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Epidemic spreading on networks with vaccination∗
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In this paper, a new susceptible-infected-susceptible (SIS) model on complex networks with imperfect vaccination is

proposed. Two types of epidemic spreading patterns (the recovered individuals have or have not immunity) on scale-free

networks are discussed. Both theoretical and numerical analyses are presented. The epidemic thresholds related to the

vaccination rate, the vaccination-invalid rate and the vaccination success rate on scale-free networks are demonstrated,

showing different results from the reported observations. This reveals that whether or not the epidemic can spread over

a network under vaccination control is determined not only by the network structure but also by the medicine’s effective

duration. Moreover, for a given infective rate, the proportion of individuals to vaccinate can be calculated theoretically

for the case that the recovered nodes have immunity. Finally, simulated results are presented to show how to control

the disease prevalence.
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1. Introduction

The important issues of structures and dy-
namics of complex networks have been extensively
investigated in recent years.[1−11] It was found
that many real-world networks, like human sexual
relationships,[1] e-mail networks,[2] the Internet,[3] the
World Wide Web,[4] and food webs,[5] all have sim-
ilar properties. They are referred to as scale-free
networks,[6] and have been used to model networks of
social association or contact.[12−17] On the other hand,
disease spread on networks is a commonly concerned
topic for research. In order to understand the underly-
ing mechanisms of disease spreading, the susceptible-
infected-susceptible (SIS),[18−21] susceptible-infected-
recovered (SIR),[22,23] susceptible-infected (SI)[24−26]

and susceptible-hidden-infected-susceptible (SHIS)[27]

models over complex networks have all been inves-
tigated to date. Consequently, many effective im-
munization strategies (such as uniform immuniza-
tion, proportional immunization, targeted immuniza-
tion and immunization based on Euclidean distance)
have been proposed in order to prevent and control
the spreading diseases.[20,28]

In epidemic modeling, individuals are typically
represented by nodes and possible contacts between
individuals are linked by edges. Infectious diseases in
nature are transmitted through contact with infected
individuals or sources, such as rubella, herpes simplex,
hepatitis B, AIDS, influenza, etc. In this work, an
epidemic spreading model in the human population,
treated as a scale-free network, is investigated, taking
into account two different states of recovered nodes:
immunity to the disease or not. A staged-progression
SIS model is formulated and used to study the poten-
tial impact of imperfect vaccination. The vaccine is
assumed to have the characteristic of protecting the
nodes against infection.[29]

The following are the new findings in this study,
which are different from the other existing reports:
(i) the threshold of the effective spreading rate λc in
this paper is correlated with the vaccination rate σ1,
the vaccination-invalid rate σ2, and the vaccination
success rate ε; (ii) in order to control the disease in
the case that recovered nodes have immunity, the new
model provides a formula for calculating the scales of
σ1, σ2 and ε needed for vaccination when the other
parameters are given; (iii) numerical simulation re-
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sults show that the epidemic spreading in scale-free
networks is oscillating and periodic, showing how to
control the different types of epidemic diseases.

The rest of the paper is organized as follows: Sub-
section 2.1 derives the mean-field epidemic spreading
model as a scale-free Barabási–Albert (BA) network,
in which recovered individuals have immunity to the
disease, and analyzes its steady-state solutions. In this
section, moreover, numerical simulations are given to
show the effects of parameters σ1, σ2 and ε on the
epidemic spreading. In Subsection 2.2, the case that
recovered individuals do not have immunity to the dis-
ease is considered, and its steady-state solutions are
analyzed. In this section, numerical simulations are
also given to show the effects of parameters σ1, σ2

and ε on the epidemic spreading. Finally, Section 3
concludes the paper.

2. The SIS-like models

In most existing SIS-like models formulated on
complex networks, one usually considers the case
where the disease transmits without vaccination. But,
more often than not, when an epidemic emerges, the
authorities will take actions and measures, such as
vaccination, to control it. In order to simplify the
problem, the reported SIS models are employed, and
the death of individuals caused by the disease is ig-
nored, which is reasonable for some diseases such as
influenza. Then the case where the network has vac-
cinated individuals and normal individuals is consid-
ered. More precisely, the new epidemic spreading
model is defined as follows: there is one type of in-
dividuals, represented by nodes in a network, who are
always in one of the three possible discrete states: sus-
ceptible without vaccination, susceptible with vaccina-
tion or infected. At each time step, a susceptible node
without vaccination is infected with probability λ if it
is connected to an infected node, and every infected
node is cured and becomes susceptible again with
probability δ. Parameter ε, 0 < ε < 1 accounts for
the efficacy of the vaccine-induced protection against
infection (for a vaccine that offers 100% protection,
ε = 1; generally in reality, ε < 1), and parameters σ1

and σ2 represent the susceptible node’s vaccination
rate and the vaccine-induced susceptible node’s pro-
tection invalid rate, respectively. It should be noticed
that the parameter ε should not be absorbed into the
vaccination rate σ1, because from a biological point of
view, after a node is vaccinated one will not vaccine

it again before knowing the vaccination result. Sup-
pose that the unsuccessfully vaccinated nodes have the
same infected rate as non-vaccinated nodes on the net-
work. Then, all nodes run randomly through the SIS
cycles. In order to consider the two scenarios where
recovered individuals have immunity and do not have
immunity, respectively, the susceptible nodes are sep-
arated into two sets: set A is composed of nodes who
were not vaccinated or in the vaccine-invalid state, and
set B is composed of nodes who were being vaccinated
successfully.

2.1. SIS model for the case that recov-

ered nodes have immunity

Suppose that after being recovered through med-
ical treatment the nodes will not be infected again
for a period of time even if they keep contact with
infected nodes, such as with varicella. In this case,
the recovered nodes are all susceptible nodes in set B.
Here, assume that the recovered nodes have the same
immunity as the vaccinated nodes to the same disease
(see Fig.1).

Fig.1. Schematic representation of the flow among dif-

ferent classes of susceptible nodes without vaccination

(Suk), susceptible nodes with vaccination (Svk) and in-

fected nodes (Ik(t)), which records the dynamic interac-

tion between susceptible nodes and infected nodes. In

this diagram, susceptible nodes without vaccination are

infected by their neighboring infected nodes at a per capita

rate λ and get vaccine-induced protection at a per capita

rate σ1, the susceptible nodes with vaccination lose their

vaccinated protection at a per capita rate σ2, the infected

nodes are recovered at a per capita rate δ, the vaccinated

nodes get infected at a per capita rate λ(1 − ε) because

of unsuccessful vaccination. Here, it is supposed that the

recovered nodes have the same immunity to the disease as

the vaccinated nodes.
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Fig.2. Schematic representation of the flow among dif-

ferent classes of susceptible nodes without vaccination

(Suk), susceptible nodes with vaccination (Svk) and in-

fected nodes (Ik), which records the dynamic interaction

between susceptible nodes and infected nodes. In this di-

agram, susceptible nodes without vaccination are infected

by their neighboring infected nodes at a per capita rate

λ and get vaccine-induced protection at a per capita rate

σ1, the susceptible nodes with vaccination lose their vac-

cinated protection at a per capita rate σ2, the infected

nodes are recovered at a per capita rate δ, the vaccinated

nodes get infected at a per capita rate λ(1 − ε) because

of unsuccessful vaccination. Here, it is supposed that the

recovered nodes do not have immunity to the disease.

In a scale-free network, the contact among nodes
is related to the connectivity of the network. The
number of infected nodes of degree (number of con-
nections) k, denoted by Ik(t), the number of suscep-
tible nodes in set A with degree k, by Suk(t), and the
number of susceptible nodes in set B with degree k, by
Svk(t), all evolve according to the following transition
patterns:

Ṡuk(t) = −λkΘISuk(t)− σ1Suk(t) + σ2Svk(t),

Ṡvk(t) = σ1Suk(t)− σ2Svk(t)

− λ(1− ε)kΘISvk(t) + δIk(t),

İk(t) = λkΘISuk(t) + λ(1− ε)kΘISvk(t)− δIk(t).

The number of nodes with degree k is Nk(t) = Suk(t)+
Svk(t) + Ik(t), which satisfies

Ṅk(t) = 0,

where 0 < λ, δ, σ1, σ2, ε < 1. And the network size
is N(t) =

∑
k P (k)Nk(t), the number of susceptible

nodes is S(t) =
∑

k P (k)[Suk +Svk(t)], the number of
infected nodes is I(t) =

∑
k P (k)Ik(t), where P (k) is

the degree distribution. The probability 0 ≤ ΘI ≤ 1
describes a link pointing to an infected individual,
which satisfies the relation

ΘI =
∑

k

kP (k)
Ik(t)
Nk(t)∑

s sP (s)
.

Let xk(t) =
Suk(t)
Nk(t)

, yk(t) =
Svk(t)
Nk(t)

and zk(t) =

Ik(t)
Nk(t)

. Then, since xk(t) + yk(t) + zk(t) = 1, one has

ẋk(t) = −λkΘIxk(t)− σ1xk(t)

+ σ2 − σ2xk(t)− σ2zk(t),

żk(t) = λ(1− ε)kΘ̄I + ελkΘIxk(t)

− λ(1− ε)kΘIzk(t)− δzk(t), (1)

where x(t) =
∑

k P (k)xk(t) is the density of suscepti-
ble nodes in set A, y(t) =

∑
k P (k)yk(t) is the density

of susceptible nodes in set B, z(t) =
∑

k P (k)zk(t) is
the density of total infected nodes, and

ΘI =
∑

k

kP (k)zk(t)∑
s sP (s)

. (2)

In the steady state, xk(t) and zk(t) are functions
of λ, δ, σ1 and σ2, thus the probability ΘI becomes
an implicit function of the parameters λ, δ, σ1 and
σ2. Letting the stationarity condition be ẋk(t) = 0
and żk(t) = 0, one has

− λkΘIxk − σ1xk + σ2 − σ2xk − σ2zk = 0,

λ(1− ε)kΘI + ελkΘIxk − λ(1− ε)kΘIzk − δzk = 0, (3)

giving solutions

xk =
σ2δ

(σ1 + σ2 + λkΘI)[δ + λ(1− ε)kΘI ] + σ2ελkΘI
,

zk =
λ(1− ε)kΘI

δ + λ(1− ε)kΘI
+

ελkΘI

δ + λ(1− ε)kΘI
· σ2δ

(σ1 + σ2 + λkΘI)[δ + λ(1− ε)kΘI ] + σ2ελkΘ I

.

From relation (2) and 〈k〉 =
∑

s sP (s), one has
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ΘI =
∑

k

kP (k)zk(t)∑
s sP (s)

=
1
〈k〉

∑

k

kP (k)
{

λ(1− ε)kΘI

δ + λ(1− ε)kΘI
+

ελkΘI

δ + λ(1− ε)kΘI

× σ2δ

(σ1 + σ2 + λkΘI)[δ + λ(1− ε)kΘI ] + σ2ελkΘ I

}
. (4)

Obviously, ΘI = 0 is a solution of Eq.(4). Another stationary prevalence (xk 6= 0) is obtained when the right-
hand side and left-hand side of Eq.(4), expressed as function ΘI , over the interval 0 < ΘI ≤ 1, allowing a
nontrivial solution. It is easy to vertify that this corresponds to the inequality:

d
dΘ

{
1
〈k〉

∑

k

kP (k)
[

λ(1− ε)kΘI

δ + λ(1− ε)kΘI
+

ελkΘI

δ + λ(1− ε)kΘI

× σ2δ

(σ1 + σ2 + λkΘI)[δ + λ(1− ε)kΘI ] + σ2ελkΘI

]}∣∣∣∣
ΘI=0

≥ 1,

that is,
λ(σ1 + σ2 − εσ1)〈k2〉

δ(σ1 + σ2)〈k〉 ≥ 1,

where 〈k2〉 =
∑

k k2P (k). Let λc be the minimum
value of λ satisfying the above inequality. Then

λc =
δ(σ1 + σ2)〈k〉

(σ1 + σ2 − εσ1)〈k2〉 . (5)

In an infinite-sized scale-free network with degree
distribution P (k) ∼ k−γ where 0 < γ ≤ 1, one has
〈k2〉 → ∞,[20] so that the epidemic threshold λc of
this new SIS model disappears for any fixed values of
σ1, σ2, δ and ε, which is consistent with the other typ-
ical SIS models for scale-free networks. At the same
time, one can easily find their difference — the new
model relies on the infectivity parameters δ, σ1 and
σ2, but the others do not.

Now, we consider a scale-free BA network
model[30,31] with P (k) = 2m2/k3, where m is the
minimum number of connections of individual nodes,
and 〈k〉 =

∫∞
m

kP (k)dk = 2m. Clearly, 〈k2〉 '
2m2 ln(Kc/m), Kc → ∞. Substituting them into
Eq.(5) yields

λc ≈ δ(σ1 + σ2)
(σ1 + σ2 − εσ1)m ln(Kc/m)

.

In order to consider the dependence of network
size N on λc, one has to relate the maximum con-
nectivity Kc to N , which is given by Kc ' mN

1
2 ,[32]

so

λc ' 2δ(σ1 + σ2)
(σ1 + σ2 − εσ1)m lnN

. (6)

Obviously,
dλc

dε
> 0 and

dλc

dσ1
=

εδσ2

(σ1 + σ2 − εσ1)2
· 〈k〉〈k2〉 > 0,

dλc

dσ2
=

−εσ1δ

(σ1 + σ2 − εσ1)2
· 〈k〉〈k2〉 < 0.

Here, λc is monotonously increasing with σ1 and ε,
and monotonously decreasing with σ2. That is, for
some special diseases, in order to control their spread-
ing, one may try to enhance the efficacy of the vaccine-
induced protection mechanism against infection ε and
vaccination rate σ1, to lower the vaccination-invalid
rate σ2. This is reasonable from a biological point of
view.

While for a given endemic disease, the infective
rate λ is known in advance. So, from relation (5), for
given σ2 and ε, it is easy to calculate the minimum
value of σ1, which gives some guideline of how many
individuals to be vaccinated in order to control the
disease. From relation (6), it can be concluded that
the larger the network size, the easier the epidemic
outbreaks.

In order to visualize the effect of vaccination, nu-
merical simulations are carried out with the BA net-
work model for the case that recovered nodes have im-
munity to disease. The network size is N = 2 × 103,
and the average degree 〈k〉 = 6. All data are averaged
over 10 independent runs.

Figure 3 shows the effective vaccination on the
epidemic spreading for the case that the recovered
nodes have immunity. The top (first) curve is the
density z(t) of infected nodes as a function of time
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when there is no vaccination. Clearly, the disease will
outbreak over the whole network. When the vaccina-
tion rate σ1 = 0.05 and the efficacy of the vaccine-
induced protection against infection ε = 0.9 are im-
posed, from relation (6), one can easily calculate the
maximal vaccination invalid-rate σ2, which may con-
trol the disease, resulting in σ∗2 = 9.6014×10−4. Here,
let σ2 = 9 × 10−4 < 9.6014 × 10−4, then the density
z(t) is plotted as the second curve. When the vacci-
nation rate σ1 = 0.1 and the vaccination-invalid rate
σ2 = 0.01 are imposed, from relation (6), one can eas-
ily calculate the efficacy of the vaccine-induced protec-
tion against infection ε, which may control the disease,
resulting in ε∗ = 0.9830. Here, let ε = 0.99 > 0.9830.
The density z(t) is plotted as the third curve. When
the vaccination invalid rate σ2 = 0.01 and the ef-
ficacy of the vaccine-induced protection against in-
fection ε = 0.9 are imposed, from relation (6), one
can easily calculate the minimal vaccination-invalid
rate σ1, which may control the disease, resulting in
σ∗1 = 0.5211. Here, let σ1 = 0.6 > 0.5211, the density
z(t) curve is plotted as the one in the bottom. One can
easily see that with the parameters calculated from re-
lation (6), the density of the infected nodes decreases
distinctly and the disease will be eliminated, revealing
the necessary amount of vaccine to use for controlling
the epidemic spreading for the case that the recovered
nodes have immunity. Thus relation (6) gives a use-
ful formula for effective control of epidemic spreading
over scale-free networks.

Fig.3. Density z(t) of infected nodes under effective vac-

cination as a function of time in a BA network, for the case

that the recovered nodes have immunity. The recovered

rate δ = 0.4, and the infected rates λ = 0.3.

By comparing Fig.3 with Fig.4, the theoretic and
the simulated results have almost the same varia-
tion trend, although the bottom curve’s end is a lit-
tle higher in the theoretical result. Hence, using the

mean-field analysis for the BA networks is quite effec-
tive.

Fig.4. Density z(t) of infected nodes under effective vac-

cination as a function of time for Eq.(1). All parameters

are the same as those in Fig.3, and the curves are the same

as those in Fig.3, from top to bottom.

In Fig.5, compared with the top curve (no vacci-
nation), the lower curve shows the impact of vaccine
on the epidemic spreading. Although the infected rate
λ = 0.5 is above the theoretical threshold λc = 0.0516,
from relation (6), which means that the disease must
outbreak over the whole network, it can still make the
density of the infected nodes decrease distinctly. This
result shows that it is necessary to impose vaccina-
tion for the case that the recovered nodes have immu-
nity, whether it can prevent the epidemic spreading or
not, at least it can decrease the density of the infected
nodes.

Fig.5. Density z(t) of infected nodes as a function of time

in a BA network for the case that the recovered nodes have

immunity. The infected rate λ = 0.5, the recovered rate

δ = 0.5, the vaccination rate σ1 = 0.05, the vaccination-

invalid rate σ2 = 0.25, the efficacy of the vaccine-induced

protection against infection ε = 0.9 (lower curve). And

for the case without vaccination, λ = 0.5, δ = 0.5, σ1 = 0,

σ2 = 0 and ε = 0 (upper curve).
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Fig.6. Density z(t) of infected nodes as a function of time

in a BA network for the case that the recovered nodes have

immunity. The infected rate λ = 0.5, the recovered rates

δ = 0.5, the vaccination-invalid rate σ2 = 0.25, the ef-

ficacy of the vaccine-induced protection against infection

ε = 0.9, and the vaccination rate σ1 = 0.50, and 0.05

(lower to upper).

Fig.7. Density z(t) of infected nodes as a function of time

in a BA network for the case that the recovered nodes have

immunity. The infected rate λ = 0.5, the recovered rates

δ = 0.5, the vaccination rate σ1 = 0.5, the efficacy of the

vaccine-induced protection against infection ε = 0.9, and

the vaccination-invalid rate σ2 = 0.25, and 0.55 (lower to

upper).

Figures 6–8 show the effects of the vaccination
rate σ1, the vaccination-invalid rate σ2 and the ef-
ficacy of the vaccine-induced protection against in-
fection ε on the epidemic spreading. From both
theoretical analysis and numerical simulations, one
can make effort to control the epidemic spreading

by increasing the vaccination rate σ1, decreasing the
vaccination-invalid rate σ2, or increasing the efficacy
of the vaccine-induced protection against infection ε.

Fig.8. Density z(t) of infected nodes as a function of time

in a BA network for the case that the recovered nodes have

immunity. The infected rate λ = 0.5, the vaccination rate

σ1 = 0.05, the vaccination-invalid rate σ2 = 0.25, the

recovered rate δ = 0.4, and the efficacy of the vaccine-

induced protection against infection ε = 0.9, 0.6 (lower to

upper).

2.2. SIS model for the case that recov-

ered nodes have no immunity

Suppose that after having recovered through med-
ical treatment the nodes will be infected once again
immediately if they contact with infected nodes. In
this case, the recovered nodes are all susceptible nodes
in set A (see Fig.2). All nodes will evolve according
to the following transition patterns:

˙Suk(t)=−λkΘISuk(t)− σ1Suk(t) + σ2Svk(t) + δIk(t),
˙Svk(t)=σ1Suk(t)− σ2Svk(t)− λ(1− ε)kΘISvk(t),

İk(t)=λkΘISuk(t) + λ(1− ε)kΘISvk(t)− δIk(t).

Let xk(t) =
Suk(t)
Nk(t)

, yk(t) =
Svk(t)
Nk(t)

and zk(t) =

Ik(t)
Nk(t)

. Then using the same method as in subsec-

tion 2.1, by imposing the stationarity condition of
ẋk(t) = 0 and żk(t) = 0, one has

xk =
σ2δ + δ(1− ε)λkΘI

(σ1 + σ2 + λkΘI)[δ + λ(1− ε)kΘI ] + σ2ελkΘI − δελkΘI
,

zk =
λ(1− ε)kΘI

δ + λ(1− ε)kΘI
+

ελkΘI

δ + λ(1− ε)kΘI
· σ2δ + δ(1− ε)λkΘI

(σ1 + σ2 + λkΘI)[δ + λ(1− ε)kΘI ] + σ2ελkΘI − δελkΘI
.
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The minimum value of λ is given by

λc =
δ(σ1 + σ2)〈k〉

(σ1 + σ2 − εσ1)〈k2〉 . (7)

Compared with Subsection 2.1, the SIS model un-
der these two transmitting modes on scale-free net-
works has the same epidemic threshold λc, but their
equilibrium points are different. These results reveal
that whether or not the recovered nodes have immu-
nity to the disease is not a determining factor for dis-
ease prevalence; it only influences the number of in-
fected nodes in the whole network.

To see the effects of vaccination, numerical simu-
lations are carried out on a scale-free BA network for
the case that the recovered nodes have no immunity
to the disease, with the network size N = 2× 103 and
the average degree 〈k〉 = 6. All data are averaged over
10 independent runs.

Figure 9 shows the effective vaccination to the epi-
demic spreading for the case that the recovered nodes
have no immunity. The top (first) curve is the density
z(t) of infected nodes as a function of time when there
is no vaccination, where the disease will outbreak over
the whole network. The second, third and the bottom
curves have the same parameters as those in Fig.3, but
the infected node density decreases not as distinctly
as in Fig.3. This result reveals that different trans-
mitting modes should receive vaccination to different
extents, although the same amount of vaccine may not
have the same impact on these two types of diseases;
they can all decrease the density of the infected nodes.

Fig.9. Density z(t) of infected nodes under effective vac-

cination as a function of time in a BA network for the case

that the recovered nodes have no immunity. The recovered

rate δ = 0.4 and the infected rates λ = 0.3.

By comparing Fig.9 with Fig.10, the theoretical
and the simulated results have almost the same vari-
ation trend, although the bottom curve’s end is a lit-
tle higher in the theoretical result. Hence, using the

mean-field analysis on the BA networks is quite effec-
tive. And comparing Fig.10 with Fig.4, and Fig.9 with
Fig.3, shows the same phenomenon that the disease is
prone to transmit for the case that the recovered nodes
have no immunity.

Fig.10. Density z(t) of infected nodes under effective vac-

cination as a function of time for the theoretical mean-field

model discussed in Subsection 2.2. All parameters are the

same as those in Fig. 9, and the curves are the same as

those in Fig.3 from top to bottom.

Figure 11 shows the effects of vaccination on the
epidemic spreading, where the density of the infected
nodes is distinctly decreasing with the vaccination.
But, comparing it with Fig.5, one can easily see that
in order to attain almost the same density of z(t), for
the case that the recovered nodes have no immunity,
the vaccination rate σ1 is larger than, the vaccination-
invalid rate σ2 is smaller than, and the efficacy of the
vaccine-induced protection against infection ε is larger
than the corresponding values in Fig.5.

Fig.11. Density z(t) of infected nodes as a function of

time in a BA network for the case that the recovered nodes

have no immunity. The infected rate λ = 0.5, the recov-

ered rates δ = 0.5, and the vaccination rate σ1 = 0.25,

the vaccination-invalid rate σ2 = 0.05, the efficacy of

the vaccine-induced protection against infection ε = 0.99

(lower). And for the case without vaccination, λ = 0.5,

δ = 0.5, σ1 = 0, σ2 = 0 and ε = 0 (upper).
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Figures 9 and 11 show that in order to control epi-
demic spreading in the case that the recovered nodes
have no immunity in the BA network, more efforts
have to be made. It is also clear that, the theoretical
relation (6) is very important to the case that the re-
covered nodes have immunity to eliminate the disease,
but not to the case without immunity.

Figure 12 shows the effect of vaccination rate σ1

on the epidemic spreading. It is easy to see that in-
creasing the vaccination rate can decrease the density
of the infected nodes to some extent.

Fig.12. Density z(t) of infected nodes as a function of

time in a BA network for the case that the recovered nodes

have no immunity. The infected rate λ = 0.5, the recov-

ered rates δ = 0.5, the vaccination-invalid rate σ2 = 0.25,

the efficacy of the vaccine-induced protection against in-

fection ε = 0.9, and the vaccination rate σ1 = 0.50, and

0.05 (lower to upper).

Fig.13. The error of infected node density as a function

of time in a BA network for the case that the recovered

nodes have no immunity, when the vaccination-invalid rate

changes from σ2 = 0.25 to 0.55. The infected rate λ = 0.5,

the recovered rates δ = 0.5, the vaccination rate σ1 = 0.5,

and the efficacy of the vaccine-induced protection against

infection ε = 0.9.

Figures 13 and 14 show the errors of z(t) when
the vaccination-invalid rate σ2 and the efficacy of
the vaccine-induced protection against infection ε are

changed, respectively, where the error is very small,
which suggests that the epidemic spreading is robust
against σ2 and ε. Hence, by decreasing σ2 or increas-
ing ε to control the disease is more difficult; the best
effort would be to increase the vaccination rate σ1.

Fig.14. The error of infected node density as a function

of time in a BA network for the case that the recovered

nodes have no immunity, when the efficacy of the vaccine-

induced protection against infection changes from ε = 0.9

to 0.6. The infected rate λ = 0.5, the vaccination rate

σ1 = 0.05, the vaccination-invalid rate σ2 = 0.25, and the

recovered rates δ = 0.4.

All numerical simulation results for BA networks
have shown that the epidemic spreading in scale-free
networks is oscillating and periodic, for both cases
that the recovered nodes have or have not immunity.
Relation (6), obtained by theoretical analysis, gives a
formula for controlling epidemic spreading for the case
that recovered nodes have immunity, but not for the
case without immunity. When the network size is fi-
nite, as verified by numerical simulations, the disease
can be treated as endemic.

3. Conclusion

In this paper, a new epidemic spreading SIS-like
model has been proposed and simulated by taking into
account the impact of imperfect vaccination. The dis-
ease transmission dynamics in the two cases that the
recovered nodes have immunity or have not, have been
evaluated for scale-free networks. The vaccination
rate, the vaccination-invalid rate, and the efficiency of
the vaccine-induced protection against infection are
shown to be important factors for disease outbreak.
Analysis has led to a useful formula for calculating
the vaccination rate needed for disease prevention, and
simulated results have shown that, for the case that
the recovered individuals have immunity to disease,
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there are three effective ways to prevent disease preva-
lence: increasing the vaccination rate, decreasing the
vaccination-invalid rate, and increasing the efficacy of
the vaccine-induced protection against infection, but
for the case without immunity, increasing the vaccina-

tion rate alone could be the best possible solution. Fi-
nally, based on both analytic and simulated results, it
is concluded that the disease can be prone to transmit
for the case that recovered nodes have no immunity,
which is consistent with the common sense.
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