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An experiment of dynamical behaviours in an
erbium-doped fibre-ring laser with loss modulation
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This paper reports a systematic experimental investigation on the dynamics in the low-frequency region in an

erbium-doped fibre-ring laser with loss modulation. A rich variety of bifurcation is analyzed through the bifurcation

diagram and structured with the concept of the winding numbers. The coexistence of multiple attractors and the

crisis that appear in the saddle-node bifurcations, and an interesting structure of bifurcation which is similar to the

bifurcations in high-frequency range, have been observed.
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1. Introduction

In the last few decades, enormous progress has
been achieved in the research of erbium-doped fibre
lasers (EDFLs) for their wide applications in var-
ious fields, such as secure communication, sensing,
spectroscopy, and medicine.[1] As the fast polariza-
tion variables can be adiabatically eliminated, ED-
FLs, along with solid-state, CO2 and semiconductor
lasers, are Class-B lasers. The dynamics of these
lasers can be described by two rate equations for op-
tical intensity and population inversion.[2] With ad-
ditional degrees of freedom, e.g. external modulation
of loss or pump,[3−7] delay feedback[8] and coupled
dual rings,[7,9,10] chaos through period-doubling bifur-
cation, intermittency and quasi-periodic routes were
observed in EDFLs.[4−10] Self-pulsing and a bistabil-
ity between 2T- and 3T-period orbits were also found
and analyzed in a heavily doped fiber laser.[11] Re-
cently, the coexistence of two or more period attrac-
tors in EDFLs with parameter modulation[3−5] has
been reported as was shown in a Q-switched CO2

laser.[12] Each attractor is determined by the initial
conditions and its periodicity is equal to the sub-
harmonic or higher harmonic branches of the mod-
ulation frequency.[5] Each branch is born in regular
saddle-node bifurcations (SNBs)[13] when the modu-
lation (driving) frequency is close to the correspond-
ing harmonic of the relaxation oscillation frequency of
the laser. The overlapping of these branches results in
the coexistence of two periodic attractors (generalized

bistability) and the coexistence of multiple periodic
attractors (generalized multistability). Regular SNBs
may cause various kinds of crises[3,14]

Many researchers have theoretically and exper-
imentally investigated the complex dynamics, such
as generalized bistability and multistability in pump-
modulated EDFLs, over a wide range of the modula-
tion parameters.[4,5,7] Luo et al [6] and Sungchul Kim
et al,[15] reported chaos and chaotic synchronization
of the loss-modulated erbium-doped fibre-ring lasers
(EDFRLs) but they did not study the bifurcation
structures corresponding to the nonlinear response of
the laser system which were numerically investigated
in a Fabry–Perot cavity laser subjected to the modu-
lated loss at the high-frequency range where the mod-
ulation frequency is higher than the relaxation oscilla-
tion frequency of the laser.[3] In this paper we demon-
strate a systematic experimental investigation of the
characteristics of the bifurcation structure in the lower
modulation frequency range (fm < fr/2) in a loss-
modulated EDFRL. The complex dynamic behaviours
are observed with the modulation frequency as the
control parameter.

2. Farey tree and devil’s staircase

in the loss-modulated EDFRL

The experimental setup of the loss-modulated
EDFL is shown in Fig.1. The gain device is an erbium-
doped fiber amplifier (EDFA) consisting of a piece of
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25-m long EDF pumped by a 980-nm pump-laser and
an isolator. In all the experimental results shown be-
low, the pump power is fixed at 85 mW. A band-pass
filter composed of a fiber Bragg grating (FBG) and
an optical circulator is inserted into the cavity. The
FBG has a reflectivity of 90% at 1546.7-nm and a 3-dB
bandwidth of 0.2 nm. The polarization in the cavity is
adjusted by a polarization controller (PC). A pair of
AOMs with the opposite frequency shift (±27 MHz)
is used as the loss modulation device. The external
modulation signal (S) is added on AOM1 which shifts
the optical frequency from ν0 to ν0+27 MHz to realize
harmonic modulation of the cavity loss, while AOM2
works in CW mode to eliminate the self-pulsing caused
by the frequency-shifted feedback of the AOM.[16]

Their place can be exchanged without affecting the
results of the experiments. The signal voltage applied
to the AOM driver is

S (t) = Vb [1 + mi sin (2πfmt)] , (1)

where Vb is the bias voltage and equals 438 mV in
our experiments, mi = Vm/Vb (Vm is the driving volt-
age amplitude) and fm are the modulation index and
the modulation frequency, respectively. In our experi-
ment, mi is equal to 3.65%. The laser light is divided

by a fiber coupler with a coupling ratio of 80:20. The
total cavity length is 57 m and the relaxation oscil-
lation frequency (fr) of the laser is about 22 kHz.
The laser’s temporal output is measured by a pho-
todetector (PD, Agilent 83440B) with a bandwidth
of 6 GHz and an oscilloscope (OSC, Agilent 54833A)
with a bandwidth of 1 GHz. The power spectrum of
the temporal output can be analyzed by using the fast
Fourier transformation function of the OSC.

Fig.1. The experimental setup of the unidirectional ED-

FRL.

The typical output time series of the laser are
shown in Fig.2, with the corresponding modula-
tion signals in the same figure (upper lines). In
Fig.2(a) one modulation cycle produces one lasing
pulse, whereas in Fig.2(b) one modulation cycle
produces two lasing

Fig.2. The corresponding time series for different winding numbers: (a) fm = 9680 Hz, w = 1/1; (b) fm = 6058 Hz,

w = 1/2; (c) fm = 7573 Hz, w = 2/3. The output curve is the lower line belonging to the left axis, while the

modulation signal is the upper line in each figure in Figs.2, 5 and 7.
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pulses. In Fig.2(c) the period of the output time trace
is twice that of the modulation signal, while three
pulses in two modulation cycles make Fig.2(c) look
like a compound of Figs.2(a) and 2(b). Each periodic
state represents a particular attractor. There are two
important numbers for each periodic attractor: the
period number m and the pulse number n. The pe-
riod number m is defined as the quotient of the period
of the periodic attractor divided by the period of the
modulation. It is a natural number. When m = 1
the resulting oscillation is of the same period as the
modulation, and when m = 2 the period of the result-
ing oscillation is twice that of the modulation, and so
on. Each attractor with m > 1 is the subharmonic
branch of the modulation signal of order m, or gen-
erally called the period-m attractor. The periodic at-
tractor tends to a chaotic or strange attractor when m

goes to infinity. The pulse number n is the number of
peaks (maxima of the curve) in m periods and shows
the resonances between fm and fr. Since a pair of
m and n, namely (m, n), clearly denotes a particular
attractor, we further define a “winding number” as

w = m/n. (2)

Thus we can identify different periodic attractors with
their winding number, e.g. w = 1/1, 1/2 and 2/3 for
those shown in Figs.2(a), 2(b) and 2(c), respectively.

As the modulation frequency is slowly increased
and decreased, various stable time series with certain
values of w can be shown in the screen of the OSC. The
winding numbers can be predicted by a pure Farey-
tree construction which is first reported in a modu-
lated external-cavity semiconductor laser.[17]

In Fig.3 the winding number as a function of the
modulation frequency yields the upper fractal curve
called a devil’s staircase. The winding numbers ap-
pear from left to right in the order obtained by the
Farey tree. Between two winding numbers m/n and
m′/n′ one can find another one with w=(m+m′)/(n+
n′), e.g. 2/3 = (1+1)/(1+2), as is identified in the fig-
ure. In our experiment, we have detected the periodic
states expected according to the Farey tree up to an
order of m = 6 between w = 1/2 and w = 1. The gaps
between the stairs refer to the quasi-periodicity, or in
some regions, chaos.[14] The width of the range for
the frequency ratio which gives a stable m/n periodic
state depends on the level m/n where the hierarchy of
the Farey tree appears. In addition, we show in Fig.3
the bifurcation diagram of the maximum amplitude of
laser pulses, i.e. Vout for the same modulation frequen-

cies. Since the period-1 attractor with w = 1 exists
in the range around half of the relaxation frequency,
we focus on the dynamics in the low-frequency range
(fm < fr/2). A comparison with the upper curve re-
veals that there exist fine structures of bifurcation in
some stairs because of the multiple values at certain
frequencies. Period-doubling phenomena are found at
w = 1/4 and some other stairs. The overlapping of
the stair 1/4 and the stair 1/5 indicates a bistabil-
ity in the corresponding frequency range. And more
complex bifurcations display at the stair 1/3.

Fig.3. Measured winding numbers (upper curve belong-

ing to the upper part of left axis) and peaks of the output

time series (lower curve belonging to the lower part of left

axis) as a function of the modulation frequency fm. The

half of the relaxation frequency, fr/2(≈11 kHz) is shown

by the vertical dashed line.

3. The coexistence of two and

more attractors (generalized

bistability and generalized

multistability)

In this section, we will investigate the details of
the period doubling and coexistence of multiple at-
tractors which are displayed in Fig.3 at lower values
of the winding numbers. The bifurcation diagram at
w = 1/4 and w = 1/5 is shown in Fig.4 and that
at w = 1/3 is shown in Fig.6. Labels Pm

n and Rm
n

appear in the diagrams constructed by slowly increas-
ing and decreasing fm respectively. In Refs.[3] and
[4], label P refers to the state of the large-amplitude
spikes while label R refers to the state of the small-
amplitude almost-sinusoidal trace. The former and
the latter represent the nonlinear response and the
regular linear response of the laser system, respec-
tively. Here, we use the labels Pm

n and Rm
n to label

different kinds of attractors, where m and n are the
period number and the pulse number, respectively. So
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the corresponding periodic attractors of the time se-
ries shown in Figs.2(a), 2(b) and 2(c) are P 1

1 , P 1
2 and

P 2
3 in turns.

Fig.4. A bifurcation diagram of the loss-modulated ED-

FRL with modulation frequency (fm) as a control param-

eter.

In Fig.4 generalized bistability, i.e., the coexis-
tence of two attractors with the same winding number
but with different amplitudes, has been found within
a certain frequency range at w=1/4. The R1

4 attractor
dies in the subcritical SNB (S3), while the P 1

4 attrac-

tor arises in the supercritical SNB (S2). The time
series of the R1

4 and P 1
4 attractors at the same mod-

ulation frequency are shown in Fig.5(c). The former
is found to be much smaller in amplitude than the
latter. There is a continuous degeneration from the
R1

4 attractor to the P 1
5 attractor. Under the condi-

tions of the experiment, the subcritical SNB (S1) of
the R1

5 attractor has been found, but we do not find
the exact SNB point where the P 1

5 attractor is born.
At a slightly higher level of the modulation amplitude,
the supercritical SNB of P 1

5 attractor and generalized
bistability of the attractors with w = 1/5 can be ob-
served (not shown). The SNB points labeled Si (i = 1,
2, 3) are marked by the arrows in the diagram. The
time series corresponding to the R1

5 and P 1
5 attractors

are shown in the Figs.5(a) and 5(b), which clearly dis-
play the difference between the R attractors and the
P attractors. As fm is increased, a period-2 P 2

8 at-
tractor appears as the consequence of period doubling
of the P 1

4 attractors (see Fig.5(d)). Period doubling
is also found in the stairs 1/2, 2/3 and 3/4. When fm

comes into the gap between the stairs 1/4 and 1/3,
chaos appears from the temporal dynamics.

Fig.5. A time series corresponding to the dynamics shown in Fig.4 for different modulation frequencies: (a) fm =

3620 Hz, R1
5; (b) fm = 4000 Hz, P 1

5 ; (c) fm = 4300 Hz, R1
4 and P 1

4 ; (d) fm = 4555 Hz, P 2
8 , period 2 of P 1

4 . The

sinusoidal curves show the modulation signal.
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A type of crisis appears at fm = 4816 Hz in Fig.6,
where the instantaneous disappearance of the chaotic
attractor and its basin of attraction is observed. Crises
are caused by a collision between a chaotic attrac-
tor and an unstable point or periodic orbit. When
the unstable periodic orbit is just at the boundary of
the basin of attraction, the crisis is called a bound-
ary crisis.[14,18] In Fig.6 one can see that the chaotic
attractor and its basin of attraction are simultane-
ously destroyed by the boundary crisis and a new pe-
riodic attractor P 1

3 is born. The transient behaviour
has also been shown in Figs.7(a) and 7(b) in com-
parison with the time series at fm = 4816 Hz and
fm = 4833 Hz. This kind of crisis was observed earlier
in a CO2 laser[18] with loss modulation and numeri-
cally demonstrated in a loss-modulated EDFL[3] with
the loss modulation index as the control parameter.

In Fig.6, as fm is increased, the attractors from
the period-1 state (P 1

3 ) to period-4 state (P 4
12) born

and dead in SNBs appear in turns. The period-
doubling subharmonic branch (labeled P 4′

12 with an
arrow) of the P 2

6 attractor is found and the corre-
sponding time series of the P 2

6 and P 4′
12 attractors are

shown in Figs.7(c) and 7(d). There is also a regu-

lar period-1 R1
3 attractor like the R1

4 attractor and
the P 1

5 attractor originating from the linear response
of the system to the parameter modulation. A rich
variety of bifurcations of multiple attractors results
in generalized multistability. For example, the coex-
istence of three different dynamical regimes, period-
1(R1

3), period-3(P 3
9 ) and period-4(P 4

12) attractors, is
indicated by a dash

Fig.6. Bifurcation diagram of the loss-modulated EDFRL

with modulation frequency (fm) as a control parameter.

The vertical dashed line indicates the frequency at the

time series in Figs.7(e), 7(f) and 7(g).
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Fig.7. A time series corresponding to the dynamics shown in Fig.6 for different modulation frequencies: (a) fm =

4816 Hz, chaos; (b) fm = 4833 Hz, period 1 of P state, w = 1/3; (c) fm = 5205 Hz, period 2 of P state, w = 1/3;

(d) fm = 5244 Hz, period 4 of P ′ state, w = 1/3; (e) fm = 5303 Hz, period 1 of R state, w = 1/3; (f) fm = 5303 Hz,

period 3 of P state, w = 1/3; (g) fm = 5303 Hz, period 4 of P state, w = 1/3; (h) fm = 5386 Hz, chaos. The

sinusoidal curves show the modulation signals.

line in Fig.6 and demonstrated with the time series
in Figs.7(e), 7(f) and 7(g). These attractors have the
same winding number w = 1/3 but different period
numbers. It is interesting to find that the structures
of bifurcation and the coexistence of different periodic
attractors in a narrow frequency range are very similar
to the results shown in other EDFL systems in a high-
frequency range (fm > fr/2).[3−5] We guess that it is
a consequence of the structural similarity of the bifur-
cation in a chaotic system. For other values of w, sim-
ilar results may be achieved with certain modulation
parameters. When fm is beyond the right boundary
of the bifurcation diagram, the output of the system
becomes chaos while the time series is shown in the
Fig.7(h).

One can see that the modulation frequency at the
measured SNB point where the P 1

3 attractor is born is
50% lower than the predicted frequency fr/3. But for
w = 1/5 the modulation frequency at the SNB point
is about 4 kHz which is very close to fr/5. The differ-

ence is because of the increase of the nonlinearity of
the system along with the increase of the parameter
fm.[4]

4. Conclusion

In conclusion, we have experimentally investi-
gated in detail the dynamics of an EDFRL with loss
modulation. The winding numbers of the periodic at-
tractors form a devil’s staircase and are obtained by
a Farey tree construction. A rich variety of bifurca-
tions including the coexistence of multiple attractors
and boundary crisis caused by SNB have been demon-
strated in the low-frequency region. An interesting
substructure of bifurcations with the modulation fre-
quency as the control parameter has been observed.
A further study on the bifurcations in the parame-
ter space with modulation amplitude and modulation
frequency will explore more details of the dynamical
behaviours in the loss-modulated EDFRLs.
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