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In this paper, we study the entanglement dynamics of two-spin Heisenberg XYZ model with the Dzialoshinskii–

Moriya (DM) interaction. The system is initially prepared in the Werner state. The effects of purity of the initial state

and DM coupling parameter on the evolution of entanglement are investigated. The necessary and sufficient condition

for the appearance of the entanglement sudden death (ESD) phenomenon has been deduced. The result shows that the

ESD always occurs if the initial state is sufficiently impure for the given coupling parameter or the DM interaction is

sufficiently strong for the given initial state. Moreover, the critical values of them are calculated.
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1. Introduction

Quantum entanglement is one of the fascinating
features of quantum mechanics which is extremely
different from classical physics, and has been widely
used as an essential resource in quantum information
processing (QIP)[1] such as quantum cryptography,[2]

teleportation[3] and superdense coding,[4] etc. In re-
cent years, efforts to characterize qualitatively and
quantitatively entanglement properties and applied
them in quantum communication and information
have been ongoing. However, entanglement in multi-
party quantum systems may have deteriorated due to
the interaction with the environment or the interac-
tion between the sub-systems. It is one of the main
obstacles for realizing QIP. Besides the application to
QIP realizations, a deeper understanding of disentan-
glement is also significant to quantum fundamentals.
Therefore, the loss of entanglement is an important
subject to research.

Recently, Yu and Eberly[5−8] have discovered that
the entanglement of a pair of qubits exposed to local
noisy environments can vanish completely in a finite
time, in striking contrast to the decoherence of an indi-
vidual qubit which decays only asymptotically. Such a
surprising phenomenon was termed entanglement sud-
den death (ESD). Because of its intrinsic and practi-

cal interest, ESD has attracted much attention from
both theoretical[9−19] and experimental[20,21] points
of view. This surprising phenomenon can appear in
many scenarios, such as: cavity-QED,[9−13] trapped
ions,[14] and spin chain[15−17] systems, etc. Almeida
et al [20] have shown that, using an all-optical exper-
imental setup, even though the environment-induced
decay of each system is asymptotic, quantum entan-
glement may suddenly disappear.

As a typical model, the interacting spin model can
be used to understand the evolution of entanglement
in its different bipartite partitions. A thorough under-
standing of the dynamical evolution of entanglement
of the interacting spin model has obvious implications
for the performance of quantum information process-
ing, as well as for our understanding of fundamental
quantum mechanics. Therefore, there are numerous
studies on the entanglement dynamics of the Heisen-
berg spin chain.[22−25] In those studies the spin-spin
interaction was considered, but the spin-orbit cou-
pling was rarely included. Different from the previous
work, in our paper the influence of the Dzialoshinskii–
Moriya (DM) interaction (arising from the spin-orbit
coupling) on the entanglement of the two-spin model
is investigated. The DM interaction is an anisotropic
antisymmetric exchange interaction.[26−30] It is im-
portant not only for weak ferromagnetism but also
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for the spin arrangement in antiferromagnets of low
symmetry. It is shown that the DM interaction can
generate a phase shift with a significant entanglement-
enhancing effect, which turns out to be equivalent to
the Aharonov–Casher effect as a physical mechanism
which causes a phase shift in a spin chain.[31]

In this paper, we investigate the time evolution
of entanglement for two-spin XYZ chain with DM in-
teraction. The ESD phenomenon would appear for
some given initial state. The result shows that the
ESD always occurs if the initial state is sufficiently
impure or the DM interaction is sufficiently strong.
The critical values are calculated. The paper is or-
ganized as follows. In Section 2, we first review the
description of the XYZ spin model with DM interac-
tion and calculate the time evolution operator of the
system by the form of the Hamiltonian. In Section 3,
the dynamic evolution of entanglement is discussed in
detail. Lastly, a conclusion is in Section 4.

2. Model

The Hamiltonian for an anisotropic N -qubit XYZ
Heisenberg chain with Dzialoshinskii–Moriya interac-
tion can be written as

H =
1
2

N−1∑

i=0

[Jxσx
i σx

i+1 + Jyσy
i σy

i+1

+ Jzσ
z
i σz

i+1 + D · (σi × σi+1)], (1)

where σi = (σx
i , σy

i , σz
i ) is the vector Pauli operator of

the i-th spin. The parameter Jα (α = x, y, z) charac-
terizes the strength of the exchange interaction. It is
well known that the XYZ chain is the most general-
ized Heisenberg interaction chain, and it encompasses
the other well-known spin models. For example: it
turns into an Ising model for Jx = Jy = 0, anm XY
model for Jz = 0, an XXZ model for Jx = Jy and
an isotropic Heisenberg model for Jx = Jy = Jz and
so on. The vector D is the DM vector measuring the
strength of the DM interaction.

Now, we analyze the two-spin case. The two-
spin system is not only essential to the construction
of the universal quantum gate, but also the most fun-
damental case on which further extensions can be de-
veloped. For simplicity, we shall choose a DM vec-
tor aligned along the z-direction, i.e. D = Dz. By
introducing the spin raising and lowering operators
σ±i = 1

2 (σx
i ± iσy

i ), the Hamiltonian of the system can

be written as

H = (J + iD)σ+
1 σ−2 + (J − iD)σ−1 σ+

2

+ ∆(σ+
1 σ+

2 + σ−1 σ−2 ) + Jzσ
z
1σz

2 . (2)

Here the parameter J = (Jx +Jy)/2 characterizes the
average strength of exchange interaction in the XY
plane, and ∆ = (Jx − Jy)/2 measures the anisotropy
in the XY plane.

In the space spanned by {| ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉}
(| ↓〉 and | ↑〉 denote the states of spin-down and spin-
up respectively), the Hamiltonian Eq.(2) can be ex-
pressed as

H =




Jz

2
0 0 ∆

0 −Jz

2
J + iD 0

0 J − iD −Jz

2
0

∆ 0 0
Jz

2




. (3)

The time evolution operator U(t) = exp(−iHt) is
expressed as follows:

U(t) =




K 0 0 L

0 M Neiθ 0

0 Ne−iθ M 0

L 0 0 K




, (4)

where

K = cos∆t e−iJzt/2, L = −i sin∆t e−iJzt/2,

M = cos νt eiJzt/2, N = −i sin νt eiJzt/2

with ν =
√

J2 + D2, and eiθ =
J + iD

ν
.

3. The dynamics evolution of en-

tanglement

Before discussing the dynamics of the entangle-
ment, it is necessary to review the measurement of
the entanglement. We regard that the concurrence
defined by William K. Wootters[32] is by far the most
convenient method to measure the entanglement for
the two-particle system. The concurrence is defined
as: C = max{0, λ1 − λ2 − λ3 − λ4}, and the numeri-
cal values λ1, λ2, λ3, λ4 (λ1 ≥ λ2 ≥ λ3 ≥ λ4) are the
square roots of the eigenvalues of the matrix product
R = ρ(σy

1 ⊗ σy
2 )ρ∗(σy

1 ⊗ σy
2 ), ρ is the density operator

of the initial state. The concurrence C = 0 corre-
sponds to a separable state while C = 1 corresponds
to maximally entangled state.
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The density operator for the total system at time
t is ρ(t) = U(t)ρ(0)U†(t). Here we shall choose the
initial state as the well-known Werner state:

ρ(0) =
1− r

4
I + r|ϕ〉〈ϕ|,

where |ϕ〉 =
1√
2
(| ↓↑〉 + | ↑↓〉) is the Bell state. The

entanglement in the initial state is measured by the
purity r, r > 1

3 corresponds to the entangled state
and r ≤ 1

3 corresponds to the separable state. Then
the density matrix for the system at time t takes the
form

ρ(t) =




x 0 0 0

0 y u 0

0 u∗ z 0

0 0 0 x




, (5)

where

x =
1− r

4
,

y =
1− r

4
+

r

2
(1 + sin θ sin 2νt),

z =
1− r

4
+

r

2
(1− sin θ sin 2νt),

u =
r

2
(cos2 νt− sin2 θ sin2 νt + cos2 θ sin2 νt)

+ ir cos θ sin2 νt sin θ.

The state of the system belongs to the so-called X-
class states[33] whose density matrix is of the form

ρ(t) =




x1 0 0 x2

0 x3 x4 0

0 x∗4 x5 0

x∗2 0 0 x6




. (6)

The X-class states have the property that the cor-
responding two-spin density matrix preserves the X-
form during the system evolution. For X-states
(6), the concurrence can be derived as C(ρ(t)) =
2max{0, |x4| − √x1x6, |x2| − √x3x5}. Therefore, the
analytic expression of the concurrence of the consid-
ered system is

C(ρ(t))

= max
{

0, r
√

1− (sin 2νt sin θ)2 − 1− r

2

}
. (7)

From the above equation, it is easy to see that the
concurrence of ρ(t) is periodically fluctuating with the
time t. The fluctuating period T = π/

√
J2 + D2.

We plot the concurrence as a function of D and t

for r = 0.5 and J = 1 in Fig.1. Figure 1 shows that en-
tanglement can fall abruptly to zero, and will remain

zero for a period of time before entanglement recovers.
The length of the time interval for zero entanglement
depends on the strength of the DM interaction.

Fig.1. The concurrence for ρ(t) versus the DM interaction

parameter D and t. The other parameters for the plot are

r = 0.5 and J = 1.

Another interesting feature of Fig.1 is that there
exists a critical value Dc, under which the ESD does
not happen, and above which we could observe the
ESD phenomenon obviously.

The concurrence C versus t for the different val-
ues of D is illustrated in Fig.2. From Fig.2, we can see
that the concurrence remains constant when D = 0.
When 0 < D < Dc, the concurrence would fluctuating
with time t but there is no ESD phenomenon. When
D ≥ Dc, we can observe the distinct ESD.

Fig.2. The concurrence versus t for different values of D.

The figure (a) corresponds to D = 0, (b) corresponds to

D = 1, (c) corresponds to D = 1.732, (d) corresponds to

D = 2.5, and (e) corresponds to D = 5 respectively. The

other parameters are the same as those in Fig.1.

As a fact, the density matrix for the system can
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be expressed as the form

ρ(t) =
1− r

4
I + r|ϕ′〉〈ϕ′|, (8)

where

|ϕ′〉
=

1√
2
[(cos νt− sin θ sin νt− i cos θ sin νt)| ↓↑〉

+ (cos νt + sin θ sin νt− i cos θ sin νt)| ↑↓〉]. (9)

If D = 0, i.e. θ = 0,

|ϕ′〉 =
1√
2
e−iνt(| ↓↑〉+ | ↑↓〉).

There is no difference except the phase factor between
the |ϕ′〉 and the Bell-state |ϕ〉. So the density matrix
would not bring up any changes with the time evolu-
tion. Therefore, the entanglement is maintained at a
steady value all the time in this case.

When D 6= 0, the maximal entangled state |ϕ〉
would evolve to the no-maximal entangled state |ϕ′〉.
So the concurrence would change with the time t. The
result indicates that the DM interaction would alter
the degree of the entanglement of the two-spin with
the time evolution. With the increase of the interac-
tion, the concurrence fluctuates with the evolution of
the time t, but it cannot decrease to zero until the
D ≥ Dc. By analyzing the analytic expression of the
concurrence, the necessary and sufficient condition for
the ESD is

r(1 + 2 cos θ) ≤ 1. (10)

For the given purity r of the initial state, the ESD
occurs if and only if

D ≥ Dc =
J
√

3r2 + 2r − 1
1− r

. (11)

From the above equation, we can see that the criti-
cal value Dc is proportional to the exchange coupling
parameter J . The result shows that there are compe-
titions between the DM interaction and the exchange
interaction in the processing of disentanglement. The
DM interaction tries to decrease the entanglement,
but the exchange interaction counteracts this process-
ing.

According to Eq.(10), we plot the Dc as a func-
tion of r in Fig.3. Obviously, as r increases, the DM
interaction should be enhanced if there is an ESD phe-
nomenon. We know that the larger the value of r, the
bigger the degree of the entanglement of the initial
state. In other words, the more entanglement at the
beginning, the stronger the coupling of the DM inter-
action inducing the ESD.

Fig.3. The critical value Dc versus the initial state param-

eter r. For this plot the other parameters are the same as

those in Fig.1.

In a similar way, we could present the schematic
curves of C as a function of r and t. As seen in Fig.4
(D = 5), it is interesting that the concurrence fluctu-
ates standardly periodically with the time evolution.
The ESD appears only in the region r0 < r ≤ rc,
where r0 = 1/3 is the boundary of the entangled ini-
tial state and unentangled state. The critical value rc

describes the upper limit of entanglement of the ini-
tial state which ESD could appear for the given D.
Under the same D, the duration of the ESD would be
reduced with the increase in r within the considered
region.

Fig.4. The concurrence for ρ(t) versus the purity r of the

initial state and t. The other parameters for the plot are

D = 5 and J = 1.

In order to know the evolution of entanglement
for a given value of D, we plot the schematic curves of
the concurrence C versus t for the different values of r

in Fig.5 (D = 5). Figures 5(a), 5(b) and 5(c) illustrate
the process from the ESD appearing to vanishing with
the increase of r.

We can also obtain the condition for the ESD for
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Fig.5. The concurrence versus t for different purity r of

the initial state. The figure (a) corresponds to r = 0.5,

(b) corresponds to r = 0.7179, (c) corresponds to r = 0.9.

The other parameter values for the plot are the same as

those in Fig.4.

the given parameter of the DM interaction

r ≤ rc = 1− 2

2 +

√
1 +

(
D

J

)2
. (12)

The relation between D/J and rc is plotted in Fig.6.

Fig.6. The critical value rc versus the ratio of the strength

of DM interaction D to the exchange interaction parame-

ter J . For this plot we have chosen the other parameters

as the same as those in Fig.4.

It is seen that rc monotonously increases with the pa-
rameter D/J . That is to say, the range of the initial
state at which the ESD happens would be larger with
the increase of the D/J .

4. Conclusion

In this paper, we have studied the dynamics of the
entanglement of a two-spin XYZ system under DM in-
teraction, and have investigated the condition of the
so-called ESD. Namely, the entanglement of the two-
spin will suffer a sudden death if we choose a special
initial state. The results demonstrate that the DM
interaction may have some disentanglement effects. It
is shown that there are competitions between the DM
interaction and the exchange interaction in the pro-
cessing of disentanglement. The DM interaction tries
to decrease the entanglement, but exchange interac-
tion counteracts this processing. For the phenomenon
of the ESD we have deduced the necessary and suffi-
cient condition for the appearance and plot the ten-
dency of the critical value with the evolvement of the
other parameters and have analyzed the mechanism
of the conclusions. Therefore, in quantum informa-
tion processing and quantum computing, in order to
prevent the two-spin entanglement from sudden death,
one could deal with proper environments by changing
the initial states. It maybe useful for the study of
the quantum channel and the quantum information
transmission by grasping the knowledge of the control
of the DM interaction.

References

[1] Nielsen M A and Chuang I L 2000 Quantum Computa-

tion and Quantum Information (Cambridge: Cambridge

University Press) (in UK)

[2] Ekert A K 1991 Phys. Rev. Lett. 67 661

[3] Bennett C H, Brassard G, Crépeau C, Jozsa R, Peres A
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