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This paper proves that a set of orthogonal pure states are indistinguishable by restricted local projective measure-

ment and classical communication if the sum of their Schmidt ranks is larger than the dimension of their joint Hilbert

space. This result is useful in determining the local distinguishability of quantum states and is stronger in some respects

than that of Hayashi et al [Phys. Rev. Lett. 96, 040501]. In addition, it presents a new method to determine the local

distinguishability of orthogonal states by projecting measurement operators into their subspaces.
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Local distinguishability of a set of orthogo-
nal multipartite quantum states is an interesting
topic in quantum information because of its inti-
mate yet subtle relation with nonlocality and quantum
entanglement.[1] For example, Bennett et al showed
that there are nine orthogonal product states in a 3 ×
3 system which cannot be distinguished by local op-
eration and classical communication (LOCC).[1] Ob-
viously, a set of multipartite orthogonal states can al-
ways be distinguished by nonlocal projective measure-
ments. However, when the available operations are
limited to LOCC, it is not easy to determine whether
a set of multipartite orthogonal pure states can be
locally distinguished.[1,2]

In the past few years, there have been many in-
teresting results on local distinguishability of orthogo-
nal states.[1−17] In spite of these, there has not been a
general criterion in determining the local distinguisha-
bility of orthogonal states. Some authors suggested
that if a set of orthogonal quantum states can be dis-
tinguished by LOCC protocols, the sum of Schmidt
ranks[18] for the set of states should be equal to or less
than the dimension of their Hilbert space.[3] Schmidt
rank is defined as follows: an N -partite pure state can
be written in the form

|ψ〉 =
r∑

i=1

ai|ψ(i)
1 〉 ⊗ |ψ(i)

2 〉 ⊗ . . .⊗ |ψ(i)
N 〉, (1)

and Schmidt rank is the minimal number of product
terms r in such a decomposition of |ψ〉. This criterion,
if valid, would be very useful in studying local distin-
guishability of quantum states. For example, in a 2×2
system, if four states can be locally distinguished, the
four states must be product states. If three states can
be locally distinguished, at most one of them could be
entangled. Unfortunately, this conjecture is proved
to be wrong by the clever counterexample given by
Cohen.[4]

In this paper, we prove that local distinguisha-
bility of orthogonal states can indeed be determined
by the sum of the Schmidt ranks of these states, but
by restricting available operations to restricted local
projective measurement and classical communication
(RLPCC).

Before we proceed to prove our results, we re-
view how an LOCC protocol works in distinguishing
orthogonal states.

In order to distinguish states in ε = {|ψi〉}, Al-
ice and Bob perform successive rounds of local mea-
surement and classical communication. Suppose Alice
is the first to perform a POVM {A†j1Aj1}j1 . If the
outcome is j1, {|ψi〉} becomes {Aj1 |ψi〉}i, up to nor-
malization. After communicating the result of Alice’s
measurement to Bob, Bob carries out a measurement
{B†

k1
(j1)Bk1(j1)}k1 , obtains outcome k1 and gets the
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{Aj1 ⊗Bk1(j1)|ψi〉}i. (2)

After N0 rounds of measurement and communica-
tion, there are many possible outcomes corresponding
to measurement operators acting on Alice and Bob’s
Hilbert space, each of which is a product of the N0

operators. We denote these operators as {Ai ⊗ Bi}.
They satisfy

∑

i

A†i ⊗B†
i Ai ⊗Bi =

∑

i

Mi =I, (3)

where Mi = A†iAi ⊗B†
i Bi.

For a local projective measurement and classical
communication (LPCC) protocol, similar to LOCC
protocols described above, we get the state PA

j1
⊗

PB
k1

(j1)|ψ〉 after the first round, where {PA
j1
} and

{PB
k1

(j1)}k1 are Alice’s and Bob’s projective mea-
surement separately (for any projective measurement
{Pi}, Pi = P 2

i and Pi = P †i for all i). In the sec-
ond round, Alice performs another projective mea-
surement {PA

j2
(j1, k1)}j2 and the outcome is j2. In

general, the operator PA
j1

PA
j2

(j1, k1) is not a projective
operator. But here, we restrict LPCC protocols to
satisfy

[PA
j1 , P

A
j2 (j1, k1)] = 0 (4)

for all j1, k1 and j2. Equation (4) ensures that the set
{PA

j1
PA

j2
(j1, k1)} is still a set of projective operators,

which holds the following relations:

[PA
j1P

A
j2 (j1, k1)]2 = PA

j1P
A
j2 (j1, k1), (5)

and

PA
j1P

A
j2 (j1, k1) = [PA

j1P
A
j2 (j1, k1)]†. (6)

In the following every steps, we give similar restric-
tions as Eq.(4). Thus, after N0 rounds of measure-
ment and communication, there are many possible
outcomes, each of which is a product of the N0 op-
erators. We denote these operators as {PA

i ⊗ PB
i }

and they satisfy that
∑

i (PA
i )† ⊗ (PB

i )†PA
i ⊗ PB

i =∑
i PA

i ⊗ PB
i =

∑
i Pi = I. We define this LPCC pro-

tocol as the RLPCC protocol.
Theorem 1 Let ε = {|ψi〉|i = 1, . . . , r} be a

set of bipartite orthogonal states. If states in ε can
be perfectly identified by RLPCC, then the sum of
their Schmidt ranks is equal to or less than N , the
dimension of their joint Hilbert space.

Proof If the states in ε can be distinguished by
some RLPCC protocol, then the LPCC protocol can

be described by a complete set of local projective oper-
ations {Pi}. Thus, for every |ψi〉, there exists at least
one measurement operator Pi satisfying

Pi|ψi〉 6= 0 and Pi|ψj〉 = 0 (7)

for all j(6= i).
Corresponding to the set ε = {|ψi〉|i = 1, . . . , r},

we divide {Pi} into r sets: σ1, σ2, . . . , σr, where σi =
{P (h)

i |h = 1, . . . ,mi} is composed of all operators
identifying |ψi〉. Then,

∑

i,h

P
(h)
i = I and P

(h)
i P

(k)
j = P

(h)
i P

(k)
j δijδhk. (8)

Since P
(h)
i is a projective operator, it can be written

in the following form:

P
(h)
i = |ϕ1(h)

i 〉〈ϕ1(h)
i |+ |ϕ2(h)

i 〉〈ϕ2(h)
i |+ . . .

+ |ϕni(h)
i 〉〈ϕni(h)

i |, (9)

where {|ϕ1(h)
i 〉, . . . , |ϕni(h)

i 〉} is the set of eigenbases of
P

(h)
i and every one of them is a product state, ni(h)

is the rank of P
(h)
i .

From the above argument, we know

P
(h)
j |ψi〉 = 0, (10)

for all j(6= i). Thus for every |ψi〉 we have

|ψi〉 = {I − [P (1)
i + . . . + P

(mi)
i ]

+ [P (1)
i + . . . + P

(mi)
i ]}|ψi〉

= [P (1)
i + . . . + P

(mi)
i ]|ψi〉

=
xi∑

k=1

ai
k|ϕk

i 〉, (11)

where number k from 1 to xi is a rearrangement
of {1(1), . . . , ni(1), . . . , 1(mi), . . . , ni(mi)}; ai

k =
〈ϕk

i |ψi〉; xi = ni(1) + . . . + ni(mi). From Eq.(11), we
conclude that S(|ψi〉), the Schmidt rank of the state
|ψi〉, is equal to or less than xi.

Therefore, S, the sum of Schmidt ranks of the
set, is equal to or less than N (N =

∑
i xi). This

completes the proof.
It is interesting to compare our result with that

in Ref.[5]. In Ref.[5], it was shown that a necessary
condition for deterministic LOCC discrimination of a
set of states {ρi} is that

∑
i d(ρi) ≤ N , where d(ρi)

is a quantity characterizing the distance between ρi

and the set of separable states; N is the dimension of
the Hilbert space. Since d(ρi) is very complicated to
compute, a quantity r(ρi) : = |Pi|(1 + RG(Pi/|Pi|)) ≤
d(ρi) is often used, and

∑
i r(ρi) ≤ N . Here, Pi is the

support of state ρi, |Pi| : = tr{Pi}, RG(Pi/|Pi|) is the
robustness of entanglement of state Pi/|Pi|.
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The conclusion in Ref.[5] is more general than
ours in the sense that LOCC is allowed and mixed
states {ρi} are also considered. However, our re-
sult is more effective in distinguishing pure states by
using RLPCC. For any pure bipartite state |ψi〉 =
S(|ψi〉)∑

j=1

ai
j |jj〉, RG(|ψi〉) =

( ∑
j

ai
j

)2

− 1, so we have

r(|ψi〉) =
( ∑

j

ai
j

)2

≤ S(|ψi〉).1) Consequently,

∑

i

r(|ψi〉) ≤
∑

i

S(|ψi〉) ≤ N. (12)

Therefore, our result is a stronger bound.
In certain systems such as multi-qubit systems,[6]

if a set of orthogonal states can be distinguished by
an LOCC protocol, they can also be discriminated by
some RLPCC protocol. Particularly, if a full set of
orthogonal product basis states of a quantum system
can be distinguished by some LOCC protocol, we can
always find an RLPCC protocol to identify them.[7]

In the following, we prove this conclusion and derive
a corollary from it which provides an effective method
in distinguishing quantum states.

Theorem 2 If a full set of orthogonal product
basis states

{φi〉AB = |θi〉A|δi〉B}mn
i=1 of an m × n quantum

system can be distinguished by some LOCC protocol,
they can also be distinguished by an RLPCC protocol.

Proof We can prove this theorem by showing
that, in each step of an LOCC protocol, the local oper-
ation can be replaced with a restricted local projective
operation to achieve the same goal.

Without loss of generality, we assume that we per-
form POVM {MA

i }
( ∑h

i=1 MA
i = I

)
to the particle A

with result k. Then

(MA
k ⊗ IB)|φi〉AB = 0, i = 1, . . . , l,

(MA
k ⊗ IB)|φi〉AB 6= 0, i = l + 1, . . . ,mn. (13)

If for an s ∈ {l + 1, l + 2, . . . ,mn− 1,mn},

(MA
k ⊗ IB)|φs〉AB 6= |φs〉AB , (14)

up to normalization, then

|φs〉AB = [(IA −MA
k )⊗ IB ]|φs〉AB

+ (MA
k ⊗ IB)|φs〉AB

= |ϕs
1〉+ |ϕs

2〉, (15)

where we define |ϕs
1〉 = [(IA −MA

k )⊗ IB ]|φs〉AB and
|ϕs

2〉 = MA
k ⊗ IB)|φs〉AB . Suppose |ϕs

1〉 and |ϕs
2〉 are

linearly dependent, then there exist some nonzero co-
efficients a and b such that

a|ϕs
1〉+ b|ϕs

2〉 = 0. (16)

From Eqs.(15) and (16), we get

|φs〉AB = [(a− b)/a]|ϕs
2〉

= [(a− b)/a](MA
k ⊗ IB)|φs〉AB , (17)

which contradicts Eq.(14). Therefore, |ϕs
1〉 and |ϕs

2〉
must be linearly independent. Then, by Eq.(13) we
get

〈φµ|ϕs
2〉AB = 〈φµ|(MA

k ⊗ IB)|φs〉AB

= 0, µ = 1, . . . , l. (18)

Since any effective measurement for local distinguisha-
bility must keep those residual states orthogonal, we
obtain

〈φν |ϕs
2〉AB = 〈φν |(MA

k ⊗ IB)|φs〉AB

= 0, ν = l + 1, . . . , s− 1, s + 1, . . . ,mn.

(19)

As |ϕs
1〉 = |φs〉AB − |ϕs

2〉 and 〈φσ|φs〉AB = 0, σ =
1, . . . , s−1, s+1, . . . ,mn, we get 〈φσ|ϕs

1〉 = 0. In this
way, we can construct mn + 1 linearly independent
states {|ϕs

1〉, |ϕs
2〉, |φ1〉, . . . , |φs−1〉, |φs+1〉, . . . , |φmn〉}.

This is inconsistent with the fact that the dimen-
sion of the Hilbert space is mn. Therefore, for all
s ∈ {l+1, l+2, . . . ,mn−1,mn}, (MA

k ⊗IB)|φs〉AB =
|φs〉AB , up to normalization.

So, for every state |θi〉A, there is always a
set of POVM operators {MA

j }i(I)
j=i(1) which satisfy

MA
j |θi〉A = Cji|θi〉A (Cji is a real nonzero coefficient).

Thus, every state |θi〉A corresponds to a set of la-
bels, which is defined as ξi = {i(1), i(2), . . . , i(I)}.
We divide all the states {|θi〉A}mn

i=1 into corresponding
groups with the same labels. For two different groups
of states, there must exist at least one subscript (sup-
pose that it is r) which cannot simultaneously appear
in the two corresponding sets of labels. For any two
states |θu〉A and |θw〉A in two different groups, suppose
r labels the group of |θw〉A, that is, Mr|θw〉 = Crw|θw〉
and Mr|θu〉A = 0, we have

1)It is known that
( k∑

i=1
a2

i

)( k∑
i=1

b2i

)
≥

( k∑
i=1

aibi

)2
. When

k∑
i=1

a2
i = 1 and bi = 1 for all i, we get k ≥

( k∑
i=1

ai

)2
.
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〈θu|θw〉A = 〈θu|Crw

Crw
|θw〉A

= 〈θu| Mr

Crw
|θw〉A

= 0. (20)

This shows that the subspaces spanned by the two dif-
ferent groups of states are orthogonal to each other.
Using this result, we can construct a set of orthogo-
nal projectors {PA

i } on the orthogonal subspaces. As
{PA

i } spans the whole space of the particle A, the set
of projectors {PA

i } are complete, i.e.
∑

i PA
i = IA.

Thus, we can replace the original measurement {MA
i }

with projective measurement {PA
i }. This completes

the proof.
Corollary If a full set of orthogonal product ba-

sis states {φi〉AB = |θi〉A|δi〉B}mn
i=1of an m × n quan-

tum system can be distinguished by some LOCC pro-
tocol {Mi}t

i=1, then any two different Mi’s are either
parallel (“parallel” here means linearly dependent) or
orthogonal.

Proof In the proof of Theorem 2, we know that
the state in {φi〉AB} is unchanged in every measure-
ment in the protocol {Mi}t

i=1 identifying it. Thus,
suppose state φi〉AB is identified by Mi, we have
Mi ∝ |φi〉AB〈φi|, Mi|φi〉AB 6= 0 and Mi|φj〉AB =
0, j = 1, . . . , i − 1, i + 1, . . . ,mn. Generally, there
exists at least one Mi identifying state |φi〉AB , which

implies t ≥ mn, so any two different Mi’s are either
parallel or orthogonal. We complete the proof.

Corollary provides an effective method to deter-
mine the distinguishability of states.

Suppose that some LOCC protocol {Mi} can lo-
cally distinguish the set of orthogonal states {ψi〉}.
We project the operators {Mi} into the subspace
spanned by states {ψi〉} and define M ′

i = PMiP . If
we can prove that there exist two operators in {M ′

i}
which are neither parallel nor orthogonal, then we can
conclude that the supposed LOCC protocol {Mi} does
not exist. More generally, if we can prove that for any
LOCC protocol {Mi}, there always exist two opera-
tors in {M ′

i} which are neither parallel nor orthogonal,
the states in {ψi〉} cannot be discriminated by LOCC
protocols.

In conclusion, we proved that if a set of orthogonal
states can be distinguished by RLPCC, then the sum
of their Schmidt ranks is not greater than the dimen-
sion of their Hilbert space. This criterion is stronger
than previous results in Ref.[5] in certain situations.
For orthogonal product basis states, we showed that
distinguishability by LOCC implies distinguishability
by RLPCC, where we emphasize that states stay un-
changed in every local measurement. This allows us
to derive a corollary which offers an effective way to
determine local indistinguishability.
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