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This paper presents a scheme for implementing a Fredkin gate on three modes of a cavity. The scheme is based

on the dispersive atom-cavity interaction. By modulating the cavity frequency and the atomic transition frequency

appropriately, it obtains the effective form of nonlinear interaction between photons in the three-mode cavity. This

availability is testified via numerical analysis. It also considers both the situations with and without dissipation.
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The quantum computer first proposed by Deutsch
in 19851 is a kind of information processor which
is based on the principle of quantum mechanics. It
would perform certain tasks faster than a classical
computer, such as factoring a number and searching

for data in an array.[>!

This has triggered in the past
years many studies on the theoretical and the practi-
cal aspects of quantum computing. A quantum logic
gate, as a basic element of a quantum computer, has
been simulated with different physical models in re-

cent years such as an ion-trap System,[4’5]

cavity quan-
tum electrodynamics (QED),!®~8) the nuclear mag-
netic resonance (NMR) system!®) and linear optics.['"]

In many physical carriers of qubit, photon is best
for quantum information processes due to its weak
interaction with the environment. Thus, linear op-
tics is applied to operate photons directly through
a series of optical devices. However, if a multiqubit
gate is needed, we must use the weak nonlinear Kerr
medium to achieve the goal. The developing technol-
ogy of microwaves and optical cavities provides a way
to coherently exchange quantum information between
atoms (or ions) and photons, so cavity QED can be
considered as an ideal system to implement quantum
information processing. Up to now, many schemes
for realizing a two-qubit quantum gate with photon
as the qubit have been advanced.'*=15] A multiqubit
gate can be decomposed into a conditional z gate and

[16]

a one-qubit gate,'*® but the procedure will get more

complicated as the number of qubits increases. Hence,
researchers are trying to find effective methods to di-
rectly implement a multiqubit gate. There are two
important kinds of three-qubit gate known as the Tof-
foli gate (controlled-controlled-not gate)'” and the
Fredkin gate (controlled-swap gate)!'®! which have
given a simple implementation of a quantum com-
puter to solve Grover’s algorithm!'?! and Deutsch’s
problem, 2% respectively. The three-atom-qubit Tof-
foli gate and the multi-atom-qubit Toffoli gate have
been realized in cavity QED.[21:22] The Fredkin gate
has also been realized in an ion trap system!??! and a
linear optical system.?*=26] Very recently, Wang et al
have proposed a scheme for implementing a controlled
SWAP gate with N target qubits in cavity QED.27]
In their scheme, two sequences of photon pulses have
been swapped after transferring a single atom cavity.
Nevertheless, the experimental realization of a typi-
cal quantum algorithm may require each qubit to be
treated equally. In 2008, Chang et al put forward an
efficient scheme for realizing a three-qubit phase gate
which is implemented by passing a four-level atom in
a cascade configuration initially in its ground state

(28] As far as we

through a three-mode optical cavity.
know, no scheme has been presented for implement-
ing the three-photon-qubit Fredkin gate in a cavity
QED system. In 2005, Serra et al proposed a scheme
for realizing frequency up- and down-conversions in

two-mode cavity QED via atom-field large detuning

*Project supported by the National Natural Science Foundation of China (Grant No 60667001).

TCorresponding author. E-mail: szhang@ybu.edu.cn
http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn



No. 8

Three-qubit Fredkin gate based on cavity quantum electrodynamics 3259

interaction.!?) After one year, Zou et al improved the
scheme by atom-field resonant interaction,3%) which
reduced the operation time greatly. Enlightened by
the above works, we construct a theoretical model for
implementing a three-qubit Fredkin gate in a three-
mode cavity QED system.

This paper is organized as follows. We first pro-
pose a scheme to implement a three-qubit Fredkin
gate, then we investigate the effect of decoherence on
the fidelity of the three-qubit Fredkin gate. Finally,
we discuss the experimental feasibility of the scheme
and give a conclusion.

A three-qubit quantum Fredkin gate can be de-
fined by the operator

UFredkin = |0¢, 0a; 05)(0c, O, 0|
+ 10, 045 15)(Oc; Oq, 1]
+10¢, 14, 06)(0c, 1a, Op]
+ 10, 145 1p)(0c; La, 1p]
+ [1¢, 04, 06)(1c, Oa, Op|
+ 1es a5 0p) (1, Og, 1]
+ [1¢, 04, 16)(1c, La, Op]
+ e Las 1o)(Le, Las Lo (1)

This quantum gate can be explained as a controlled-
swap gate because the target qubits will exchange
their information when the control qubit is setted at
logic |1.). In the following we mainly discuss a cavity
QED implementation of the case.
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Fig.1. Atomic level structure of a four-level atom for ob-
taining effective interaction.

We consider a Y type four-level atom interaction
with a three-mode cavity field. The atomic states are
denoted by |g), |e) , |f) and |r). Asillustrated in Fig.1,
the transitions |g) < |e), |e) < |r), and |e) < |f) are

coupled to the cavity ¢ mode, a mode and b mode, re-
spectively. The dipole-forbidden transition |f) < |r)
is driven by a classical field with frequency wy and
amplitude 27,. The Hamiltonian (assuming i = 1) of
the system is

H = H + Hy + H3,

Hy = wylg)(gl + wele)(e] + wsl£){f] + wr|r)(r]
+waata + wpb'b + weele,

Hy = ga(alr){e| + le)(r|a’)
+9u (81 f) el + le)(f1)
+ ge(cle) (gl + |g) {eleh),

Hy = Qe “H | f)(r] + [r){fle” "), (2)

where a (b,c) and a' (b7, c') are the annihilation and
creation operators of cavity a (b, ¢) mode, respec-
tively. g¢a, g» and g. are the coupling constants of
the interaction of an atom with the cavity a mode, b
mode and ¢ mode, respectively. In this paper, we take
the values of g4, gp, g. and {2, to be real. In the in-
teraction picture, the interaction Hamiltonian can be
written as

Hi = ga(alr)(ele™ 4" + ¢! 4*[e)(r]al)
+g5(bL.f)(ele™ 4 + et Afe) (f[bT)
+gelcle)(gle 4 + e g) (el
+ ()| + ) D, (3)

where A = we —wg —we = wq — (Wr —we) = wpy — (Wf —
we). In order to eliminate the time-dependent term
in Eq.(3), we move into a rotating frame (through the
unitary transformation exp (iAle)(elt)) and the new
Hamiltonian reads

Hi = ga(alr){e] + [e)(rla’)
+g5(01) (el + le)(fIbT)
+ ge(cle)(gl + |g) (elc")
+ 20N+ 1) (f]) + Ale)el. (4)

The quantum information is encoded in a subspace
spanned by the states {|04),]14),]06),15),]0c), |1c) }-
In our system, if the atom is in state |g), the states
inCIUding ‘Oc>|0a>|0b>7 ‘Oc>|0a>|1b>7 ‘Oc>|1a>‘0b> and
[0c)]14)|1p) remain unchanged in the evolution since
H{|0¢,%q,7s) = 0 (3,5 = 0,1). Then our object is to
calculate the evolutions of the other four states con-
taining the logic quatum state |1.).

We first assume that the state for the system at
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time ¢ is

|@(t)) = Ca(t)]g, 0a, 1p, 1c) 4 Co(t)]e, 0, 1p, 0c)
+ Ce(t)| £, 0, 0, 0c)
+ Ca(t)|7, 04, 05, 0c) + Ce(t)]e, 14, 0p, Oc)
+Cr(t)]g, 1a, Op, 1c). (5)

The probability amplitudes in Eq.(5) are governed by
the Schrodinger equation:

o) _
S = H{| (), (©

and we obtain the following equations

iCa = g.Ch, (7)
iCy = gcCa + guCe + AC,, (8)
iCe = gCy + 2Cq, (9)
iCa = gaCe + Q0. (10)
iCe = gaCa + 9:Cy + AC., (11)
iCf = geCe. (12)
We assume that
Cr=C.=Cy=C. =0, (13)

which can be considered that there is no transition
to the states |e, 04, 15,0¢), |f,04,0p,0:), |7, 04, 0p,0.)
and |e,1,,0p,0.). We can then solve for Cy, C., Cy,
and C. from Eqgs.(8)—(11) and substitute the resulting

solutions into Egs.(7) and (12), the obtained results

are
. 2 2.2 2
ica:_gzcca_ gagbgc2 5 Ca
A?’QQ <1 _ gagb )
A202
2
gagbgc
- 929 Cr
w1 )
. 2 2.2.2
ICf _ _chCf _ gagbgc 5 Cf
A3()2 (1 _ gagb )
A2()?
2
_ 909b9;292 C,. (14)
aJdb
w1~ )

In the large detuning condition A > {ga, gs, g, 2},
the subsystem evolution equations are equivalent to

the case that we have the following Hamiltonian in

the SUbSpace {|g7 Oaa 117; 1c>7 ‘ga 1a7 0b7 lc>}:

gc(lg,oa,lb, 199, 0as 1, 1]

Le)(9, 1a, 06, 1c)

(19,04, 15, 1c)(g, 14, 0p, 1|
1¢)(g, 0a, 1p, 1c). (15)

We then assume that the state for the system at

Heff =

+ |97 ]-a7 0b7

 Jag9e
A2Q)
+ |g7 1(17 0b7

time ¢ is

| W (t)) = Co(t)|g, 1a, 1, 1e) + Ch(t)]e, 1, 1p, 0c)
+ C(t)]7, 04, 1, 0c)
+ Ca()[f, 14, 00,0
+ CH ()], 1a, 05,0
(

e) + Ce(t)]f,0a, 16, 0c)
c)
+ Cy(t)le, 04, 25, 0.) + C.
c)
c)-

( )‘6 2(1301730 >
—&—Cl’ t | ,04,2p,1

(t)
+ Cj(t)lg, 24, 0p, 1 (16)

It follows that the probability amplitudes satisfy
the following equations of motion:

iCl, = g.Cj, (17)

iCh = 9.C, + 9aCl+ gCl + AC;,  (18)
iCl = g.Cy + 0C, (19)

iC) = g,Cy + 2C}, (20)

i€l = V29,0l + 0C., (21)
iCh = V2g,C} + 0C}, (22)
(23)

(24)

(25)

(26)

iCy = V2g,C. + g.C] + ACY, 23
iCh = V29.C} + g.C + ACY,, 24
iCf = g.Cl, 25
10 = g.C}. 26
We set
Cr=CL=Ch=ClL=C;=C,=C, =0, (27)

in order to guarantee that there is no tran-
sition to the states |e,14,14,00), |7, 04, 1p,0c),
|f7 1a50b7 > |f70a71b7 > ‘T 1a70b7 > |6 Oa,2b,0 >
and |e, 24,0p,0.). We can then solve for C}, C, C/,

C¢, C%, Cg and O}, from Egs.(18)—(24) and substitute

the resulting solutions into Eqs.(17), (25) and (26), we
obtain
o V20u9092(CL+ CY) 9:C4
‘ 499 49295\
wo(s- S2) (s )
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. v 9a9b9:C 9a9p9:\C5 — L through the operator exp(igZc'ct , we obtain
o V20.992C, 292959:(Cj — C7) hrough th 2ctet/A btai
1 = = 49242 - 4022

A20(1— 29 ) psg2( g Zdadh
A202 A2002 _ gagbggT t i
ng; HFredkin = _WC C(a b + ab ) (36)
A<1 — 4g§g§) , 2
A2 After selecting the interaction time gagzbgct = /2,
. A 9a9b9: L a9pYc\“i — Yy we can realize the Fredkin gate on the three modes o
o V20u092C0 20a059¢(Ci - ) lize the Fredki he th des of
a 4g2g2 f 4g2g2 the cavity:
so1- 58 oo 1)
__eG (28) 10000000
2 2\ -
A<1—4ga9b) 01000000
A2()?
001 0 0 0 0O

Then, with the same limit A > {ga,9,9c, 2}, 0001000 0

the subsystem evolution is governed by the fol- F= 00 0 0 0 0 o (37)

lowing Hamiltonian in the subspace {|g, 14, 1s,1.), @

|ga2a>0balc>7 |g70a,2b,lc>}: 000000 5 0

0 00O 0O g8 00
V29ag092
ot = — 55 19> Las 16, 1e) ({9, O0as 25, 1| 0000O0GO0O0 6

off = AZ()
+ (9,24, 00, 1c|) + H.c.]
92
_j('gz1aa1b710><g,1a71b710|
+ 195045 20, 1c)(g, 0a; 20, 1c|
+ 19, 245 0p, 1c) (9 24, 0p, 1) (29)

Finally, we assume that the state for the system
at time ¢ is

| W//(t» = Ctlzl(t)|g7 Oaa 0b7 1c>
+ Cé/(t)|€’oavob70c>' (30)

Similar to the above processes, the probability ampli-
tudes satisfy the following equations of motion:

iCl = g.CY, (31)
10y = g.Cl + ACY. (32)
Setting C"{/ = 0, we acquire
. g2
iCl = —ZCC;'. (33)

Under the condition A >> {ga, g, gc, 2}, the evolution
of the subsystem is equivalent to the Hamiltonian in
the subspace {|g, 04, 0p, 1) }:

2
= = 2519.00.00. 1) (9,00, 00 1] (34)

Now, we can conclude that if the atom stays in the
state |g), an effective Hamiltonian through Egs.(15),
(29), and (34) is obtained as follows:

2 2
_ Y9 9a9b9c t ./ t i
Hypy = —ch c— AT_QCC c(a'b+ adb), (35)

with o = 1, =i and § = —1. The form of Eq.(37) is
similar to Ref.[23]. Note that in comparison with the
genuine Fredkin gate, our scheme is different by some
phase factors. Nevertheless, the gate in Eq.(37) can
be considered as a Fredkin gate operation because the
phase factors can be eliminated via setting the phase
of subsequent logic operations appropriately. In order
to characterize the availability of Eq.(36), we plot the
corresponding evolution of states vs. time ¢ by nu-
merical calculation with Eq.(4) in Figs.2-7. The co-
efficients obtained through the effective Hamiltonian
Hpyedkin in comparison with the ones obtained from
the interaction Hamiltonian Hj after a m/2 pulse are
given in Table 1. The result shows that in the large-
detuning condition A > {ga, g, ge, 2}, the effective

Hamiltonian in Eq.(36) is correct.
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Fig.2. The probability of the initial state |Oq,1p,1c)
(I1a,0p,1c)) vs. t.
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Fig.3. The probability of the state |1q,0p,1c)
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Fig.4. The probability of the initial state |14, 1p, 1c) vs. t.
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Fig.7. The probability of the state |24,0p,1c) vs. t.

Table 1. The coefficients obtained through the effec-
tive Hamiltonian Hgyeqkin in comparison with the ones
obtained from the interaction Hamiltonian H] after a

/2 pulse.
w/2 «a B 0
HFredkin 1 i -1
H] 0.9969-0.0777i 0.9894i+-0.0789 -0.9874-0.0775i

Now we consider the effect of decoherence on the
scheme. The dissipation channels include the atomic
spontaneous emission (at the rate ) and the cavity
decay (at the rate ). Under the condition that no
photon is detected either by the spontaneous emission
or by the leakage of a photon by the cavity mirror, the
evolution of the system is governed by the conditional

Hamiltonian

Hie = H] - %(ﬁaaTa + kpb b + Kecle)

i

5 (vele)(el + [ A{f] +elr){r]),

(38)

where K, (m = a,b,c) is the m-th cavity decay rate,
and 7y, (n = e, f,r) is the spontaneous emission rate of
the n-th level. The quality of the three-qubit Fredkin
gate can be described by a fidelity, which is calculated

according to the following relation:[3!]

F = (W|UTpU| W), (39)

where the overline indicates average over all possible
input state |¥y), U is the ideal three-qubit Fredkin
gate, and p; = | W) (¥, |¥;) is the final state after
the Fredkin gate (the phase factors are omitted) op-
eration in our scheme. If the system is initially in the
state
1

| Vo) = WG

@ (10s) + [15)), (40)

(10e) + [1e)) @ (10a) + [1a))

N
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which is actually for averaging over all qubit states,
and gives a general assessment for our gating imple-
mentation. After a w/2 pulse, we plot the fidelity vs.
k/g in Fig.8. It can be seen that the Fredkin gate
is very sensitive to the decoherence because the fi-
delity rapidly decreases below 0.930 from 1 when & in-
creases to 0.001g from 0. Thus, for the sake of obtain-
ing a high fidelity, we need cavity decay and atomic
spontaneousness smaller than the atom-field coherent
coupling strength by at least three orders of magni-
tude, which does not match the current experimental
technique and is a formidable problem for the real-
ization of our scheme experimentally. It is promising
that in many schemes, the effect of decoherence can
be diminished effectively by introducing an atomic-
ensemble,[13:15:32=35] 41 we are trying to find a solu-
tion via a similar method.

0.99

Fidelity
@
O
9

e
o)
ot

0.93 L . . . ]
0 0.0004 0.0008

K/g

Fig.8. Average fidelity of the Fredkin gate as a function
of k/g. Other common parameters: go = gp = ge = g =
Q:A/zo’ Ra = Kp = Ke = Ye =7f = Vr-

Although we have proposed our scheme from a
theoretical view point, we still look forward and hope
that the conditions for realizing our gate may be

reached in the near future. This depends on the ad-
vancement of technology for the fabrication industry.
Here, we bring forward the basic elements which may
be candidates for the intended experiment. The four-
level Y-type atomic structure is realistic and has been
investigated in the past.[36—38] We may employ the
85Rb atom for our proposal, the lower state |g) corre-
sponds to the I'=1 hyperfine state of the 55/, elec-
tronic ground state, the first excited state |e) cor-
responds to the F'=2 hyperfine state of the 5P5/,
electronic excited state, the higher excited states |f)
and |r) correspond to the F=1 hyperfine states of
the 75} /o electronic excited states, respectively. The
three-mode optical cavity has been widely used in
laser physics and industry along with the develop-
ment of multiwavelength lasers.39=%2l Through this
paper, we have adopted the cavity parameter g =
21 x 16 MHz,*344 and obtain an interaction time
about 6.25 us.

about the strong interaction between the multimode

Although there has been no report

field and a multilevel atom simultaneously inside one
cavity experimentally yet, we are inspired with hope
since the various cavity techniques have been devel-

oped to realize strong coupling.[4>—5

In conclusion, we have proposed a theoretical
scheme to implement the Fredkin gate with a Y-type
atom and a three-mode cavity. By modulating the
cavity frequency and the atomic transition frequency
appropriately, we obtain the form of nonlinear inter-
action between photons in the three-mode cavity. We
believe that our scheme is more meaningful for the
quantum logic gate both theoretically and experimen-

tally.
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