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This paper is concerned with the problem of robust stability for a class of Markovian jumping stochastic neural

networks (MJSNNs) subject to mode-dependent time-varying interval delay and state-multiplicative noise. Based on

the Lyapunov–Krasovskii functional and a stochastic analysis approach, some new delay-dependent sufficient conditions

are obtained in the linear matrix inequality (LMI) format such that delayed MJSNNs are globally asymptotically stable

in the mean-square sense for all admissible uncertainties. An important feature of the results is that the stability criteria

are dependent on not only the lower bound and upper bound of delay for all modes but also the covariance matrix

consisting of the correlation coefficient. Numerical examples are given to illustrate the effectiveness.
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1. Introduction

Neural networks (NNs) have attracted consider-

able attention in the past few decades for their appli-

cations such as pattern recognition, image processing

and associative memory.[1] In the process of informa-

tion storage and transmission in NNs, since time de-

lays may cause undesirable dynamic network behav-

iors such as oscillation and instability, the stability

and stabilization for delayed NNs have also received

considerable attention from researchers,[2−12] where

the stability criteria can be delay-dependent or delay-

independent. Since delay-independent criteria tend to

be conservative, especially when the delay is small or

varies in an interval, much attention has been paid to

the delay-dependent type.

On the other hand, in the real nervous sys-

tem, synaptic transmission is a noisy process brought

on by random fluctuation from the release of

neurotransmitters.[13] Therefore, it is of practical

importance and significance to study the stochas-

tic effects on the stability of delayed NNs; some

results related to this problem have recently been

published,[14−19] where the stochastic disturbance is

considered as a Gaussian white noise. Actually, the

systems of Itô,s differential equations with multi-

plicative white noise, which have been investigated

in Refs.[20]–[22], offer a more general mathematical

model to describe physical phenomena. The noises

in Refs.[20] and [21] are considered as mutually in-

dependent. However, in a real system the noises are

mutually dependent,[22] that is to say, the correlation

coefficient between different noises should be consid-

ered.

Markovian jumping systems — hybrid systems

with two components in the state — were first in-

troduced by Krasovskii and Lidskii in Ref.[23]. The

jumping systems have the advantage of modeling dif-

ferent types of dynamic systems subjected to abrupt
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changes in their structure, such as failure-prone man-

ufacturing systems, power systems and economic

systems.[24] This advantage has also attracted increas-

ing interest in the research of delayed MJSNNs,[25−27]

However, the time delay investigated in the above

literature is only independent of the system modes,

which are generally more conservative than mode-

dependent ones.[28,29] Up to now, the robust stability

analysis problem for MJSNNs with mode-dependent

time-varying interval delay and state-multiplicative

noise has received very little attention from re-

searchers. It remains important and challenging. This

motivates our research.

In this paper, we study the robust stability prob-

lem of MJSNNs with mode-dependent time-varying

interval delay and state-multiplicative noise. Unlike

previous works, in this paper the noises are mutually

dependent and the time-varying delay is also depen-

dent on the mode of the system, so the considered

MJSNNs are more general than those in the litera-

ture. Based on the new Lyapunov functional, the

new stability criteria are derived to guarantee that

MJSNNs are robustly globally asymptotically stable

in the mean-square sense. All results are established

in the form of a linear matrix inequality (LMI) and can

be solved easily by using the interior algorithms.[30]

2. Problem formulation and pre-

liminaries

Throughout the paper, let (Ω ,F , {Ft}t≥0,P) be

a complete probability space with a filtration {Ft}t≥0

satisfying the usual condition (i.e., the filtration

contains all P–null sets and is right continuous).

Let L2
F0

([−τ, 0]; Rn) be the family of F0 measurable

C([−τ, 0]; Rn)-valued random variables ξ = {ξ(θ) :

−τ ≤ θ ≤ 0} such that sup−τ≤θ≤0 E |ξ(θ)|
2

< ∞,

where E{·} stands for the mathematical expectation

operator with respect to the given probability mea-

sure P . The symbol ⊗ denotes the notation of Kro-

necker product. The symbol * denotes the transposed

elements in the symmetric positions of the matrix.

Let {r(t), t ≥ 0} be a right continuous Markov pro-

cess on the probability space which takes values in a

finite state space S = {1, 2, . . . , N} with generator

Π = (πij)N×N
given by

P {r(t + h) = j |r(t) = i} =







πijh + o(h), i 6= j,

1 + πijh + o(h), i = j,

where h > 0 and limh→0 o(h)/h = 0, πij ≥ 0 is

the transition rate from i to j for i 6= j, and πii =

−
∑N

j 6=i πij .

Consider MJSNNs with mode-dependent time-

varying interval delay and state-multiplicative noise

as follows:

dx(t) =
[

− A(r(t), t)x(t) + W0(r(t), t)f(x(t))

+ W1(r(t), t)f(x(t − τ(r(t), t)))
]

dt

+ C(r(t), t)x(t)dw1(t)

+ D(r(t), t)x(t − τ(r(t), t))dw2(t)

+ W2(r(t), t)f(x(t))dw3(t)

+ W3(r(t), t)f(x(t − τ(r(t), t)))dw4(t),

x(t) = φ(t), t ∈ [−τM , 0], (1)

where x(t) = [x1(t), x2(t), . . . , xn(t)]
T

∈ R
n is the

neural state vector associated with the neurons.

f(x(t)) = [f1(x1(t)), f2(x2(t)), . . . , fn(xn(t))]
T

∈ R
n

is the neural activation function. A(r(t), t) =

A(r(t)) + ∆A(r(t), t), Wj(r(t), t) = Wj(r(t)) +

∆Wj(r(t), t) (j = 0, 1, 2, 3), C(r(t), t) =

C(r(t)) + ∆C(r(t), t), D(r(t), t) = D(r(t)) +

∆D(r(t), t), the diagonal matrix A(r(t)) =

diag(a1(r(t)), a2(r(t)), . . . , an(r(t))) with positive

entries aj(r(t)) > 0, the matrices W0(r(t)) ∈

R
n×n and W1(r(t)) ∈ R

n×n are the connection

weight matrix and the delayed connection weight

matrix, respectively. The quantities ∆A(r(t), t),

∆Wj(r(t), t) (j = 0, 1, 2, 3), ∆C(r(t), t), ∆D(r(t), t)

represent the parameter uncertainties. The quan-

tity w(t) = [w1(t), w2(t), w3(t), w4(t)]
T , independent

of the Markov process, is a four-dimensional Brown-

ian motion defined on (Ω ,F , {Ft}t≥0,P) and satisfies

E{dwj(t)} = 0, E{dwj(t)dwk(t)} = ᾱjkdt (j 6= k),

|ᾱjk| < 1, E{dwj(t)
2} = dt (j, k = 1, 2, 3, 4). The

quantity τM = max{τM (r(t)), r(t) ∈ S}, where

τM (r(t)) is defined in Assumption 1 below.

For simplicity, we write r(t) = i ∈ S and

dx(t) =
[

− Ai(t)x(t) + W0i(t)f(x(t))

+ W1i(t)f(x(t − τi(t)))
]

dt

+ Ci(t)x(t)dw1(t)

+ Di(t)x(t − τi(t))dw2(t)

+ W2i(t)f(x(t))dw3(t)

+ W3i(t)f(x(t − τi(t)))dw4(t),

x(t) = φ(t), t ∈ [−τM , 0]. (2)

Let V (x(t), t, i) ∈ C2,1(Rn ×R
+ ×S; R+) be a posi-

tive function which is continuously twice differentiable

in x and once differentiable in t. Thus, the stochastic
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derivative operator L acting on V (x(t), t, i) is defined

by

LV (x(t), t, i) = Vt(x(t), t, i) + Vx(x(t), t, i)g1i(t)

+
1

2
tr[gT

2i(t)Vxx(x(t), t, i)g2i(t)P̄ ]

+

N
∑

j=1

πijV (x(t), t, j), (3)

where

Vt(x(t), t, i) =
∂V (x(t), t, i)

∂t
,

Vx(x(t), t, i) =

(

∂V (x(t), t, i)

∂x1
, . . . ,

∂V (x(t), t, i)

∂xn

)

,

Vxx(x(t), t, i) =

(

∂2V (x(t), t, i)

∂xj∂xk

)

n×n

,

P̄ =















1 ᾱ12 ᾱ13 ᾱ14

∗ 1 ᾱ23 ᾱ24

∗ ∗ 1 ᾱ34

∗ ∗ ∗ 1















is the covariance matrix of the augmented Wiener pro-

cess vector dw(t), that is

dw(t)(dw(t))T = P̄dt,

g1i(t) = −Ai(t)x(t) + W0i(t)f(x(t))

+ W1i(t)f(x(t − τi(t))),

g2i(t) = [Ci(t)x(t) Di(t)x(t − τi(t)) W2i(t)f(x(t))

W3i(t)f(x(t − τi(t)))].

Assumption 1 The time-varying delays τi(t) sat-

isfy

0 ≤ τim ≤ τi(t) ≤ τiM , τ̇i(t) ≤ µi, (4)

where τim, τiM and µi are constants for any i ∈ S.

Assumption 2 The neural activation function

fj(xj) satisfies

0 ≤
fj(xj) − fj(yj)

xj − yj

≤ lj , ∀xj , yj ∈ R, j = 1, . . . , n,

(5)

which implies that

fj(xj(t))[fj(xj(t)) − ljxj(t)] ≤ 0, fj(0) = 0. (6)

Assumption 3 The parameter uncertainties

∆Ai(t), ∆W0i(t), ∆W1i(t), ∆Ci(t), ∆Di(t), ∆W2i(t)

and ∆W3i(t) satisfy

[∆Ai(t) ∆W0i(t) ∆W1i(t) ∆Ci(t) ∆Di(t) ∆W2i(t)

∆W3i(t)] = HiFi(t)[E1i E2i E3i E4i E5i E6i E7i],

(7)

where Hi, Eji (j = 1, 2, . . . , 7) are known constant

matrices and Fi(t) are unknown time-varying matri-

ces and satisfy FT
i (t)Fi(t) ≤ I, for ∀t ∈ R, i ∈ S.

Definition 1 For any ξ ∈ L2
F0

([−τ, 0]; Rn), r(0) =

i0 ∈ S, the equilibrium solution of system (1) is said

to be robustly, globally and asymptotically stable in

the mean-square sense if

lim
t→∞

E |x(t, ξ, i0)|
2

= 0, (8)

where x(t, ξ, i0) is the solution of system (1) at time t

under the initial state ξ and initial mode i0.

Lemma 1 For any vector x, y ∈ R
n, matrices

A, P ∈ R
n×n, D ∈ R

n×m and F (t) ∈ R
m×m with

P > 0, FT (t)F (t) ≤ I and scalar ε > 0, the following

inequalities hold:[31]

(i) 2xT y ≤ xT P−1x + yT Py.

(ii) DF (t)N + NT FT (t)DT ≤ ε−1DDT + εNT N .

(iii) If P − εDDT > 0, then (A + DF (t)N)T P−1(A

+ DF (t)N) ≤ AT (P − εDDT )−1A + εNT N .

Lemma 2 For matrix g(t) = [g1(t), g2(t), g3(t),

g4(t)] ∈ R
n×4, positive matrix G ∈ R

n×n, vector

w(t), matrix P̄ , where w(t) and P̄ are defined in the

above description of LV (xt, t, i), the following equa-

tion holds:

E

{

[
∫ t

t−τ

g(s)dw(s)

]T

G

∫ t

t−τ

g(s)dw(s)

}

= E

{
∫ t

t−τ

tr[gT (s)Gg(s)P̄ ]ds

}

. (9)

The proof can be found in Appendix A.

3. Main results

For the convenience of presentation, in the follow-

ing, we denote τm = min{τim, i ∈ S}, τo = τM − τm,

δ = max{−πii, i ∈ S}.

The main results of this paper are presented as fol-

lows:

Theorem 1 For given scalars τm ≥ 0, τM > 0, µi,

ᾱjk (j, k = 1, 2, 3, 4, j < k) and l = max1≤j≤n {lj},

the MJSNNs described by system (1) are robustly,

globally and asymptotically stable in the mean-square

sense, if there exist real matrices Pi > 0, Qj >

0 (j = 1, 2, 3, 4), R1 > 0, R2 > 0, S1 > 0, S2 > 0,

Mji, Nji, Tji, Vji, X i
jk, Y i

jk (j, k = 1, 2, 3), Λ =

diag (λ1, λ2, . . . , λn) ≥ 0, diagonal matrices K1 ≥ 0,
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K2 ≥ 0 of appropriate dimensions and positive scalars

ε1i, ε2i such that the following LMIs hold for i ∈ S:

Φi =































Φ
i
1 Mi Ni Ti ViHi Ẑi 0

∗ −S1 0 0 0 0 0

∗ ∗ −S2 0 0 0 0

∗ ∗ ∗ −S̃ 0 0 0

∗ ∗ ∗ ∗ −ε1iI 0 0

∗ ∗ ∗ ∗ ∗ −Z̃i Z̃iH̃i

∗ ∗ ∗ ∗ ∗ ∗ −ε2iI































< 0,

(10)

Ω
i
1 =





Xi M̄i

∗ R1



 ≥ 0, (11)

Ω
i
2 =





Yi N̄i

∗ R2



 ≥ 0, (12)

Ω
i
3 =





Xi + Yi T̄i

∗ R1 + R2



 ≥ 0, (13)

where

Φ
i
1 =































Φ
i
1,1 Φ

i
1,2 Φ

i
1,3 Φ

i
1,4 Φ

i
1,5 N1i −T1i

∗ Φ
i
2,2 Φ

i
2,3 Φ

i
2,4 Φ

i
2,5 N2i −T2i

∗ ∗ Φ
i
3,3 Φ

i
3,4 Φ

i
3,5 0 0

∗ ∗ ∗ Φ
i
4,4 Φ

i
4,5 0 0

∗ ∗ ∗ ∗ Φ
i
5,5 N3i −T3i

∗ ∗ ∗ ∗ ∗ −Q3 0

∗ ∗ ∗ ∗ ∗ ∗ −Q4































,

Φ
i
1,1 = (1 + δτo)Q1 + Q3 + Q4 + M1i + MT

1i − V1iAi

− AT
i V T

1i + τMX i
1,1 + τoY

i
1,1 +

N
∑

j=1

πijPj

+ ε1iE
T
1iE1i + ε2iE

T
4iE4i,

Φ
i
1,2 = MT

2i − M1i − N1i + T1i − AT
i V T

2i

+ τMX i
1,2 + τoY

i
1,2,

Φ
i
1,3 = K1L + V1iW0i − ε1iE

T
1iE2i,

Φ
i
1,4 = V1iW1i − ε1iE

T
1iE3i,

Φ
i
1,5 = Pi − V1i − AT

i V T
3i + MT

3i + τMX i
1,3 + τoY

i
1,3,

Φ
i
2,2 = −(1 − µi)Q1 − M2i − MT

2i − N2i − NT
2i + T2i

+ T T
2i + τMX i

2,2 + τoY
i
2,2 + ε2iE

T
5iE5i,

Φ
i
2,3 = V2iW0i,

Φ
i
2,4 = V2iW1i + K2L,

Φ
i
2,5 = −V2i − MT

3i − NT
3i + T T

3i + τMX i
2,3 + τoY

i
2,3,

Φ
i
3,3 = −KT

1 − K1 + (1 + δτo)Q2 + ε1iE
T
2iE2i

+ ε2iE
T
6iE6i,

Φ
i
3,4 = ε1iE

T
2iE3i,

Φ
i
3,5 = Λ + WT

0iV
T
3i ,

Φ
i
4,4 = −(1 − µi)Q2 − K2 − KT

2 + ε1iE
T
3iE3i

+ ε2iE
T
7iE7i,

Φ
i
4,5 = WT

1iV
T
3i ,

Φ
i
5,5 = −V3i − V T

3i + τMR1 + τoR2 + τMX i
3,3 + τoY

i
3,3,

S̃ = S1 + S2,

Zi = Pi + lΛ + τMS1 + τoS2,

Z̃i = P̄ ⊗ Zi,

H̃i = diag (Hi, Hi, Hi, Hi) ,

ẐT
i =















ZiCi ᾱ12ZiDi ᾱ13ZiW2i ᾱ14ZiW3i 0 0 0

ᾱ12ZiCi ZiDi ᾱ23ZiW2i ᾱ24ZiW3i 0 0 0

ᾱ13ZiCi ᾱ23ZiDi ZiW2i ᾱ34ZiW3i 0 0 0

ᾱ14ZiCi ᾱ24ZiDi ᾱ34ZiW2i ZiW3i 0 0 0















,

Xi =









X i
1,1 X i

1,2 X i
1,3

∗ X i
2,2 X i

2,3

∗ ∗ X i
3,3









,

Yi =









Y i
1,1 Y i

1,2 Y i
1,3

∗ Y i
2,2 Y i

2,3

∗ ∗ Y i
3,3









,

MT
i = [MT

1i MT
2i 0 0 MT

3i 0 0],

M̄T
i = [MT

1i MT
2i MT

3i],

NT
i = [NT

1i NT
2i 0 0 NT

3i 0 0],

N̄T
i = [NT

1i NT
2i NT

3i],

T T
i = [T T

1i T T
2i 0 0 T T

3i 0 0],

T̄ T
i = [T T

1i T T
2i T T

3i],

V T
i = [V T

1i V T
2i 0 0 V T

3i 0 0].

Proof Choose a Lyapunov–Krasovskii functional

candidate Vi(t) = V (x(t), t, i) as

Vi(t) = V1i(t) + V2i(t) + V3i(t) + V4i(t)
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with

V1i(t) = xT (t)Pix(t) + 2
n

∑

k=1

λk

∫ xk

0

fk(s)ds,

V2i(t) =

∫ t

t−τi(t)

[xT (s)Q1x(s) + fT (x(s))Q2f(x(s))]ds

+

∫ t

t−τm

xT (s)Q3x(s)ds

+

∫ t

t−τM

xT (s)Q4x(s)ds,

V3i(t) = δ

∫ −τm

−τM

∫ t

t+s

[xT (θ)Q1x(θ)+fT (x(θ))Q2

×f(x(θ))]dθds,

V4i(t) =

∫ 0

−τM

∫ t

t+s

gT
1i(θ)R1g1i(θ)dθds

+

∫ 0

−τM

∫ t

t+s

tr[gT
2i(θ)S1g2i(θ)P̄ ]dθds

+

∫ −τm

−τM

∫ t

t+s

gT
1i(θ)R2g1i(θ)dθds

+

∫ −τm

−τM

∫ t

t+s

tr[gT
2i(θ)S2g2i(θ)P̄ ]dθds.

Then, by formula (3), the stochastic differential of

Vi(t) along with system (1) can be obtained as fol-

lows:

LVi(t) ≤ 2xT (t)Pig1i(t) + tr[gT
2i(t)Zig2i(t)P̄ ]

+

N
∑

j=1

πijx
T (t)Pjx(t) + 2fT (x(t))Λg1i(t)

+ xT (t)[(1 + δτo)Q1 + Q3 + Q4]x(t)

+ fT (x(t))(1 + δτo)Q2f(x(t))

− (1 − µi)[x
T (t − τi(t))Q1x(t − τi(t))

+ fT (x(t − τi(t)))Q2f(x(t − τi(t)))]

− xT (t − τm)Q3x(t − τm)

− xT (t − τM )Q4x(t − τM )

+ gT
1i(t)(τMR1 + τoR2)g1i(t)

−

∫ t

t−τi(t)

gT
1i(s)R1g1i(s)ds

−

∫ t−τm

t−τi(t)

gT
1i(s)R2g1i(s)ds

−

∫ t−τi(t)

t−τM

gT
1i(s)(R1 + R2)g1i(s)ds

−

∫ t

t−τi(t)

tr[gT
2i(s)S1g2i(s)P̄ ]ds

−

∫ t−τm

t−τi(t)

tr[gT
2i(s)S2g2i(s)P̄ ]ds

−

∫ t−τi(t)

t−τM

tr[gT
2i(s)S̃g2i(s)P̄ ]ds. (14)

The proof of formula (14) can be found in Appendix

B.

For arbitrary matrices Mji, Nji, Tji, Vji (j = 1, 2, 3)

with compatible dimensions, we have

2ζT (t)Mi

[

x(t) − x(t − τi(t))

−

∫ t

t−τi(t)

g1i(s)ds −

∫ t

t−τi(t)

g2i(s)dw(s)
]

= 0,

(15)

2ζT (t)Ni

[

x(t − τm) − x(t − τi(t))

−

∫ t−τm

t−τi(t)

g1i(s)ds −

∫ t−τm

t−τi(t)

g2i(s)dw(s)
]

= 0,

(16)

2ζT (t)Ti

[

x(t − τi(t)) − x(t − τM )

−

∫ t−τi(t)

t−τM

g1i(s)ds −

∫ t−τi(t)

t−τM

g2i(s)dw(s)
]

= 0,

(17)

2ζT (t)Vi[−Ai(t)x(t) − g1i(t)

+ W0i(t)f(x(t)) + W1i(t)f(x(t − τi(t)))] = 0,

(18)

where

ζT (t) = [xT (t) xT (t − τi(t)) fT (x(t)) fT (x(t − τi(t)))

gT
1i(t) xT (t − τm) xT (t − τM )].

For formulas (15)–(17), by (i) of Lemma 1, we have

− 2ζT (t)Mi

∫ t

t−τi(t)

g2i(s)dw(s)

≤ ζT (t)MiS
−1
1 MT

i ζ(t)

+

(
∫ t

t−τi(t)

g2i(s)dw(s)

)T

S1

∫ t

t−τi(t)

g2i(s)dw(s),

(19)

− 2ζT (t)Ni

∫ t−τm

t−τi(t)

g2i(s)dw(s)

≤ ζT (t)NiS
−1
2 NT

i ζ(t)

+

(
∫ t−τm

t−τ
i
(t)

g2i(s)dw(s)

)T

S2

∫ t−τm

t−τi(t)

g2i(s)dw(s),

(20)

− 2ζT (t)Ti

∫ t−τi(t)

t−τM

g2i(s)dw(s)

≤ ζT (t)TiS̃
−1T T

i ζ(t)

+

(
∫ t−τi(t)

t−τM

g2i(s)dw(s)

)T

S̃

∫ t−τi(t)

t−τM

g2i(s)dw(s).

(21)
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For formula (18), by (ii) of Lemma 1, we have

2ζT (t)Vi(Ãi + ∆Ãi(t))ζ(t)

= 2ζT (t)Vi(Ãi + HiFi(t)Ẽi)ζ(t)

≤ ζT (t)(ViÃi + ÃT
i V T

i + ε−1
1i ViHiH

T
i V T

i

+ ε1iẼ
T
i Ẽi)ζ(t), (22)

where

Ãi = [−Ai 0 W0i W1i −I 0 0],

∆Ãi(t) = [−∆Ai(t) 0 ∆W0i(t) ∆W1i(t) 0 0 0],

Ẽi = [−E1i 0 E2i E3i 0 0 0].

Based on (iii) of Lemma 1, it is easy to know

tr[gT
2i(t)Zig2i(t)P̄ ]

≤ ζT (t)Φi
2ζ(t) + ε2iζ̃

T (t)

× diag
(

ET
4iE4i, E

T
5iE5i, E

T
6iE6i, E

T
7iE7i

)

ζ̃(t),

(23)

where

ζ̃T (t) = [xT (t) xT (t − τi(t)) fT (x(t)) fT (x(t − τi(t)))],

Φ
i
2 = C̃T

i (Z̃−1
i − ε2idiag(HiH

T
i , HiH

T
i , HiH

T
i ,

HiH
T
i )−1C̃i,

C̃i =















Ci 0 0 0 0 0 0

0 Di 0 0 0 0 0

0 0 W2i 0 0 0 0

0 0 0 W3i 0 0 0















.

The proof of formula (23) can be found in Appendix

C.

On the other hand, the following equations hold:

0 =

∫ t

t−τM

ζ̂T (t)Xiζ̂(t)ds −

∫ t

t−τM

ζ̂T (t)Xiζ̂(t)ds

= τM ζ̂T (t)Xiζ̂(t) −

∫ t

t−τi(t)

ζ̂T (t)Xiζ̂(t)ds

−

∫ t−τi(t)

t−τM

ζ̂T (t)Xiζ̂(t)ds, (24)

0 =

∫ t−τm

t−τM

ζ̂T (t)Yiζ̂(t)ds −

∫ t−τm

t−τM

ζ̂T (t)Yi ζ̂(t)ds

= τoζ̂
T (t)Yiζ̂(t) −

∫ t−τm

t−τi(t)

ζ̂T (t)Yi ζ̂(t)ds

−

∫ t−τi(t)

t−τM

ζ̂T (t)Yiζ̂(t)ds, (25)

where

ζ̂T (t) = [xT (t) xT (t − τi(t)) gT
1i(t)].

From Assumption 2, for any matrices Km =

diag(km1, km2, . . . , kmn) ≥ 0 (m = 1, 2), we can ob-

tain

0 ≤ 2

n
∑

j=1

k1jfj(xj(t))[ljxj(t) − fj(xj(t))]

+ 2

n
∑

j=1

k2jfj(xj(t − τi(t)))[ljxj(t − τi(t))

− fj(xj(t − τi(t)))]

= 2xT (t)K1Lf(x(t)) − 2fT (x(t))K1f(x(t))

+ 2xT (t − τi(t))K2Lf(x(t − τi(t)))

− 2fT (x(t − τi(t)))K2f(x(t − τi(t))).

(26)

By Lemma 2, we can easily get

E

{

[
∫ t

t−τi(t)

g2i(s)dw(s)

]T

S1

∫ t

t−τi(t)

g2i(s)dw(s)

}

= E

{

∫ t

t−τi(t)

tr[ gT
2i(s)S1g2i(s)P̄ ]ds

}

, (27)

E

{

[
∫ t−τm

t−τi(t)

g2i(s)dw(s)

]T

S2

∫ t−τm

t−τi(t)

g2i(s)dw(s)

}

= E

{

∫ t−τm

t−τi(t)

tr[ gT
2i(s)S2g2i(s)P̄ ]ds

}

, (28)

E

{

[
∫ t−τi(t)

t−τM

g2i(s)dw(s)

]T

S̃

∫ t−τi(t)

t−τM

g2i(s)dw(s)

}

= E

{

∫ t−τi(t)

t−τM

tr[ gT
2i(s)S̃g2i(s)P̄ ]ds

}

. (29)

Adding Eqs.(15)–(18) and (24)–(26) to expression

(14), and taking expectation on both sides of expres-

sion (14), then using Eqs.(19)–(23) and (27)–(29), we

can get

ELVi(t)

≤ EζT(t)
[

Φ
i
1 + MiS

−1
1 MT

i + NiS
−1
2 NT

i

+ TiS̃
−1T T

i + ε−1
1i ViHiH

T
i V T

i + Φ
i
2

]

ζ(t)

− E

∫ t

t−τi(t)

ζ̄T (t, s)Ωi1ζ̄(t, s)ds

− E

∫ t−τm

t−τi(t)

ζ̄T (t, s)Ωi2ζ̄(t, s)ds

− E

∫ t−τi(t)

t−τM

ζ̄T (t, s)Ωi3 ζ̄(t, s)ds, (30)
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where ζ̄T (t, s) = [ζ̂T (t) gT
1i(s)], Φ

i
2 is defined in expres-

sion (23).

Let Φ̃i = Φ
i
1 + MiS

−1
1 MT

i + NiS
−1
2 NT

i +

TiS̃
−1T T

i + ε−1
1i ViHiH

T
i V T

i + Φ
i
2, applying the Schur

complement techniques[30] to the inequality Φ̃i < 0,

then pre-multiplying and post-multiplying the result-

ing matrix by diag(I, I, I, . . . , I, Z̃i), we can easily ob-

tain the LMI (10). Therefore, if inequalities (10)–(13)

are satisfied, it implies ELVi(t) ≤ 0 for i ∈ S and

ζ(t) 6= 0.

It indicates that system (1) is robustly, globally

and asymptotically stable in the mean-square sense.

This completes the proof.

Remark 1 By setting Qj = 0 (j = 1, 2, 3, 4)

in Lyapunov–Krasovskii functional of Theorem 1, the

delay/interval-dependent and derivative-independent

criteria can be obtained easily for unknown µi and the

corresponding proof is similar to Theorem 1, which is

omitted.

Remark 2 The main results given in Theo-

rem 1 are general enough to cover many existing

results[15−18] with Markovian jumping mode “1” and

dw1(t) = dw2(t) = dw3(t) = dw4(t).

As a special case of system (1), we discuss the sta-

bility of an uncertain stochastic neural network (SNN)

with time-varying interval delay, which is described as

follows:

dx(t) = [−A(t)x(t) + W0(t)f(x(t))

+ W1(t)f(x(t − τ(t)))]dt + [C(t)x(t)

+ D(t)x(t − τ(t)) + W2(t)f(x(t))

+ W3(t)f(x(t − τ(t)))]dw0(t),

x(t) = φ(t), t ∈ [−τM , 0], (31)

where 0 ≤ τm ≤ τ(t) ≤ τM , τ̇ (t) ≤ µ, w0(t) is a

one-dimensional Brownian motion.

Corollary 1 For given scalars τm ≥ 0, τM > 0,

µ and l = max1≤j≤n {lj}, the SNNs described by

Eq.(31) are robustly, globally and asymptotically sta-

ble in the mean-square sense, if there exist real ma-

trices P > 0, Qj > 0 (j = 1, 2, 3, 4), R1 > 0,

R2 > 0, S1 > 0, S2 > 0, Mj , Nj , Tj, Vj , Xjk,

Yjk (j, k = 1, 2, 3), Λ = diag (λ1, λ2, . . . , λn) ≥ 0,

diagonal matrices K1 ≥ 0, K2 ≥ 0 of appropriate

dimensions and positive scalars ε1, ε2 such that the

following LMIs hold:

Ξ =































Ξ1 M N T V H Ẑ 0

∗ −S1 0 0 0 0 0

∗ ∗ −S2 0 0 0 0

∗ ∗ ∗ −S̃ 0 0 0

∗ ∗ ∗ ∗ −ε1I 0 0

∗ ∗ ∗ ∗ ∗ −Z̃ Z̃H̃

∗ ∗ ∗ ∗ ∗ ∗ −ε2I































< 0,

(32)

Ω1 =





X M̄

∗ R1



 ≥ 0, (33)

Ω2 =





Y N̄

∗ R2



 ≥ 0, (34)

Ω3 =





X + Y T̄

∗ R1 + R2



 ≥ 0, (35)

where

Ξ1 =































Ξ1,1 Ξ1,2 Ξ1,3 Ξ1,4 Ξ1,5 N1 −T1

∗ Ξ2,2 Ξ2,3 Ξ2,4 Ξ2,5 N2 −T2

∗ ∗ Ξ3,3 Ξ3,4 Ξ3,5 0 0

∗ ∗ ∗ Ξ4,4 Ξ4,5 0 0

∗ ∗ ∗ ∗ Ξ5,5 N3 −T3

∗ ∗ ∗ ∗ ∗ −Q3 0

∗ ∗ ∗ ∗ ∗ ∗ −Q4































,

Ξ1,1 = Q1 + Q3 + Q4 + M1 + MT
1 − V1A − AT V T

1

+ τMX1,1 + τoY1,1 + ε1E
T
1 E1 + ε2E

T
4 E4,

Ξ1,2 = MT
2 − M1 − N1 + T1 − AT V T

2

+ τMX1,2 + τoY1,2,

Ξ1,3 = LK1 + V1W0 − ε1E
T
1 E2,

Ξ1,4 = V1W1 − ε1E
T
1 E3,

Ξ1,5 = P − V1 − AT V T
3 + MT

3 + τMX1,3 + τoY1,3,

Ξ2,2 = −(1 − µ)Q1 − M2 − MT
2 − N2 − NT

2 + T2

+ T T
2 + τMX2,2 + τoY2,2 + ε2E

T
5 E5,

Ξ2,3 = V2W0, Ξ2,4 = V2W1 + LK2,

Ξ2,5 = −V2 + T T
3 − MT

3 − NT
3 + τMX2,3 + τoY2,3,

Ξ3,3 = −KT
1 − K1 + Q2 + ε1E

T
2 E2 + ε2E

T
6 E6,

Ξ3,4 = ε1E
T
2 E3,Ξ3,5 = Λ + WT

0 V T
3 ,

Ξ4,4 = −(1 − µ)Q2 − K2 − KT
2 + ε1E

T
3 E3 + ε2E

T
7 E7,

Ξ4,5 = WT
1 V T

3 ,

Ξ5,5 = −V3 − V T
3 + τMR1 + τoR2 + τMX3,3 + τoY3,3,
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Z = τMS1 + τoS2 + P + lΛ, Z̃ = diag (Z, Z, Z, Z) ,

H̃ = diag (H, H, H, H) ,

ẐT =















ZC 0 0 0 0 0 0

0 ZD 0 0 0 0 0

0 0 ZW2 0 0 0 0

0 0 0 ZW3 0 0 0















,

X =









X1,1 X1,2 X1,3

∗ X2,2 X2,3

∗ ∗ X3,3









,

Y =









Y1,1 Y1,2 Y1,3

∗ Y2,2 Y2,3

∗ ∗ Y3,3









,

MT = [MT
1 MT

2 0 0 MT
3 0 0],

M̄T = [MT
1 MT

2 MT
3 ],

NT = [NT
1 NT

2 0 0 NT
3 0 0],

N̄T = [NT
1 NT

2 NT
3 ],

T T = [T T
1 T T

2 0 0 T T
3 0 0],

T̄ T = [T T
1 T T

2 T T
3 ],

V T = [V T
1 V T

2 0 0 V T
3 0 0].

Proof By setting jumping mode S = 1 and

P̄ = I in Lyapunov–Krasovskii functional of Theo-

rem 1, robust stability criteria can be obtained and

the proof is similar to Theorem 1, which is omitted.

Remark 3 In Refs.[15], [16] and [18],

−

∫ t

t−τ

gT
1 (s)Rg1(s)ds

is estimated as

−

∫ t

t−τ(t)

gT
1 (s)Rg1(s)ds,

and

−

∫ t−τ(t)

t−τ

gT
1 (s)Rg1(s)ds

is ignored. In Ref.[37], −2ξT (t)M̃
∫ t

t−τ(t)
y(s)ds are

enlarged by inequality transformation. In addition,

references [15]–[18] do not consider information of the

lower bound of time delay. In this paper, the problems

mentioned above are all considered and overcome.

Remark 4 Let Ξ1 < 0 in formula (32) and

ε1 = ε2 = 0 in Ξ1, moreover, equations (33)–

(35) hold, delay/interval-dependent and derivative-

dependent stability criteria for determinate NNs can

be obtained easily. Furthermore, let Q1 = Q2 =

0 in Ξ1, delay/interval-dependent and derivative-

independent stability criteria for determinate NNs can

be also obtained; the proof is similar to Corollary 1,

which is omitted.

4. Illustrated examples

Example 1 Consider a two-mode delayed

MJSNN system (1) governed by the generators: Π =
[

−7 7

6 −6

]

, and the system parameters are given as

follows: ᾱ12 = ᾱ13 = ᾱ14 = ᾱ23 = ᾱ24 = ᾱ34 = 0.4,

L = 0.5I.

For mode 1, the parameters are described as

A1 =
[

3 0

0 1

]

, W01 = W11 =
[

−1 0

0 −1.2

]

,

W21 = W31 =
[

−0.2 0

0 0.3

]

, C1 = D1 = 0.4I,

H1 = 0.1I, E11 = E21 = E31 = E41 = E51 =

E61 = E71 = 0.1I, the time-varying delay τ1(t) satis-

fies Eq.(3) with τ1m = 0.7, τ1M = 1.0, µ1 = 0.9.

For mode 2, the parameters are described as

A2 =
[

2 0

0 3.5

]

, W02 =
[

1.5 0

0 −2

]

, W12 =

[ 0.1 0.2

0.2 0.3

]

, W22 = W32 =
[

0.1 0.2

0.2 0.2

]

, C2 =

D2 = 0.6I, H2 = 0.2I, E12 = E22 = E32 = E42 =

E52 = E62 = E72 = 0.2I, the time-varying delay τ2(t)

satisfies Eq.(3) with τ2m = 0.8, τ2M = 1.046, µ2 = 0.8.

By solving the LMIs in Theorem 1 via Matlab

Toolbox, the feasible solutions are obtained as follows:

P1 =





14.2707 3.3448

3.3448 15.7492



 ,

P2 =





17.2395 3.6504

3.6504 13.1707



 ,

Q1 =





0.0033 −0.008

−0.008 0.0287



 ,

Q2 =





0.0906 −0.5681

−0.5681 89.2671



 ,

Q3 =





14.8103 3.5037

3.5037 15.8153



 ,

Q4 =





14.8188 3.4894

3.4894 15.8672



 ,
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R1 =





0.0051 −0.0040

−0.0040 0.0147



 ,

R2 =





8.2663 3.0897

3.0897 4.9500



 ,

S1 =





0.0117 −0.0205

−0.0205 0.0547



 ,

S2 =





20.3286 4.0185

4.0185 18.7710



 ,

K1 = diag (45.8496, 53.7978) ,

K2 = diag (9.0358, 16.4149) ,

ε11 = 7.2596, ε12 = 11.8550,

ε21 = 20.3706, ε22 = 27.5860.

The switching signal and the state curves of the

example are depicted in Figs.1 and 2, respectively. It

can be seen from Fig.2 that system (1) with the given

switching signal is robustly, globally and asymptoti-

cally stable in the mean-square sense.

Fig.1. Switching signal of the system (1).

Fig.2. State curves of system (1) with two modes.

Example 2 Consider the delayed SNNs (31) with

the parameters as follows (Example 2 in Ref.[18]):

A =





4 0

0 5



 , W0 =





0.4 −0.7

0.1 0



 ,

W1 =





−0.2 0.6

0.5 −0.1



 ,

C = 0.5I, D =





0 −0.5

−0.5 0



 ,

H = [0.1 − 0.1]T , E1 = [0.2 0.3],

E2 = [0.2 − 0.3], E3 = [−0.2 − 0.3],

∆C(t) = ∆D(t) = 0, W2 = W3 = 0.1I, L = 0.5I.

When µ is unknown, by setting Q1 = Q2 = 0

in Corollary 1, we can obtain that system (31) is

robustly, globally and asymptotically stable in the

mean-square sense. For τm = 0, unknown µ, the up-

per bound τM is listed in Table 1. From Table 1, it

can be concluded that the obtained results in this pa-

per are less conservative than those in Refs.[15], [17]

and [18]. For τm = 1, the upper bound τM = 2.028.

Table 1. Allowable upper bound of τM for unknown µ.

methods [15] [17] [18] our result (Corollary 1)

W2 = W3 = 0 0.419 0.746 0.7795 1.049

W2 = W3 = 0.1I – 0.649 0.7056 1.037

For the determinate NNs that are described in

Remark 4, we choose the same parameters as the

above SNNs. For τm = 1 and unknown µ, the upper

bound τM , which guarantees the stability of determi-

nate NNs, is 6.6805. Under the same condition, the

upper bound τM in Ref.[19] is 3.902. Thus the result

in this paper is less conservative than that in Ref.[19].

5. Conclusions

The problem of robust stability for MJSNNs

with mode-dependent time-varying interval delay and

state-multiplicative noise is studied in this paper. A

new stability criterion has been proposed to guar-

antee the robust, global and asymptotic stability of

the MJSNNs. Moreover, free weighting matrices have

been introduced into the LMI conditions to reduce the

conservatism of the existing results. Numerical exam-

ples show the effectiveness of the method.
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Appendix A

The proof of Lemma 2

From the left of formula (9), we have

(
∫ t

t−τ

g(s)dw(s)

)T

G

∫ t

t−τ

g(s)dw(s)

=

4
∑

i=1

(
∫ t

t−τ

gi(s)dwi(s)

)T

G

∫ t

t−τ

gi(s)dwi(s)

+ 2

4
∑

i=1

4
∑

j>i

(
∫ t

t−τ

gi(s)dwi(s)

)T

G

×

∫ t

t−τ

gj(s)dwj(s). (A1)

For the right of formula (9), we can get

∫ t

t−τ

tr[gT (s)Gg(s)P̄ ]ds =

∫ t

t−τ

( 4
∑

i=1

gT
i (s)Ggi(s)

+ 2
4

∑

i=1

4
∑

j>i

ᾱijg
T
i (s)Ggj(s)

)

ds. (A2)

From Ref.[32], it is easy to know that

E

(
∫ t

t−τ

gi(s)dwi(s)

)T

G

∫ t

t−τ

gi(s)dwi(s)

= E

∫ t

t−τ

gT
i (s)Ggi(s)ds, (A3)

when i 6= j, if the following formula is satisfied

E

(
∫ t

t−τ

gi(s)dwi(s)

)T

G

∫ t

t−τ

gj(s)dwj(s)

= E

∫ t

t−τ

ᾱijg
T
i (s)Ggj(s)ds, (A4)

then Lemma 2 will hold. Now, we will give a proof of

formula (A4 ).

Take one-dimensional condition for example, for

ϕ1, ϕ2 are bounded functions, ϕ1 ∈ R, ϕ2 ∈ R, ς(t)

and η(t) are one-dimensional Brownian motion and

satisfy E{dς(t)dη(t)} = ᾱdt, |ᾱ| < 1. Define

∫ t

t−τ

ϕ1(s)dς(s) = lim
λ→0

n
∑

i=1

ai(ςti+1
− ςti

)

= lim
λ→0

n
∑

i=1

ai∆ςi,

∫ t

t−τ

ϕ2(s)dη(s) = lim
ρ→0

n
∑

j=1

bj(ηtj+1
− ηtj

)

= lim
ρ→0

n
∑

j=1

bj∆ηj .

where

λ = max{∆ς1,∆ς2, . . . ,∆ςn},

ρ = max{∆η1,∆η2, . . . ,∆ηn}.

For aibj∆ςi and ∆ηj are independent if i 6= j,

then

E

(
∫ t

t−τ

ϕ1(s)dς(s)S

∫ t

t−τ

ϕ2(s)dη(s)

)

= E

(

lim
λ→0

n
∑

i=1

ai∆ςi lim
ρ→0

n
∑

j=1

bj∆ηj

)

= lim
λ→0,ρ→0

n
∑

i=1

n
∑

j=1

E(aibj∆ςi∆ηj)

= lim
λ→0,ρ→0

n
∑

i=1

E(aibi∆ςi∆ηi)

+ lim
λ→0,ρ→0

n
∑

i=1

n
∑

j 6=i

E(aibj∆ςi∆ηj)

= lim
∆t→0

E

n
∑

i=1

ᾱaibi(ti+1 − ti)

= E

∫ t

t−τ

ᾱϕ1(s)ϕ2(s)ds, (A5)

where ∆t = max{∆t1,∆t2, . . . ,∆tn}. So

E

(
∫ t

t−τ

ϕ1(s)dς(s)

∫ t

t−τ

ϕ2(s)dη(s)

)

= E

∫ t

t−τ

ᾱϕ1(s)ϕ2(s)ds. (A6)

It is easy to extend the one-dimensional condition

to the multi-dimensional condition, that is to say, the

formula (A4) is satisfied. This completes the proof of

Lemma 2.

Appendix B

The proof of formula (14)

By formula (5), it is easy to get

tr[ g2i(t)P̄ gT
2i(t)Λ(diag(ḟ1(x1(t)), . . . ,

ḟn(xn(t))) − lI)] ≤ 0,

that is to say,

tr
[

g2i(t)P̄ gT
2i(t)Λdiag(ḟ1(x1(t)), . . . , ḟn(xn(t)))

]

≤ l tr[ gT
2i(t)Λg2i(t)P̄ ]. (B1)
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So

LV1i(t)

≤ 2xT (t)Pig1i(t) + tr[ gT
2i(t)(Pi + lΛ)g2i(t)P̄ ]

+
N

∑

j=1

πijx
T (t)Pjx(t) + 2fT (x(t))Λg1i(t).

(B2)

It is obvious that

LV2i(t)

≤ xT (t)(Q1 + Q3 + Q4)x(t) + fT (x(t))Q2f(x(t))

− (1 − µi)[x
T (t − τi(t))Q1x(t − τi(t))

+ fT (x(t − τi(t)))Q2f(t − τi(t))]

− xT (t − τm)Q3x(t − τm)

− xT (t − τM )Q4x(t − τM )

+

N
∑

j=1

πij

∫ t

t−τj(t)

[xT (s)Q1x(s)

+ fT (x(s))Q2f(x(s))]ds. (B3)

Note that πij ≥ 0 for j 6= i and πii ≤ 0, then we have

N
∑

j=1

πij

∫ t

t−τj(t)

[xT (s)Q1x(s)

+ fT (x(s))Q2f(x(s))]ds

=

N
∑

j 6=i

πij

∫ t

t−τj(t)

[xT (s)Q1x(s)

+ fT (x(s))Q2f(x(s))]ds

+ πii

∫ t

t−τi(t)

[xT (s)Q1x(s) + fT (x(s))Q2f(x(s))]ds

≤ −πii

∫ t

t−τM

[xT (s)Q1x(s) + fT (x(s))Q2f(x(s))]ds

+ πii

∫ t

t−τm

[xT (s)Q1x(s) + fT (x(s))Q2f(x(s))]ds

≤ δ

∫ t−τm

t−τM

[xT (s)Q1x(s) + fT (x(s))Q2f(x(s))]ds.

Substituting the above formula into expression

(B3), we can get

LV2i(t)

≤ xT (t)(Q1 + Q3 + Q4)x(t) + fT (x(t))Q2f(x(t))

− (1 − µi)[x
T (t − τi(t))Q1x(t − τi(t))

+ fT (x(t − τi(t)))Q2f(x(t − τi(t)))]

− xT (t − τm)Q3x(t − τm)

− xT (t − τM )Q4x(t − τM )

+ δ

∫ t−τm

t−τM

[xT (s)Q1x(s)

+ fT (x(s))Q2f(x(s))]ds. (B4)

It is also easy to know

LV3i(t)

= δτo[x
T (t)Q1x(t) + fT (x(t))Q2f(x(t))]

− δ

∫ t−τm

t−τM

[xT (s)Q1x(s)

+ fT (x(s))Q2f(x(s))]ds. (B5)

LV4i(t)

= gT
1i(t)(τMR1 + τoR2)g1i(t)

−

∫ t

t−τi(t)

gT
1i(s)R1g1i(s)ds

−

∫ t−τi(t)

t−τM

gT
1i(s)(R1 + R2)g1i(s)ds

−

∫ t−τm

t−τi(t)

gT
1i(s)R2g1i(s)ds

+ tr[gT
2i(t)(τMS1 + τoS2)g2i(t)P̄ ]

−

∫ t

t−τi(t)

tr[gT
2i(s)S1g2i(s)P̄ ]ds

−

∫ t−τi(t)

t−τM

tr[gT
2i(s)S̃g2i(s)P̄ ]ds

−

∫ t−τm

t−τi(t)

tr[gT
2i(s)S2g2i(s)P̄ ]ds. (B6)

Combining expressions (B2) and (B4)–(B6), it is

easy to get formula (14). This completes the proof.

Appendix C

The proof of formula (23)

tr[ gT
2i(t)Zig2i(t)P̄ ]

= tr









































Υ1 ,1 Υ1,2 Υ1,3 Υ1,4

∗ Υ2,2 Υ2,3 Υ2,4

∗ ∗ Υ3,3 Υ3,4

∗ ∗ ∗ Υ4,4





























1 ᾱ12 ᾱ13 ᾱ14

∗ 1 ᾱ23 ᾱ24

∗ ∗ 1 ᾱ34

∗ ∗ ∗ 1









































= Υ1,1 + 2ᾱ12Υ1,2 + 2ᾱ13Υ1,3 + 2ᾱ14Υ1,4 + Υ2,2

+ 2ᾱ23Υ2,3 + 2ᾱ24Υ2,4 + Υ3,3 + 2ᾱ34Υ3,4 + Υ4,4

= ζ̃T (t)
[

diag (Ci, Di, W2i, W3i)

+ diag (∆Ci(t),∆Di(t),∆W2i(t),∆W3i(t))
]T

Z̃i

×
[

diag (Ci, Di, W2i, W3i)

+ diag (∆Ci(t),∆Di(t),∆W2i(t),∆W3i(t))
]

ζ̃T (t)

= ζ̃T (t)
[

diag (Ci, Di, W2i, W3i)

+ HiFi(t)diag (E4i, E5i, E6i, E7i)
]T

× Z̃i

[

diag (Ci, Di, W2i, W3i)

+ HiFi(t)diag (E4i, E5i, E6i, E7i)
]

ζ̃(t),
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where

Υ1,1 = xT (t)CT
i (t)ZiCi(t)x(t),

Υ1,2 = xT (t)CT
i (t)ZiDi(t)x(t − τi(t)),

Υ1,3 = xT (t)CT
i (t)ZiW2i(t)f(x(t)),

Υ1,4 = xT (t)CT
i (t)ZiW3i(t)f(x(t − τi(t))),

Υ2,2 = xT (t − τi(t))D
T
i (t)ZiDi(t)x(t − τi(t)),

Υ2,3 = xT (t − τi(t))D
T
i (t)ZiW2i(t)f(x(t)),

Υ2,4 = xT (t − τi(t))D
T
i (t)ZiW3i(t)f(x(t − τi(t))),

Υ3,3 = fT (x(t))WT
2i(t)ZiW2i(t)f(x(t)),

Υ3,4 = fT (x(t))WT
2i(t)ZiW3i(t)f(x(t − τi(t))),

Υ4,4 = fT (x(t − τi(t)))W
T
3i(t)ZiW3i(t)f(x(t − τi(t))).

By (iii) of Lemma 1, we can further have

tr[ gT
2i(t)Zig2iP̄ ]

≤ ζ̃T (t)

{

(

diag (Ci, Di, W2i, W3i)
)T

×
[

Z̃−1
i − ε2idiag

(

HiH
T
i , HiH

T
i , HiH

T
i , HiH

T
i

) ]−1

× diag (Ci, Di, W2i, W3i)

+ ε2idiag
(

ET
4iE4i, E

T
5iE5i, E

T
6iE6i, E

T
7iE7i

)

}

ζ̃(t)

= ζT (t)C̃T
i

[

Z̃−1
i

− ε2idiag
(

HiH
T
i , HiH

T
i , HiH

T
i , HiH

T
i

) ]−1
C̃iζ(t).

+ ε2iζ̃
T (t)diag

(

ET
4iE4i, E

T
5iE5i, E

T
6iE6i, E

T
7iE7i

)

ζ̃(t)

= ζT (t)Φi
2ζ(t) + ε2iζ̃

T (t)

× diag
(

ET
4iE4i, E

T
5iE5i, E

T
6iE6i, E

T
7iE7i

)

ζ̃(t).

This completes the proof.
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