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This paper is concerned with the problem of robust stability for a class of Markovian jumping stochastic neural

networks (MJSNNSs) subject to mode-dependent time-varying interval delay and state-multiplicative noise. Based on

the Lyapunov—Krasovskii functional and a stochastic analysis approach, some new delay-dependent sufficient conditions

are obtained in the linear matrix inequality (LMI) format such that delayed MJSNNs are globally asymptotically stable

in the mean-square sense for all admissible uncertainties. An important feature of the results is that the stability criteria

are dependent on not only the lower bound and upper bound of delay for all modes but also the covariance matrix

consisting of the correlation coefficient. Numerical examples are given to illustrate the effectiveness.
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1. Introduction

Neural networks (NNs) have attracted consider-
able attention in the past few decades for their appli-
cations such as pattern recognition, image processing
and associative memory.[!! In the process of informa-
tion storage and transmission in NNs, since time de-
lays may cause undesirable dynamic network behav-
iors such as oscillation and instability, the stability
and stabilization for delayed NNs have also received

[2-12] where

considerable attention from researchers,
the stability criteria can be delay-dependent or delay-
independent. Since delay-independent criteria tend to
be conservative, especially when the delay is small or
varies in an interval, much attention has been paid to
the delay-dependent type.

On the other hand, in the real nervous sys-
tem, synaptic transmission is a noisy process brought
on by random fluctuation from the release of

(13]

neurotransmitters. Therefore, it is of practical

importance and significance to study the stochas-
tic effects on the stability of delayed NNs; some
results related to this problem have recently been
published,~19 where the stochastic disturbance is
considered as a Gaussian white noise. Actually, the
systems of Ito's differential equations with multi-
plicative white noise, which have been investigated
in Refs.[20]-[22], offer a more general mathematical
model to describe physical phenomena. The noises
in Refs.[20] and [21] are considered as mutually in-
dependent. However, in a real system the noises are
mutually dependent,[??l that is to say, the correlation
coefficient between different noises should be consid-
ered.

Markovian jumping systems — hybrid systems
with two components in the state — were first in-
troduced by Krasovskii and Lidskii in Ref.[23]. The
jumping systems have the advantage of modeling dif-

ferent types of dynamic systems subjected to abrupt
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changes in their structure, such as failure-prone man-
ufacturing systems, power systems and economic
systems.!?4] This advantage has also attracted increas-
ing interest in the research of delayed MJSNNs, [25—27]
However, the time delay investigated in the above
literature is only independent of the system modes,
which are generally more conservative than mode-

dependent ones.[28:2]

Up to now, the robust stability
analysis problem for MJSNNs with mode-dependent
time-varying interval delay and state-multiplicative
noise has received very little attention from re-
searchers. It remains important and challenging. This
motivates our research.

In this paper, we study the robust stability prob-
lem of MJSNNs with mode-dependent time-varying
Unlike

previous works, in this paper the noises are mutually

interval delay and state-multiplicative noise.

dependent and the time-varying delay is also depen-
dent on the mode of the system, so the considered
MJSNNs are more general than those in the litera-
ture. Based on the new Lyapunov functional, the
new stability criteria are derived to guarantee that
MJSNNs are robustly globally asymptotically stable
in the mean-square sense. All results are established
in the form of a linear matrix inequality (LMI) and can

be solved easily by using the interior algorithms. 3%

2. Problem formulation and pre-
liminaries

Throughout the paper, let (2, F,{F:}i>0,P) be
a complete probability space with a filtration {F;}1>0
the filtration
contains all P-null sets and is right continuous).
Let L% ([—7,0;R™) be the family of Fy measurable
C([-7,0];R™)-valued random variables & = {£(0) :
—7 < 6 < 0} such that sup_TS9S0E|§(9)|2 < 00,
where E{-} stands for the mathematical expectation

satisfying the usual condition (i.e.,

operator with respect to the given probability mea-
sure P. The symbol ® denotes the notation of Kro-
necker product. The symbol * denotes the transposed
elements in the symmetric positions of the matrix.
Let {r(t),t > 0} be a right continuous Markov pro-
cess on the probability space which takes values in a
finite state space S = {1,2,
= (735)

, N} with generator
N given by

mijh +o(h),  i#j,

Plrit+h)=jr(t)=i}= 1+ mijh+o(h),i=j

where h > 0 and limy_go(h)/h = 0, m; > 0 is
the transition rate from i to j for ¢ # j, and m; =
N
- Zj;&i Tig -
Consider MJSNNs with mode-dependent time-
varying interval delay and state-multiplicative noise
as follows:

da(t) = [ = A(r(t), t)z(t) + Wo(r(t), t) f (x(t))

+ Wa(r(t), ) f (x(t))dws (t)
+ Wa(r(t), ) f(2(t — 7(r(t), 1)) dwa(t)
z(t) = ¢(t),t € [=7ar,0], (1)

where z(t) = [21(t), 22(t),... ,2n(t)]" € R™ is the
neural state vector associated with the neurons.

F@t) = [f(@(t), fo(22(t), ., fulza ()] € R"
is the neural activation function.  A(r(t),t) =
A(r(t)) + AA(r(t),t), W;(r(t),t) = W;(r(t) +
AWj(T(t)vt) (] = 0717273)7 ( ( )7t) =
C(r(t)) + AC(r(¥),t), D(r(t),t) = D(r(t)) +
AD(r(t),t), the diagonal matrix A(r(t)) =

diag(a1(r(t)), az(r(t)),. ..
entries a;(r(t)) > 0,
R™™ and Wi(r(t)) €
weight matrix and the delayed connection weight
matrix, respectively.  The quantities AA(r(t),t),
AW;(r(t),t) (j = 0,1,2,3), AC(r(t),t), AD(r(t),t)
represent the parameter uncertainties. The quan-
tity w(t) = [wi(t), wa(t),ws(t), ws(t)]T, independent
of the Markov process, is a four-dimensional Brown-
ian motion defined on (2, F, {Fi}+>0, P) and satisfies
E{dw;(t)} = 0, E{dw,(t)dwx(t)} = ardt (j # k),
laje] < 1, E{dw;(t)*} = dt (j,k = 1,2,3,4). The
max{ra(r(t)),r(t) € S}, where
Ta(r(t)) is defined in Assumption 1 below.

,an(r(t))) with positive
the matrices Wy(r(t)) €
R"™*™ are the connection

quantity 7 =

For simplicity, we write r(t) =i € S and

da(t) = [ = Ai(t)ax(t) + Woi(t) f (2(1))
+ Wu(t)f(iv(t —7i(t)))]dt
Ci(t)a(t)dw: (¢)
Di(t)a(t — 7i(t))dwe(t)
+ ng(t)f(:v( ))dws ()
+ Wai(t) f(x(t — 7:(t)))dwa(t),
z(t) = ¢(t),t € [=7ar, 0]. (2)
Let V(z(t),t,i) € C>H(R™ x RT x S;RT) be a posi-
tive function which is continuously twice differentiable
in 2 and once differentiable in ¢. Thus, the stochastic
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derivative operator £ acting on V (z(t),t,4) is defined

by
LV (1), ,8) = Vilo(t), ) + Va (w(t), £, )i (1)
4 g rlh (Ve (a(0), 1, 1920 (1) P
N
IO )
where SV (e 1.4
‘/t(l'(t),t,l) = %7
Va(w(t), 1) = (81/(1(;(2,15,1')7”' 7 8V(2§f7):t,i)),
2V(x 1
Vila(t) 1) = (D)

is the covariance matrix of the augmented Wiener pro-
cess vector dw(t), that is

dw(t)(dw(t))T = Pdt,

—Ai () (t) + Wou(t) f(z(t))
+ Whi(8) f(2(t = 7(t))),

gui(t) =

g2i(t) = [Ci(D)(t) Di(t)a(t — 7i(t)) Wailt) f(x(t))
Wi () f ((t — 7(t)))]-

Assumption 1 The time-varying delays 7;(¢) sat-
isfy
0 < Tim < 7i(t) < mina, Talt) < puiy (4)
where 7;,,, ;pr and p; are constants for any ¢ € S.

Assumption 2 The neural activation function
fi(z;) satisfies

fi(xs) = filyy)

zj =Y

0< Slj, VIj,ijR,j:L...,TL,

which implies that

fi@; ) (25(8) — Lz ()] <0, f;(0) =0. (6)
Assumption 3 The parameter uncertainties
AAi(t), AWQi(t), AWli(t), ACi(t), ADl(t), Ang(t)
and AWs,(t) satisfy
[AAz(t) AWOl(t) Ale(t) Acz(t) ADl(t) AWQl(t)
AWsi(t)] = HiFi(t)[E1; Ea Esi Eai Es; Eei Eri,
(7)

where H;, Ej; (j = 1,2,...
matrices and Fj(t) are unknown time-varying matri-
ces and satisfy F (t)F;(t) < I,for Vt € R,i € S.
Definition 1 For any ¢ € L%, ([-7,0;R"), r(0) =
ig € S, the equilibrium solution of system (1) is said

,7) are known constant

to be robustly, globally and asymptotically stable in
the mean-square sense if

Jlim E lz(t, &, io)|> = 0, (8)

where z(t, €, i0) is the solution of system (1) at time ¢
under the initial state £ and initial mode %g.

Lemma 1 For any vector z,y € R™, matrices
AP € R D e R™™ and F(t) € R™*™ with
P >0, FT(t)F(t) < I and scalar € > 0, the following
inequalities hold:[31]

(i) 22Ty <a2TPlz+yTPy.

(ii) DF(t)N + NTEFT(t)DT <~ 'DD” 4 eNTN.

(iii) If P—eDDT >0, then (A+ DF(t)N)TP~1(A
+ DF(t)N) < AT(P —eDDT)"'A +eNTN.

Lemma 2 For matrix ¢g(t) = [g1(t), g2(t), g3(t),
ga(t)] € R™4, positive matrix G € R™ " vector
w(t), matrix P, where w(t) and P are defined in the
above description of LV (x4,t,1), the following equa-
tion holds:

E{ / tfg(s)dw(sfa / tTg<s>dw<s>}
—&{/ tlg” (s)Gig(s)Plds . (9)

The proof can be found in Appendix A.

3. Main results

For the convenience of presentation, in the follow-
ing, we denote 7, = min{7,,7 € S}, 7o = Tm — T,
0 = max{—m,i € S}.

The main results of this paper are presented as fol-
lows:

Theorem 1 For given scalars 7,,, > 0, a7 > 0, p,
ar (4, k = 1,2,3,4,5 < k) and | = maxi<j<n {l;},
the MJSNNs described by system (1) are robustly,
globally and asymptotically stable in the mean-square
sense, if there exist real matrices P, > 0, Q; >
0(; =1,2,3,4), Ry >0, Ry >0, 5 >0,5 >0,
Mji, Nji, Tji, Vii, X; jko Yglk (J’k - 172a3) 4 =
diag (A1, A2,... ,A\n) > 0, diagonal matrices K7 > 0,
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K3 > 0 of appropriate dimensions and positive scalars 455)3 = Vo; W,

€14, €2; such that the following LMIs hold for 7 € S: 4%,4 = Vo Whi + K> L,
C i , - Bl o= —Voy — M — NI+ TE + mar Xi 5+ 7,Y5 5,
AR T A ’ QSZZ = _KQ%F - K31 + (11 575@2 +]\zli;§;E2i "
* =51 0 0 0 0 0 ’ N E2iEgE6i
« % —S5 0 0 0 0 _ i+6i)
P, = % « « -5 0 0 0 <0, 5, = e1,E5; Es;,
* * * x —epl 0 0 ¢§,5 = A—I—WOI;V?)?
ok % x —Z; Z:;H; Biy=—(1—p)Q2— Ky — K3 + e, B3 By
B * * * *  —egl | +52iE;€'E7iu
(10)  Pi5=WiVai,
‘ X, M, Bl s = —Vai — Vi + TRy + 7o Ro + T X4 5 + 70Y5 5,
= . Ry >0, (11) =5, +5,,
Zi =P+ 1A+ 10,51 + 752,
_ Z;=P® Z,
o= | Nl s, (12)  H; = diag (H;, Hy, H;, H;),
* Rs
ZiC;  a12ZiD;i a13ZiWa; @14ZiW3; 000
0 = X+ Y Ti >0, (13) 7 _ @12ZiCi  ZiDi  a23ZiWai a24Z;W3; 00 0
¥ Fi+ R ' 0132;C; qsZi Dy ZiWa;  q34Z;W3; 00 0
where 0142;C; a4Z;iD; a3aZiWay  Z;W3; 000
i1 P2 Pls Pia Pis Nu ~Ti | Xi, Xi, Xig
x  Phy Dhg Py, Dy Ny —T X; = x Xio Xis |,
* * Pyg Py, P35 O 0 % Xig
Pi=1| x % x &y, B, 0 0 |,
ooxoox o B Na T Vi Y, Vi
* * * * x —Q3 0 Y, = N Y21-72 ng ,
| * * * * * *  —Qy | % Y}f)3

D} 1 = (1+07,)Q1 + Qs + Qu + My; + M{; — Vi, A; M = [M{; M; 00 MJ; 0 0],
_ - M = [M{; M3; M),
— 14;11‘/1711 + TMX{,I + 7'0}/11)1 + Zﬂ-ijpj

j=1
+ e BB + 2B} By,
@}y = Mg; — My; — Ny; + Thy — ATV,
+ 7 X} 5+ oYY,
qﬁi,g = K1L + Vi;Wy; — e1,EL; Eo;,
45%,4 = VW — e, EL; B,
95{,5 =P, — Vi, — ATV + ML+ TMXli)3 + Toyli,3,
Py 5 = —(1 — 1;)Q1 — Ma; — M3; — Noy — Ny, + T,
+Tgi + Tn X5 5 + ToY3 o + 25 By,

NI = [NLE NEoo NE oo,
N = [N{; N3; N3],

T;F =[I1; T; 00 T3; 0 0],

T =[17; To; T3],

Vi =[Vi§ Vi 00 V5, 00].

Proof Choose a Lyapunov-Krasovskii functional

candidate V;(t) = V(x(t),t,7) as

Vi(t) = Vig(t) 4 Vau(t) 4 Vaa(t) + Vai(t)
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with
Vlz(t) = xT(t)Pi:E(t) +2 Z AL /zk fk(S)d
k=1 0

t

Vai(t) = [«"

t—7;(t

)

+ /t ;m z7(5)Qsx(s)ds
[ et
V() =9 J/ﬂ

)]déds,

Vzll / / glz nglz d9ds
—TM +s
—7Tn Jt+s
—Tm t
+/ / 91:(0) Rag1:(0)dfds
—TM t+s

—Tm t ~
+ / / tr[ga;(0)S292:(0) P]dods.
—TMm Jt+s

Then, by formula (3), the stochastic differential of
Vi(t) along with system (1) can be obtained as fol-

(5)Quz(s) + [ (a(s))Q2f (a(s))]ds

$)Q4x(s)ds

0)Qz(0)+f" (x(0))Q2

lows:
LVi(t) < 2$T( )Pig1i(t) + trlga;(t) Zigai(t) P]

—i—ZmJ

+ 2" (O[(1 4 670)Q1 + Qs + Qul(t)
+ (2 () (1 + 670) Q2 f (2(1))
— (1= pa) [ (t = 7i(£))Qux(t — 7i(1))
+ (= 7a(8))Qaf (w(t — 7:(t)))]
— 2" (t — T)Qsz(t — Tim)
T(t — 7o) Qux(t — Tar)
+ 91, (t) (T Ry + 7o Ra) 14 (t)
- 91 (s)Rigii(s)ds

t—7;(t)

)+ 2f7 (2(t)) Agi(t)

t—Tm
/ 91;(s)R2g1i(s)ds
t—7;(t)
t—7i(t)
/ g%(8)(Ry + Ra)gui(s)ds
t—Tnm
t —
[l oS Pls
t—7;(t)

t—Tm B
/ r(g3;(5)S2g2i(s) Plds
t—; (t

t—7;(t) B
- / trlg% ()5 g2i () Plds
t—7Tnm

The proof of formula (14) can be found in Appendix
B.

For arbitrary matrices Mj;, N;i, Tji, Vii (j = 1,2,3)
with compatible dimensions, we have

20T ()M [z(t) — 2(t — 73(t))

— 1i(s)ds — 2:(s)dw(s)| =0,
/tn(t)g ( ) /tn(t)g ( ) ( )} (15)

2CT (¢)N; [2(t — ) — 2(t — Ti(t))
- TT:) g1i(s)ds — /t o gas(s)du(s)] = 0,

t— F —Ti (t)

(16)

2 ()T [2(t — (1)) — x(t — 7ar)
t—7i(t) t—7;(t)
- /7 g1i(s)ds — /7 g2i(s)dw(s)] =0,

t—7Tnm t—7Tnm (17)

20T (O)Vi[-Ai(t)z(t) — gui(t)
+ Woi () f (x(t)) + Wi () f(z(t — 7:(£)))] = 0,
(18)

where

¢ty =l (1) & (t = ma(t) [T (2(t) ST (2t — (1))

g1i(t) 2" (t = ) & (t = ar)].

For formulas (15)—(17), by (i) of Lemma 1, we have

t
— 2CT(t)MZ g2i(s)dw(s)
t—7i(t)

< P)M ST MEC(t)

t T ¢
([ mme) s [ o)
— 2T (H)N; t__:) g2i(s)dw(s)

< T ()NiSINT¢(t)

t—Tm T t—Tm
+ (/ gzi(s)dw(s)> Sg/ g2i(s)dw(s),
t—,(t) t—7i(t)

t—7i(t)
- 2CT(t)Ti/ g2i(s)dw(s)

t—Tnm

<TO)TS T
t—7i(t) T pt—=7i(t)
([ meae) s [ meae.

t—Tnm t—Tnm (21)
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For formula (18), by (ii) of Lemma 1, we have

20T (Vi (A; + AA;(1)¢(t)
= 2" (t)Vi(A; + HiF,(t) E:)((t)
<T"OVidi + ATV + e ViH HTVE

+enE]l E)C(t), (22)

A; = [—A; 0 Wo; Wy =10 0],
AA;(t) = [~ AA;(t) 0 AWoi(t) AW1(t) 00 0],
E; =[-E1; 0 Ey FE3,000].
Based on (iii) of Lemma 1, it is easy to know
trga; (t) Zigai(t) P]
< (T(8) D5¢(8) + e2iCT (1)

x diag (E; Eui, EY, Es;, EL Eei, E%Er;) C(1),
(23)

where

C(t) = a7 (1) & (t = (1)) ST (2(t) f7(x(t =7 (1)),
¢y = CT(Z7' — eoydiag(H; HY , H; HY , H;HT

H,H)'C;,
C; 0 0 0 000
_ 0D, 0 0 000
C; =
0 0 Wa; 0 000
00 0 W3000

The proof of formula (23) can be found in Appendix
C.
On the other hand, the following equations hold:

0= [ Fmxéwas- [ Toxdon
=X - [ Swxdnas

t—7i(t) .
- / & (1) X,E(t)ds, (24)

—TMm

0= / T vl (tyds / v

¢ (Yil(t)ds

= 7.(T()Yil(t) —/ti o

t—7;(t) R .
- / ET (6)yd(t)ds,

—TM

where

From Assumption 2, for any matrices K,, =
diag(km1, km2, - -« s kmn) > 0 (m = 1,2), we can ob-

tain

02k fi(a; (0)[lws (1) = fi(a;(2))]

j=1

+ 2 oy fi (s (t — 7()) [l (t — 73(t))
j=1

= filz; (t — (1))
= 2T () K\ Lf (x(t)) — 27 (x(t)) Ky f (2(t))
+ 227 (t — 1 (£) Ko Lf (2(t — 73(1)))

= 2f T (a(t — () Ka f (x(t — 7:(1))).
(26)

By Lemma 2, we can easily get

E { [/t 92i(s )dw(s)} TSl /ttﬂ(t) 92i(3)dw(3)}

t
=E / r[ 93:(5)S192i(s )P]ds},
t T»L(t

E { [ ot )5 - ggi<s>dw<s>}

(27)

=E [ g2:(5)S292i(s )P]dS}, (28)

t—Tm
/t Ti (t
t—r; (t)

T ~
E 92Z s)dw(s )} S/
t TM t—Tnm

t—7i(t) B B
—E{ / txlgfi )ngxs)P]ds}.

Adding Egs.(15)—(18) and (24)—(26) to expression
(14), and taking expectation on both sides of expres-
sion (14), then using Eqgs.(19)—(23) and (27)—(29

can get

gzz-(S)dw(S)}

(29)

), we

ELVi(t)
<E¢CT(t)[®] + M;ST M + NSy NS
+ T8I + e ViH HI VT + 03] (1)

t
— cT S i C s S
E / IRCDENCREE

t—Tm
— IE/t ET(t,S)QiQC_(t,S)dS

—Ti (t)

t—7;(t) _ _
—E / CT(t,s)0243C(t, s)ds (30)

t—Tnm
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where CT (¢, s) = [(T(t) gT.(s)], D% is defined in expres-
sion (23).

Let & = & + M;S;'MT + NSy 'NT +
T8 'TF + e ViH; HI VT + &, applying the Schur
complement techniquesl®”! to the inequality P; < 0,
then pre-multiplying and post-multiplying the result-
ing matrix by diag(1,I,1,...,1, Z-), we can easily ob-
tain the LMI (10). Therefore, if inequalities (10)—(13)
are satisfied, it implies ELV;(¢t) < 0 for ¢ € S and

() # 0.

It indicates that system (1) is robustly, globally
and asymptotically stable in the mean-square sense.
This completes the proof.

Remark 1 By setting Q; =0 (j =1, 2, 3, 4)
in Lyapunov—Krasovskii functional of Theorem 1, the
delay /interval-dependent and derivative-independent
criteria can be obtained easily for unknown g; and the
corresponding proof is similar to Theorem 1, which is
omitted.

Remark 2 The main results given in Theo-
rem 1 are general enough to cover many existing
results'®=18 with Markovian jumping mode “1” and

dw1 (t) = d’w2 (t) = dw3 (t) = dw4 (t)

As a special case of system (1), we discuss the sta-
bility of an uncertain stochastic neural network (SNN)
with time-varying interval delay, which is described as
follows:

da(t) = [-A@)x(t) + Wo(t) f (x(t))
+ W) f(x(t = 7()]dt + [C(t)z(t)
+ D()x(t — (1) + Wa(t) f(2(t))
+ W () f (x(t — 7(t)))]dwo (?),
x(t) = ¢(t), t € [=7ar,0], (31)

where 0 < 7, < 7(t) < 7, 7(t) < i, wp(t) is a

one-dimensional Brownian motion.

Corollary 1 For given scalars 7,,, > 0, 73y > 0,
pw and | = maxi<j<n{l;}, the SNNs described by
Eq.(31) are robustly, globally and asymptotically sta-
ble in the mean-square sense, if there exist real ma-
trices P > 0, @; > 0 (j = 1,2,3,4), Ri > 0,
Ry >0, 5 >0, 5 >0, Mj, Nj, Tj, ‘/j, Xjk,
Yie (j,k = 1,2,3), A = diag(A1,A2,...,A,) > 0,
diagonal matrices K1 > 0, Ky > 0 of appropriate
dimensions and positive scalars €1, €2 such that the

following LMIs hold:

(ss M N T VH Z 0 |
*x =55 0 0 0 0 0
x x =S, 0 0 0 0
E=|% x x =S 0 0 0 |<0
* % x x —eI 0 0
* 0k * % « —Z ZH
S * ok * x  —eol
) ) (32)
= XM >0, (33)
* Ry
= YN >0, (34)
* Ro
0 — X+Y T >0, (35)
* Ri + Ro
where
[ 2, 5. 5 3 Z14 Z15 N T |
¥ Sho Foz Sog Eos Noo —Th
* x B33 S34 S35 0 0
== * * *  Eya4 Eus 0 0 )
* * * *  Es5 Nz —T3
* * * * * —Q3 0
| % * * * * * —Q4 i

E11=Q1+ Qs+ Qu+ M + M —ViA— ATV
+Tu X114+ Y11 +e1E] By + e2E] By,
Sio=M] — M — N, +T, — ATV;"
+ 1 X1,2 + ToY1 2,
513 =LK, + VW, — e, ET Es,
E14=ViW, — e1E{ E3,
S15=P—-Vi - ATV + MI + 1 X154+ 1,Y1 3,
Sho=—(1—p)Q1— My — Mg — Ny — Ny + T,
+ T2T + T X222+ ToYo 0 + EQE%TE&
Sz =VoWy, Z24=VoW1 + LKo,
o5 = Vo + T?:‘F - Mg — N?:*F + 7 X253 + ToY2,3,
Z33 = ~K{ — K1+ Q2 +e1E3 Ey + e2Ff Eg,
S34=6e1F B3, 535 =A+WJVi,
Eia=—1—-p)Q2— Ko — Ki +e1E] B3 + e2E7 Er,
Eis =WV,

S5 =—Va— Vi + 7Ry +ToRe + T X33 + 7,Y33,
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Z =181+ 1,8+ P+IA,Z=diag(Z,2,2,2),
H = diag (H,H,H,H),

ZC 0 0 0 0 0 O
. |0 zD 0o 0 00 0
o 0o zwy, 0 00 0]
0 0 0 ZW3 0 0 0
X1 X2 X3
X = *  Xoo X2.3]7
* * X33
Yii Yip Yis
Y = x Yoo Yoz |,
* * Y33

MT =M MI o0 Moo,
MT =M My M),

NT =[N N oo NT 0o,
NT = [N{ Nj Nj,

" = FooT! 00,
T =1 17 T4,

v =TI v,looveool.

Proof By setting jumping mode S = 1 and

P = I in Lyapunov—Krasovskii functional of Theo-

rem 1, robust stability criteria can be obtained and

the proof is similar to Theorem 1, which is omitted.
Remark 3 In Refs.[15], [16] and [18],

- [ af @R s

is estimated as

t
B /tT(t)

t—7(t)
S R ACLCE
t

-7

91 (5)Rg1(s)ds,
and
is ignored. In Ref.[37], —2¢7(t)M f:ﬂ_(t)y(s)ds are

In addition,

references [15]-[18] do not consider information of the

enlarged by inequality transformation.

lower bound of time delay. In this paper, the problems
mentioned above are all considered and overcome.
Remark 4 Let 5 < 0 in formula (32) and
€1 = €3 = 0 in 5, moreover, equations (33)-
(35) hold, delay/interval-dependent and derivative-
dependent stability criteria for determinate NNs can

be obtained easily. Furthermore, let Q1 = Q2 =
0 in 5, delay/interval-dependent and derivative-
independent stability criteria for determinate NNs can
be also obtained; the proof is similar to Corollary 1,
which is omitted.

4. Illustrated examples

Example 1 Consider a two-mode delayed

MJSNN system (1) governed by the generators: II =

-7

s

follows: Qg = Q13 = Q14 = Qo3 =
L=0.51.

For mode 1, the parameters are described as

3 0 -1 0
[ 0 1 0 —-1.2 }7

76 ] , and the system parameters are given as

24 = O34 = 0.4,

Ql

A = }aWOIZWH:[

-02 0
0 0.3
Hy, = 01I, Eyy = Ey = E31 = Ey = Es1 =
E¢1 = E71 = 0.11, the time-varying delay 7 () satis-
fies Eq(?)) with Tim = 0.7, TIM — 1.0, M1 = 0.9.
For mode 2, the parameters are described as

War = Wz = [ }, C, = Dy = 04,

A = [(2) 3(.)5}’ Wor = [165 —02}’ Wiz =
va 0g ) WE=Wa = [0y (3]s

D2 = 0.6[, H2 = 0.2], E12 = E22 = E32 = E42 =
Es9 = Ega = Era = 0.21, the time-varying delay 7(t)
satisfies Eq.(3) with 72, = 0.8, 7apr = 1.046, ug = 0.8.

By solving the LMIs in Theorem 1 via Matlab
Toolbox, the feasible solutions are obtained as follows:

P 14.2707  3.3448
1= )
3.3448  15.7492
17.2395 3.6504
P2 = )
3.6504 13.1707
0.0033 —0.008
Q1=
—0.008 0.0287
0.0906 —0.5681
Q2 =
—0.5681 89.2671
14.8103 3.5037
Q3 = )
3.5037 15.8153
14.8188  3.4894
Q4 = )
3.4894 15.8672
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0.0051  —0.0040
Ry =

—0.0040 0.0147

B 8.2663 3.0897

3.0897 4.9500
B 0.0117  —0.0205

—0.0205 0.0547

B 20.3286  4.0185

4.0185 18.7710

K1 = diag (45.8496, 53.7978)
K> = diag (9.0358, 16.4149)

€11 = 7.2596, €12 = 11.8550,

€21 = 20.3706, 99 = 27.5860.

The switching signal and the state curves of the
example are depicted in Figs.1 and 2, respectively. It
can be seen from Fig.2 that system (1) with the given
switching signal is robustly, globally and asymptoti-
cally stable in the mean-square sense.

2.5

2.0

1.0

0.5

0 2 4 6 8
t/s

Fig.1. Switching signal of the system (1).

z(t)
0.2 )
0.1
n
2
]
S
B 0 =
/:
—0.1
0 2 4 6 8
t/s

Fig.2. State curves of system (1) with two modes.

Example 2 Consider the delayed SNNs (31) with

the parameters as follows (Example 2 in Ref.[18]):

4 0 04 —-0.7
A= ’ WO = )

0 5 0.1 0

—0.2 0.6
Wl = )

0.5 —-0.1

0 -0.5
C=05I, D=
—-0.5 0

H=1[01-01]", E; =[0.20.3],
Ey=[02 —03], E3=[-02 —0.3],
AC(t) = AD(t) =0, Wy =W3=0.11, L=0.5I.

When p is unknown, by setting Q1 = Q2 = 0
in Corollary 1, we can obtain that system (31) is
robustly, globally and asymptotically stable in the
mean-square sense. For 7, = 0, unknown p, the up-
per bound 73/ is listed in Table 1. From Table 1, it
can be concluded that the obtained results in this pa-
per are less conservative than those in Refs.[15], [17]
and [18]. For 7, = 1, the upper bound 7, = 2.028.

Table 1. Allowable upper bound of 7j; for unknown p.

methods [15] [17] [18] our result (Corollary 1)
Wo =W3 =0 [0.419 0.746 0.7795 1.049
Wo =Wz =0.1I| — 0.649 0.7056 1.037

For the determinate NNs that are described in
Remark 4, we choose the same parameters as the
above SNNs. For 7, = 1 and unknown p, the upper
bound 77, which guarantees the stability of determi-
nate NNs, is 6.6805. Under the same condition, the
upper bound 7 in Ref.[19] is 3.902. Thus the result
in this paper is less conservative than that in Ref.[19].

5. Conclusions

The problem of robust stability for MJSNNs
with mode-dependent time-varying interval delay and
state-multiplicative noise is studied in this paper. A
new stability criterion has been proposed to guar-
antee the robust, global and asymptotic stability of
the MJSNNs. Moreover, free weighting matrices have
been introduced into the LMI conditions to reduce the
conservatism of the existing results. Numerical exam-

ples show the effectiveness of the method.
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Appendix A

The proof of Lemma 2

From the left of formula (9), we have

([ omof.

g(s)dw(s)

¢
X / g;(s)dw;(s) (A1)
t—T
For the right of formula (9), we can get
t
[ it ece P = [ (Zgl Gl
t—r
+2 Z Z augz 5)Gg;(s )) (A2)
=1 j>1i
From Ref.[32], it is easy to know that
t T t
E </ gi(s)dwi(s)> G/ gi(s)dw;(s)
t—T t—T
t
—E [ gl (5)Ca (s (A3)
t—T

when i # j, if the following formula is satisfied

e ( | tT gi<s>dwi<s>)T ¢ [ tT g3(s)duws (5)

t

—E / i30T (5)Gy; (s)ds (A4)
t—r

then Lemma 2 will hold. Now, we will give a proof of

formula (A4 ).

Take one-dimensional condition for example, for
©1, g2 are bounded functions, p; € R, po € R, ¢(t)
and 7(t) are one-dimensional Brownian motion and
satisfy E{ds(¢)dn(t)} = adt, |@| < 1. Define

t n
[ e = >, )

where

A =max{Aq¢, Aca, ..., Ag, },

p =max{An, Ana, ..., An,}.

For a;b; Ag; and An; are independent if ¢ # j,

then
E (/ttT ¢1(s)ds(s)S ttT wz(S)dn(S))
( lim Z a; Ag; limy Z b; Am>

n

:AH%T?HOZZE aib; Ag; Anj)

=1 j=1

= )\_}(1){21_)0 Z E(a;b;Ag; An,)

+ AHl(if})lﬂo Z Z E(a;b; Ag; Any;)

i=1 j#i

= lim F aa; b (t
i, 2

t

i1 — b))

=E aup1(s)p2(s)ds,

t—7

where At = max{Aty, Ats, ..., At,}. So

e( [ tT pr(s)ac(o) | tT pa(s)))

= E/F a1 (s)pa(s)ds. (A6)

It is easy to extend the one-dimensional condition
to the multi-dimensional condition, that is to say, the
formula (A4) is satisfied. This completes the proof of
Lemma 2.

Appendix B

The proof of formula (14)
By formula (5), it is easy to get

tr g2i () Pgy; () A(diag(fi(21(¢)), - ..,
fal@a(t))) —1D)] <0,

that is to say,

tr[ g24(6) Pyl () Ading (1 (@1 (1)), - . , fulwn (1)))]
< 1 el g% () Agai (1) P). (B1)
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So
LV1,(t)
< 2$T( t)Pigi(t) + tr[ g3 () (Pi + 14)ga:(t) P]

+Z7T”

) + 27 (x(t) Agui ().

(B2)
It is obvious that
LVa(t)
aT(1)(Q1 + Qs + Qu)a(t) + 1 (2(8)) Q2 (x(t))
= (1= i) e (t = (1)) Qua(t — 7i(1))

+ [t = 7i(1)Qa f (t — 7i(t))]

— 2T (t — 1) Q3x(t — Tn)
T(t—TM)Q4£L'(t—TM)

+Zﬂ—”~/t Tj(t)

+ 1 (2(s))Qa f (2(5))]ds

Note that m;; > 0 for j # ¢ and m; < 0, then we have

T(s)Q1(s)

(B3)

t—7Tnm
Substituting the above formula into expression
(B3), we can get

LVai(t)
< 2" (1) (Qr + Qs + Qu)x(t) + [ (x(t) Qa2 f (x(t))
— (1= pa) [ (t = (1)) Quc(t — 7i(t))
+ (@t = 7a(1))Qaf (x(t — 7(t)))]
— " (t = 7n) Qa(t — 7o)
— 2T (t — 7a0)Qux(t — Tar)

t— Tm
+5/ Ql.I

+ [T (@(s)) Q2 f (x(s))lds

It is also easy to know
LV3(t)
= 0ro 2T (1) Qua(t) + [ (x(1)Q2f (x(1))]

t—Tm
—5/ Ql.I

+ f1(x(5)) Q2 f (x(s)))ds

LVy;(t)
= g1;(t) (T Ry + ToR2)g14 (1)

t
- / g7y (5) Ragas(s)ds
t—7; (t

t—
/ 911 )(R1 + R2)g1i(s)ds
t—Tnm

/ glz
t—7i ()

+ trgh (8) (Tar St + T0S2)g2i (t) P]

/ g2z
t—7; (t

t—7i(t) _
- /t_ trlg3;(5)Sgai(s) Plds

t—Tm
— / tr
t—7;(t)

Combining expressions (B2) and (B4)—-(B6), it is
easy to get formula (14). This completes the proof.

s)Rag14(s)ds

81921( )P]ds

[93:(5)S2g2i(s) P]ds. (B6)

Appendix C

The proof of formula (23)
tr[ g3, (t) Ziga: (t) P
Tigo The Tig Tia
¥ oo To3 Tou

* *

1 qu2 iz dug
* 1 aog oy
Y33 134 * k1 Qg
* * *  Tya * % ox 1

=T11 420027124+ 20137 13+ 2001414 + T2

+ 2003723+ 20004 24+ Y33+ 2034 34+ Yau
&0 [diag (C, Di, Wa;, Ws;)
+diag (AC;(1), AD;(t), AWy (t), AW (1)) | Zi

X [diag (Ci, Djy, Wa;, Ws;)

+ diag (AC;(t), AD;(t), AWay(t), AW3,(t)) ]¢” (t)
= (" (t)[diag (Cy, Di, Wai, W)

+ H,F;(t)diag (E4i, Es;, Egi, Ers) | g

x Z;[diag (C;, Dy, Wy, W;)

+ H;Fi(t)diag (Eui, Es;, Eei, Eni) | C(1),
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where tr[ g3;(t) Zig2i P]

T4 =27 ()CF () Z:C;(t)x(t), < ET(t){ (diag (Cy, Di, Wai, Wa;) )"

T172 = ;[;T(t)CiT(t)Zle(t)x(t — Tz(t)), % [Zl—l _ Ezidiag (H1H1T7 HiHiT7 HiHiT, HlHlT) ]71
Tig =" ()CT (1) Z:Wai(t) f (2(8)), x diag (Cy, D;, Way, Wa;)

Y14 =2 (t)CT () Z;Ws;(t) f (2(t — 73(2))), , 3

Too = " (t — 7:(t)) DT (1) Z: Di(t)a(t — 7,(t)), + exiding (Bu B, B5uFosi, B Pois Erifon) }C(t)
Toy =" (t = 7(6) D} (1) Z:Wai t) f (1)), =T wer [z

Tou=a"(t —7(t) D] () ZiWsi () f (x(t — 7:(t))), — egudiag (H;HT, HHT , H;HE  H;HT) |7 Cic(8).
Tsz = f1(x(t)Way (t) ZiWai(t) f (z(t)), + e2:¢T (t)diag (EY; Bai, EL Esi, EG Eeiy EL Eri) C(t)
T = [T (x(t)Wa; (8) ZiWai (t) f (z(t — 7:(1))), = (T () BLC(t) + e2:CT (1)

Taa= [T (@t — 7a(t) Wy (£) ZiWsa () f (x(t — 7(t))) x diag (E}; Eui, EY Es;, EL Eei, ELEr;) C(1).

By (iii) of Lemma 1, we can further have

This completes the proof.
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