ρ (r,p + n~k, t) |l〉dn. (9)

The function Φq (n) (q = 0, ±1) determines the prob-
ability of the spontaneous photon emission in the di-
rection of a unit vector n,

Φ0 (n) =
3
8π

(
1− n2

z

)
, (10)

Φ±1 (n) =
3

16π

(
1 + n2

z

)
. (11)

Rabi frequency is defined as

~Ω = 〈e||d||g〉E/4, (12)

where 〈e||d||g〉 is the reduced matrix element. The de-
tuning δ = ωl−ωeg is the difference between the laser
frequency and the atomic transition frequency.

In order to follow the Bogolyubov proce-
dure[12−18] we firstly exclude the explicit time depen-
dence from the density matrix equations, and perform
the substitutions ρgαeβ

e− i δt = σgαeβ
. Before cool-

ing, it is assumed that the momentum width of the
atomic density-matrix elements is much wider than
the photon momentum ~k. Thus the atomic density
matrix elements ρij(r,p + ~k, t) can be expanded in
the photon momentum ~k. This principal assumption
allows one to expand the density-matrix elements in
the power of photon momentum ~k. Considering that
the expanded equations are in successively increasing
orders in photon momentum ~k, one can conclude that
the diagonal ραα and off-diagonal density-matrix ele-
ments σαβ are the functionals of the Wigner distribu-
tion function w (r,p, t)

w (r,p, t) =
∑

ρgαgα +
∑

ρeβeβ
. (13)
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The general structure of the functional dependence
can be found directly from the structure of the ex-
panded equations as follows:

ρgαgα
=

( ∑
n=0,±2,...

Hn
gαgα

ei nkz

)
w

+

( ∑
n=0,±2,...

Rn
gαgα

ei nkz

)
~k

∂w

∂pz
,

(14)

σgαeβ
=

( ∑
n=1,±3,...

Hn
gαeβ

ei nkz

)
w

+

( ∑
n=1,±3,...

Rn
gαeβ

ei nkz

)
~k

∂w

∂pz
,

(15)

ρeαeα
=

( ∑
n=0,±2,...

Hn
eαeα

ei nkz

)
w

+

( ∑
n=0,±2,...

Rn
eαeα

ei nkz

)
~k

∂w

∂pz
,

(16)

where Hn
αβ and Rn

gαgβ
are functions of the atomic mo-

mentum p. Here in order to exclude the explicit coor-
dinate dependence from the expanded equations, the
spatial series representation is introduced. In accor-
dance with the definition of the distribution function
w (r,p, t), the unknown diagonal functions satisfy the
normalization conditions

∑
Hn

gαgα
+

∑
Hn

eβeβ
= δn,0, (17)

and ∑
Rn

gαgα
+

∑
Rn

eβeβ
= 0. (18)

Next, by taking into account the general structure of
the solution, one can see from the expanded equations
that the Wigner function w (r,p, t) satisfies the closed
equations. To the first order in the photon momentum
~k, the closed equation for the distribution function
can be shown to be the Liouville equation,[12−18]

∂w

∂t
+ v

∂w

∂r
= − ∂

∂pz
(Fzw) , (19)

where the radiation force Fz has a series representa-
tion given as

Fz = ~kΩ
∑

n=0,±2,...

fn
z ei nkz, (20)

and

fn
z = i

1√
3

(
Hn−1

g−1e1
−Hn+1

e1g−1
−Hn+1

g1e−1

+ Hn−1
e−1g−1

)
+ i

(
Hn−1

g1e3
−Hn+1

e3g1

− Hn+1
g−1e−3

+ Hn−1
e−3g−1

)
. (21)

Here we have used the shorthand notations
e±1/2,±3/2 ≡ e±1,±3 and g±1/2 = g±1. Note that
the force is defined by a real equation since complex
harmonics of the force satisfy the conditions f∗n = f−n,
following the Hermiticity conditions for optical coher-
ence, Hn∗

αβ = H−n
βα . The harmonics Hn

gαgα
, Hn

eαeβ
and

Hn
eαeα

satisfy an infinite set of steady-state equations
which come from the set of expanded equations for
the zeroth order in the photon momentum (listed in
Appendix B).

For the second-order in the photon momentum
~k, the kinetic equation for the function w (r,p, t) re-
duces to the Fokker–Planck equation

∂w

∂t
+v

∂w

∂r
= − ∂

∂pz
(Fzw)+

∑ ∂2

∂pi∂pj
(Dijw), (22)

where i, j = x, y, z, and Dij is the momentum diffusion
tensor. The diffusion tensor has the series representa-
tion

Dij = ~2k2γ
∑

n=0,±2,...

dn
ijei nkz. (23)

Each spatial harmonic of the diffusion tensor includes
two parts dn

ij = δizd
dn
zz + dan

ij . The first part is pro-
portional to the optical coherence Rn

g0eα
and can be

expressed as

ddn
zz = i

Ω
2γ

(
−Rn−1

g1e3
+ Rn+1

e3g1
+ Rn+1

g−1e−3

− Rn−1
e−3g−1

)
+ i

Ω
2
√

3γ

(
−Rn−1

g−1e1
+ Rn+1

e1g−1

+ Rn+1
g1e−1

−Rn−1
e−1g1

)
. (24)

It comes from the fluctuation in the number of scat-
tered photons. The second part of the diffusion tensor
is proportional to the angular anisotropy coefficients
ασ

ii and απ
ii. It originates from the fluctuation in the

direction of spontaneous photon emission. In this case
the coefficients ασ

ii and απ
ii, which determine the an-

gular anisotropy of the spontaneous photon emission,

ασ
ii =

∫
Φσ(n′)n′2i d

2n′, (25)

απ
ii =

∫
Φπ(n′)n′2i d

2n′, (26)

become

ασ
xx = ασ

yy =
3
10

, ασ
zz =

2
5
,

απ
xx = απ

xx =
2
5
, απ

zz =
1
5
,
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and the second part of the diffusion tensor reduces to
the approximate expression

dan
ii =

2
5

(
Hn

e3e3
+

1
3
Hn

e−1e−1
+

1
3
Hn

e1e1
+ Hn

e−3e−3

)

+
1
5

(
2
3
Hn

e−1e−1
+

2
3
Hn

e1e1

)
. (27)

The harmonics of the diffusion tensor satisfy the Her-
miticity conditions, dn∗

ii = d−n
ii . Steady-state equa-

tions of the function Rn
ab expanded to the first-order

photon momentum are listed in Appendix C.

Kinetic coefficients Fz and Dii each have a well-
known physical meaning. The dipole force Fz comes,
as usual, from the photon momentum exchange be-
tween an atom and a laser field, and determines the
rate of change of the expectation value of atomic mo-
mentum. In the considered case where the dipole in-
teraction of an atom with two plane laser waves takes
place, the force Fz means the radiation pressure force.
The quantity Dii is the momentum diffusion tensor
that determines the rates of broadening the atomic
momentum distribution due to the quantum fluctua-
tions in atomic momentum. Below, we will discuss Fz,
Dii, and atomic temperature T .

To exclude the explicit coordinate dependence,

the matrix elements should be expressed as

Hgαgβ
≡ H0

gαgβ
+ H−2

gαgβ
e− i 2kz + H2

gαgβ
ei 2kz + . . . ,

(28)
Hgαeβ

≡ H−1
gαeβ

e− i kz + H1
gαeβ

ei kz + . . . , (29)

Heαeβ
≡ H0

eαeβ
+ H−2

eαeβ
e− i 2kz + H2

eαeβ
ei 2kz + . . . .

(30)
The above decompositions show that the multi-photon
process plays an important role in the atom-field in-
teraction. Identification of the processes follows most
clearly from the equations for different orders of the
rate equation approximation (REA). As usual, the cal-
culation of atomic functions in the 2n-th order REA
implies that the ground- and the upper-state popula-
tions and coherence are calculated in the 2n-th order
REA while the optical coherences are calculated in the
(2n − 1)-th order REA. Considering atomic popula-
tions and coherences in the second order REA, one
takes into account the direct one-photon and two-
photon processes and stepwise process composed of
the direct processes. When atomic functions are con-
sidered in the fourth order REA, one takes into ac-
count the direct one-, two-, three-, and four-photon
processes, and stepwise processes composed of the
above direct process. In this paper, we calculate all
the variables to the 4-th order REA.

Fig.2. Radiation force Fz and atomic distributions each as a function of kv with δ = −5γ and Ω = 2γ.

fo = ~kγ is the unit of Fz .
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By numerically solving the equations listed in Appendix B, we can obtain the radiation force Fz. In Fig.2, we
show Fz and atomic distribution among the levels each as a function of speed v. One can see that the transitions
|e±1〉 ↔ |g∓1〉 do not contribute to the radiation force. Fz is almost from the transitions |e±3〉 ↔ |g±1〉. Thus,
a (2+4)-level system is much like a (1+3)-level system, since in both systems the middle Zeeman sublevels of
the upper state nearly do not join the atomic-field interaction. In a small speed region the radiation force is
reduced to the friction in the form of

Fz = −βv, (31)

where v = vz and β is a friction coefficient, which is defined as the slope of the radiation force near zero speed.
In Fig.3, we show β as a function of detuning δ and saturation parameter s = Ω2/2γ separately.

Fig.3. Friction coefficient β as a function of detuning δ (a) and saturation coefficient s (b)

separately. β0 = ~k2 is the unit of β.

The next important kinetic quantity that determines the time evolution of an atom in a laser field is the
diffusion longitudinal coefficient Dzz(v = 0) at position z = 0. By numerically solving the equations listed in
Appendix C, we obtain diffusion coefficient Dzz(v = 0). Figure 4 shows Dzz(v = 0) as a function of detuning δ

and saturation parameter s separately.

Fig.4. Diffusion coefficient Dzz as a function of detuning δ (a) and saturation coefficient s (b)

separately. D0 = ~2k2γ is the unit of Dzz .

Explicit expressions for the coefficients of the Fokker–Planck equations can be directly applied to estimating
the achievable temperatures in the scheme of laser cooling of atoms. The effective temperature T is defined by
the Einstein relation as

T =
Dzz(v = 0)

βkB
, (32)

where Dzz(v = 0) is the diffusion coefficient at zero speed. In Fig.5, we show T as a function of detuning δ and
the saturation parameter s separately. As mentioned above, the (2+4)-level system is much like the (1+3)-level
system. The temperature T has the same changing trend in both cases, and it is still limited to the Doppler
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temperature. This is because the (2+4)-level atom is composed of two V -systems. There is no Λ-system, which
causes the sub-Doppler cooling as in (3+3)-, (3+5)-, (5+7)-level atoms.

Fig.5. Atomic temperature T as a function of detuning δ (a) and saturation coefficient s (b)

separately. T0 = ~γ/kB is the unit of β.

3. Conclusion

We have systemically investigated the kinetic the-
ory of (2+4)-level atom in σ+ − σ− laser fields based
on the Fokker–Planck equation. The limit of atomic
temperature is still Doppler temperature. Since this
cooling system has not been investigated before, this
work may be regarded as a necessary complement to
the laser cooling theory.

Appendix A

In the rotating-wave approximation, all the dy-
namic equations for the density-matrix elements can
be expressed as follows:

d
dt

ρg1g1 = iΩ
(
ε−+ρ(+)

e3g1
− ε+−ρ(+)

g1e3

)

+ iΩ ′
(
ε++ρ(−)

e−1g1
− ε−−ρ(−)

g1e−1

)

+ (2γ/3)
〈
ρ(−1)

e−1e−1

〉
+ (4γ/3)

〈
ρ(0)

e1e1

〉

+ 2γ
〈
ρ(+1)

e3e3

〉
, (A1)

d
dt

ρg−1g−1 = iΩ
(
ε++ρ(−)

e−3g−1
− ε−−ρ(−)

g−1e−3

)

− iΩ ′
(
ε+−ρ(+)

g−1e1
− ε−+ρ(+)

e1g−1

)

+ (4γ/3)
〈
ρ(0)

e−1e−1

〉
+ (2γ/3)

〈
ρ(+1)

e1e1

〉

+ 2γ
〈
ρ(−1)

e−3e−3

〉
, (A2)

d
dt

ρe1e1 = −2γρe1e1 + iΩ ′
(
ε+−ρ(−)

g−1e1
− ε−+ρ(−)

e1g−1

)
,

(A3)

d
dt

ρe−1e−1 = iΩ ′
(
ε−−ρ(+)

g1e−1
− ε++ρ(+)

e−1g1

)

− 2γρe−1e−1 , (A4)

d
dt

ρe3e3 = −2γρe3e3 + iΩ
(
ε+−ρ(−)

g1e3
− ε−+ρ(−)

e3g1

)
,

(A5)

d
dt

ρe−3e−3 = iΩ
(
ε−−ρ(+)

g−1e−3
− ε++ρ(+)

e−3g−1

)

− 2γρe−3e−3 , (A6)

d
dt

ρg1e−1 = −γρg1e−1 + iΩ ′ε++

(
ρ(−)

e−1e−1
− ρ(+)

g1g1

)

+ iΩε−+ρ(+)
e3e−1

, (A7)

d
dt

ρg−1e1 = −γρg−1e1 + iΩ ′ε−+

(
ρ(+)

e1e1
− ρ(−)

g−1g−1

)

+ iΩε++ρ(−)
e−3e1

, (A8)

d
dt

ρg−1e−1 = iΩ ′
(
ε−+ρ(+)

e1e−1
− ε++ρ(+)

g−1g1

)

+ iΩε++ρ(−)
e−3e−1

− γρg−1e−1 ,

(A9)

d
dt

ρg1e1 = −γρg1e1 + iΩ ′
(
ε++ρ(−)

e−1e1
− ε−+ρ(−)

g1g−1

)

+ iΩε−+ρ(+)
e3e1

, (A10)

d
dt

ρg1e3 = −γρg1e3 + iΩε−+

(
ρ(+)

e3e3
− ρ(−)

g1g1

)

+ iΩ ′ε++ρ(−)
e−1e3

, (A11)
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d
dt

ρg−1e−3 =−γρg−1e−3 + iΩε++

(
ρ(−)

e−3e−3
− ρ(+)

g−1g−1

)

+ iΩ ′ε−+ρ(+)
e1e−3

, (A12)

d
dt

ρe3e1 = −2γρe3e1 + iΩε+−ρ(−)
g1e1

− iΩ ′ε−+ρ(−)
e3g−1

,

(A13)

d
dt

ρe−3e−1 = −2γρe−3e−1 + iΩε−−ρ(+)
g−1e−1

− iΩ ′ε++ρ(+)
e−3g1

, (A14)

d
dt

ρe1e−1 =−2γρe1e−1 +iΩ ′ε+−ρ(−)
g−1e−1

−iΩ ′ε++ρ(+)
e1g1

,

(A15)

d
dt

ρe3e−1 = −2γρe3e−1 + iΩε+−ρ(−)
g1e−1

− iΩ ′ε++ρ(+)
e3g1

,

(A16)

d
dt

ρe−3e1 =−2γρe−3e1+iΩε−−ρ(+)
g−1e1

−iΩ ′ε−+ρ(−)
e−3g−1

,

(A17)

d
dt

ρe3e−3 = −2γρe3e−3 +iΩε+−ρ(−)
g1e−3

− iΩε++ρ(+)
e3g−1

,

(A18)

d
dt

ρg1g−1 = iΩ ′
(
ε++ρ(−)

e−1g−1
− ε+−ρ(+)

g1e1

)

+ iΩ
(
ε−+ρ(+)

e3g−1
− ε−−ρ(−)

g1e−3

)

+ (4γ/3)
〈
ρ(0)

e−1e1

〉
+ (2γ/

√
3)

〈
ρ(−1)

e−3e−1

〉

+ (2γ/
√

3)
〈
ρ(+1)

e1e3

〉
, (A19)

d
dt

ρg1e−3 = −γρg1e−3 + iΩ
(
ε−+ρ(+)

e3e−3
− ε++ρ(+)

g1g−1

)

+ iΩ ′ε++ρ(−)
e−1e−3

, (A20)

d
dt

ρg−1e3 = −γρg−1e3 + iΩ
(
ε++ρ(−)

e−3e3
− ε−+ρ(−)

g−1g1

)

+ iΩ ′ε−+ρ(+)
e1e3

, (A21)

where we have used the shorthand notations:
e±3/2,±1/2 = e±3,±1, g±1/2 = g±1, Ω ′ = Ω/

√
3, and

ε±± = exp (± i kz ± i δt).

Appendix B

Below we list an infinite set of linear algebraic
equations for the variables Hn

gαgβ
, Hn

eαeβ
, and Hn±1

gαeβ
.

The set of equations originates from Appendix A by
considering the zeroth order in the photon momen-
tum,

Hn
g1g1

+ Hn
g−1g−1

+ Hn
e3e3

+ Hn
e1e1

+ Hn
e−1e−1

+ Hn
e−3e−3

= δn0, (B1)

(2γ/3)Hn
e−1e−1

+ (4γ/3)Hn
e1e1

+ 2γHn
e3e3

+ iΩ
(
Hn+1

e3g1
−Hn−1

g1e3

)
+ iΩ ′

(
Hn−1

e−1g1
−Hn+1

g1e−1

)

− inkvHn
g1g1

= 0, (B2)

(4γ/3)Hn
e−1e−1

+ (2γ/3)Hn
e1e1

+ 2γHn
e−3e−3

+iΩ
(
Hn−1

e−3g−1
−Hn+1

g−1e−3

)
− iΩ ′

(
Hn−1

g−1e1
−Hn+1

e1g−1

)

− inkvHn
g−1g−1

= 0, (B3)

−(2γ + inkv)Hn
e1e1

+ iΩ ′
(
Hn−1

g−1e1
−Hn+1

e1g−1

)
= 0,

(B4)

−(2γ + inkv)Hn
e−1e−1

+ iΩ ′
(
Hn+1

g1e−1
−Hn−1

e−1g1

)
= 0,

(B5)

−(2γ + inkv)Hn
e3e3

+ iΩ
(
Hn−1

g1e3
−Hn+1

e3g1

)
= 0, (B6)

−(2γ +inkv)Hn
e−3e−3

+iΩ
(
Hn+1

g−1e−3
−Hn−1

e−3g−1

)
= 0,

(B7)

− (γ + i δ + i(n + 1)kv)Hn+1
g1e−1

+ iΩHn+2
e3e−1

+ iΩ ′
(
Hn

e−1e−1
−Hn

g1g1

)
= 0, (B8)

− (γ + i δ + i(n− 1)kv)Hn−1
g−1e1

+ iΩHn−2
e−3e1

+ iΩ ′
(
Hn

e1e1
−Hn

g−1g−1

)
= 0, (B9)

− (γ + i δ + i(n + 1)kv)Hn+1
g−1e−1

+ iΩHn
e−3e−1

+ iΩ ′
(
Hn+2

e1e−1
−Hn

g−1g1

)
= 0, (B10)

− (γ + i δ + i(n− 1)kv)Hn−1
g1e1

+ iΩHn
e3e1

+ iΩ ′
(
Hn−2

e−1e1
−Hn

g1g−1

)
= 0, (B11)

− (γ + i δ + i(n + 1)kv)Hn+1
g1e3

+ iΩ ′Hn
e−1e3

+ iΩ
(
Hn+2

e3e3
−Hn+2

g1g1

)
= 0, (B12)

− (γ + i δ + i(n− 1)kv)Hn−1
g−1e−3

+ iΩ ′Hn
e1e−3

+ iΩ
(
Hn−2

e−3e−3
−Hn−2

g−1g−1

)
= 0, (B13)

−(2γ + inkv)Hn
e3e1

+ iΩHn−1
g1e1

− iΩ ′Hn+1
e3g−1

= 0,

(B14)
−(2γ + inkv)Hn

e−3e−1
+ iΩHn+1

g−1e−1
− iΩ ′Hn−1

e−3g1
= 0,

(B15)
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−(2γ + inkv)Hn
e1e−1

+ iΩ ′
(
Hn−1

g−1e−1
−Hn−1

e1g1

)
= 0,

(B16)

−(2γ + inkv)Hn
e3e−1

+ iΩHn−1
g1e−1

− iΩ ′Hn−1
e3g1

= 0,

(B17)

−(2γ + inkv)Hn
e−3e1

+ iΩHn+1
g−1e1

− iΩ ′Hn+1
e−3g−1

= 0,

(B18)

−(2γ + inkv)Hn
e3e−3

+ iΩ
(
Hn−1

g1e−3
−Hn−1

e3g−1

)
= 0,

(B19)

(4γ/3)Hn
e−1e1

+ (2γ/
√

3)Hn
e−3e−1

+ (2γ/
√

3)Hn
e1e3

+ iΩ ′
(
Hn−1

e−1g−1
−Hn−1

g1e1

)
+ iΩ

(
Hn+1

e3g−1
−Hn+1

g1e−3

)

− inkvHn
g1g−1

= 0, (B20)

− (γ + i δ + i(n + 1)kv)Hn+1
g1e−3

+ iΩ ′Hn
e−1e−3

+ iΩ
(
Hm+2

e3e−3
−Hn

g1g−1

)
= 0, (B21)

− (γ + i δ + i(n− 1)kv)Hn−1
g−1e3

+ iΩ ′Hn
e1e3

+ iΩ
(
Hn−2

e−3e3
−Hn

g−1g1

)
= 0. (B22)

Integer n denotes the order of the spatial harmonic,
n = 0, ±1, ±2, . . . . Optical coherences Hn

ab satisfy
the relation: Hn∗

ab = H−n
ba .

Appendix C

Below we list an infinite set of linear algebraic
equations for variables Rn

gαgβ
, Rn

eαeβ
, and Rn±1

gαeβ
. This

set of equations originates from Appendix A by con-
sidering the first order in the photon momentum,

Rn
g1g1

+Rn
g−1g−1

+Rn
e3e3

+Rn
e1e1

+Rn
e−1e−1

+Rn
e−3e−3

= 0,

(C1)

(2γ/3)Rn
e−1e−1

+ (4γ/3)Rn
e1e1

+ 2γRn
e3e3

+ iΩ
(
Rn+1

e3g1
−Rn−1

g1e3

)
+ iΩ ′

(
Rn−1

e−1g1
−Rn+1

g1e−1

)

+ i
1
2
Ω

(
Hn+1

e3g1
−Hn−1

g1e3

)− i
1
2
Ω ′

(
Hn−1

e−1g1
−Hn+1

g1e−1

)

− inkvRn
g1g1

+
∑

Hn−l
g1g1

f l
z = 0, (C2)

(4γ/3)Rn
e−1e−1

+ (2γ/3)Rn
e1e1

+ 2γRn
e−3e−3

+ iΩ
(
Rn−1

e−3g−1
−Rn+1

g−1e−3

)
− iΩ ′

(
Rn−1

g−1e1
−Rn+1

e1g−1

)

− i
Ω
2

(
Hn−1

e−3g−1
−Hn+1

g−1e−3

)
− i

Ω ′

2

(
Hn−1

g−1e1
−Hn+1

e1g−1

)

− inkvRn
g−1g−1

+
∑

Hn−l
g−1g−1

fl = 0, (C3)

− (2γ + inkv)Rn
e1e1

+ iΩ ′
(
Rn−1

g−1e1
−Rn+1

e1g−1

)

− i
1
2
Ω ′

(
Hn−1

g−1e1
−Hn+1

e1g−1

)

+
∑

Hn−l
e1e1

fl = 0, (C4)

− (2γ + inkv)Rn
e−1e−1

+ iΩ ′
(
Rn+1

g1e−1
−Rn−1

e−1g1

)

+ i
1
2
Ω ′

(
Hn+1

g1e−1
−Hn−1

e−1g1

)

+
∑

Hn−l
e−1e−1

fl = 0, (C5)

− (2γ + inkv)Rn
e3e3

+ iΩ
(
Rn−1

g1e3
−Rn+1

e3g1

)

− i
1
2
Ω

(
Hn−1

g1e3
−Hn+1

e3g1

)

+
∑

Hn−l
e3e3

fl = 0, (C6)

− (2γ + inkv)Rn
e−3e−3

+ iΩ
(
Rn+1

g−1e−3
−Rn−1

e−3g−1

)

+ i
1
2
Ω

(
Hn+1

g−1e−3
−Hn−1

e−3g−1

)

+
∑

Hn−l
e−3e−3

fl = 0, (C7)

− (γ + i δ + i(n + 1)kv)Rn+1
g1e−1

+ iΩRn+2
e3e−1

+ iΩ ′
(
Rn

e−1e−1
−Rn

g1g1

)
+ i

1
2
ΩHn+2

e3e−1

− i
1
2
Ω ′

(
Hn

e−1e−1
+ Hn

g1g1

)

+
∑

Hn+1−l
g1e−1

fl = 0, (C8)

− (γ + i δ + i(n + 1)kv)Rn+1
g−1e1

+ iΩRn
e−3e1

+ iΩ ′
(
Rn+2

e1e1
−Rn+2

g−1g−1

)
− i

1
2
ΩHn

e−3e1

+ i
1
2
Ω ′

(
Hn+2

e1e1
+ Hn+2

g−1g−1

)

+
∑

Hn+1−l
g−1e1

fl = 0, (C9)

− (γ + i δ + i(n + 1)kv)Rn+1
g−1e−1

+ iΩRn
e−3e−1

+ iΩ ′
(
Rn+2

e1e−1
−Rn

g−1g1

)
− i

1
2
ΩHn

e−3e−1

+ i
1
2
Ω ′

(
Hn+2

e1e−1
−Hn

g−1g1

)

+
∑

Hn+1−l
g−1e−1

fl = 0, (C10)

− (γ + i δ + i(n− 1)kv)Rn−1
g1e1

+ iΩRn
e3e1

+ iΩ ′
(
Rn−2

e−1e1
−Rn

g1g−1

)
+ i

1
2
ΩHn

e3e1

− i
1
2
Ω ′

(
Hn−2

e−1e1
−Hn

g1g−1

)

+
∑

Hn−1−l
g1e1

fl = 0, (C11)
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− (γ + i δ + i(n + 1)kv)Rn+1
g1e3

+ iΩ ′Rn
e−1e3

+ iΩ
(
Rn+2

e3e3
−Rn+2

g1g1

)− i
1
2
Ω ′Hn

e−1e3

+ i
1
2
Ω

(
Hn+2

e3e3
+ Hn+2

g1g1

)

+
∑

Hn+1−l
g1e3

fl = 0, (C12)

− (γ + i δ + i(n− 1)kv)Rn−1
g−1e−3

+ iΩ ′Rn
e1e−3

+ iΩ
(
Rn−2

e−3e−3
−Rn−2

g−1g−1

)
+ i

1
2
Ω ′Hn

e1e−3

− i
1
2
Ω

(
Hn−2

e−3e−3
−Hn−2

g−1g−1

)

+
∑

Hn−1−l
g−1e−3

fl = 0, (C13)

− (2γ + inkv)Rn
e3e1

+ iΩRn−1
g1e1

− iΩ ′Rn+1
e3g−1

− i
1
2
ΩHn−1

g1e1
+ i

1
2
Ω ′Hn+1

e3g−1

+
∑

Hn−l
e3e1

fl = 0, (C14)

− (2γ + inkv)Rn
e−3e−1

+ iΩRn+1
g−1e−1

− iΩ ′Rn−1
e−3g1

+ i
1
2
ΩHn+1

g−1e−1
− i

1
2
Ω ′Hn−1

e−3g1

+
∑

Hn−l
e−3e−1

fl = 0, (C15)

− (2γ + inkv)Rn
e1e−1

+ iΩ ′
(
Rn−1

g−1e−1
−Rn−1

e1g1

)

− i
1
2
Ω ′

(
Hn−1

g−1e−1
+ Hn−1

e1g1

)

+
∑

Hn−l
e1e−1

fl = 0, (C16)

− (2γ + inkv)Rn
e3e−1

+ iΩRn−1
g1e−1

− iΩ ′Rn−1
e3g1

− i
1
2
ΩHn−1

g1e−1
− i

1
2
Ω ′Hn−1

e3g1

+
∑

Hn−l
e3e−1

fl = 0, (C17)

− (2γ + inkv)Rn
e−3e1

+ iΩRn+1
g−1e1

− iΩ ′Rn+1
e−3g−1

+ i
1
2
ΩHn+1

g−1e1
+ i

1
2
Ω ′Hn+1

e−3g−1

+
∑

Hn−l
e−3e1

fl = 0, (C18)

− (2γ + inkv)Rn
e3e−3

+ iΩ
(
Rn−1

g1e−3
−Rn−1

e3g−1

)

− i
1
2
Ω

(
Hn−1

g1e−3
+ Hn−1

e3g−1

)

+
∑

Hn−l
e3e−3

fl = 0, (C19)

(4γ/3)Rn
e−1e1

+ (2γ/
√

3)Rn
e−3e−1

+ (2γ/
√

3)Rn
e1e3

+ iΩ ′
(
Rn−1

e−1g−1
−Rn−1

g1e1

)
+ iΩ

(
Rn+1

e3g−1
−Rn+1

g1e−3

)

− i
Ω ′

2

(
Hn−1

e−1g−1
+ Hn−1

g1e1

)
+ i

Ω
2

(
Hn+1

e3g−1
+ Hn+1

g1e−3

)

− inkvRn
g1g−1

+
∑

Hn−l
g1g−1

fl = 0, (C20)

− (γ + i δ + i(n + 1)kv)Rn+1
g1e−3

+ iΩ ′Rn
e−1e−3

+ iΩ
(
Rn+2

e3e−3
−Rn

g1g−1

)
+ i

1
2
Ω

(
Hn+2

e3e−3
−Hn

g1g−1

)

− i
1
2
Ω ′Hn

e−1e−3
+

∑
Hn+1−l

g1e−3
fl = 0, (C21)

− (γ + i δ + i(n− 1)kv)Rn−1
g−1e3

+ iΩ ′Rn
e1e3

+ iΩ
(
Rn−2

e−3e3
−Rn

g−1g1

)
− i

1
2
Ω

(
Hn−2

e−3e3
−Hn

g−1g1

)

+ i
1
2
Ω ′Hn

e1e3
+

∑
Hn−1−l

g−1e3
fl = 0. (C22)

The above set can be solved when the inhomogeneous
terms have been determined from the solution of the
set of equations listed in Appendix B.
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