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Exact solutions of Maxwell’s equations describing the lightwave through 3-layer-structured cylindrical waveguide

are obtained and the mode field diameter and nonlinear coefficient of air-core nanowires (ACNWs) are numerically

calculated. The simulation results show that ACNWs offer some unique optical properties, such as tight field confining

ability and extremely high nonlinearity. At a certain wavelength and air core radius, we optimize the waveguide design

to maximize the nonlinear coefficient and minimize the mode field diameter. Our results show that the ACNWs may

be powerful potential tools for novel micro-photonic devices in the near future.
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1. Introduction

Conventional optical fibers, whose diameter
ranges from micrometer to millimeter, have been ad-
equately researched and successfully applied to many
fields such as optical communication, optical sens-
ing and optical power delivery systems.[1,2] Recently,
dielectric sub-micrometer- and nanometer-diameter
wires have attracted more and more attention and
their basic optical properties, such as field distri-
bution, power distribution and dispersion character,
have been studied widely.[3−8] Meanwhile some types
of low-loss wires have been fabricated successfully.[9,10]

These wires are about tens to thousands of times
thinner than the commonly used micrometer-diameter
waveguides. They will be promising components in fu-
ture micro-photonic devices for various applications,
such as optical communications and optical sensing.[9]

Particularly according to Refs.[11] and [12], air-core
nanowire (ACNW) will be available in the near future
and it will provide many opportunities for the real-
ization of miniaturized high performance and novel
photonic devices.

In this paper, exact solutions of Maxwell’s equa-
tions describing the lightwave propagation through

ACNWs are achieved and the mode field diameter
(MFD) and nonlinear coefficients of the ACNWs are
numerically simulated MFD gives the effective spot di-
ameter of fundamental mode and is the measurement
of the field confinement ability of optical fiber. For
many nonlinear optical processes, e.g., supercontin-
uum generation, it is desirable to maximize the non-
linear coefficient. In our study, we have optimized the
ACNW design to achieve the maximum nonlinearity
and tight light confinement. The simulation results
show that ACNWs could facilitate the development
of optical waveguides for ultra-low-threshold nonlin-
ear processes.

2. Theoretical model

We assume that the wire is ideally uniform in
diameter and smooth in sidewall. The refractive in-
dex profile of ACNW is schematically illustrated in
Fig.1.[3] There are three regions in the cross section:
a hollow core with radius a, a dielectric region with
radius b, and the infinite air cladding. The refractive
indices of the core, dielectric region and the outermost
cladding are defined as n1, n2 and n3 respectively.
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Fig.1. Refractive index profile of the ACNW.

After solving the Helmholtz equations, longitudi-
nal field components can be given by:[3]

Ez =





A Im(u1r)fc, 0 < r < a

[B Jm(u2r) + CYm(u2r)] fc, a < r < b

D Km(u3r)fc, r > b

,

(1)

Hz =





A′Im(u1r)fs, 0 < r < a

[B′Jm(u2r) + C ′Ym(u2r)] fs, a < r < b

D′Km(u3r)fs, r > b

,

(2)

where Jm and Ym are the first-kind and second-kind
Bessel functions respectively, and Im and Km are the
corresponding first-kind and second-kind modified-
Bessel functions respectively. u1 = (β2 − k2

0n
2
1)

1/2,
u2 = (k2

0n
2
2 − β2)1/2, u3 = (β2 − k2

0n
2
3)

1/2, fc =
cos(mφ + ϕm) exp[j(wt − βz)], and fs = sin(mφ +
ϕm) exp[j(wt − βz)]. β is the propagation constant
and k0 = 2π/λ is the free space wave number.

Substitute the expressions of Ez and Hz into the
following equations:[3]
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, (3c)

Hφ = − j
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(
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2 ∂Ez
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)
. (3d)

The transverse components of the field can be ex-
pressed as follows:

Er =
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For simplicity, the common factors fc = cos(mφ+
ϕm) exp[j(wt − βz)] related to Er and Hφ, and fs =
sin(mφ + ϕm) exp[j(wt − βz)] related to Eφ and Hr

have been omitted.
Using the boundary conditions that the tangential

components of the electromagnetic field (Eφ, Ez, Hφ,
Hz) must be continuous at the inner and outer cylin-
der surfaces (r = a and r = b), a system of eight lin-
ear homogeneous equations is obtained. These equa-
tions satisfy the eight coefficients of the electromag-
netic field components. In order to obtain a set of
non-zero solutions for the eight coefficients, the deter-
minant of the homogeneous equations must be equal
to zero:

det [M(β)] = 0, (5)

where M is the resulting matrix of the system of lin-
ear homogeneous equations. Here we consider the sit-
uation of fundamental mode and thus set m = 1 in
Eqs.(1)–(4).

With the propagation constant obtained by nu-
merically solving Eq.(5), we can then numerically
solve the homogeneous equations and obtain the eight
coefficients (A, B, C, D, A′, B′, C ′, D′). As a result,
all the field components can be calculated.

Using electromagnetic field components (Er, Eφ,
Hr, Hφ), the z components of Poynting vectors are
obtained

Sz =
1
2
<(ErH

∗
φ − EφH∗

r )

=
1
2
<(ErH

∗
φ cos2 φ− EφH∗

r sin2 φ)

=
1
4
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r ) cos 2φ]. (6)

Here, we have set the initial phase ϕ1 = 0.

Finally, the MFD and effective nonlinear coeffi-
cient γ are obtained[5]
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Here, n2 = 2.6× 10−20 m2/w is the nonlinear refractive index.[13] In our calculations, we assume that the n2 of
air is negligible compared to that of silica. So the integral in the numerator is evaluated only over the dielectric
region.[5]
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We assume that the refractive index of the air is
1.0, so n1 = n3 = 1.0. Then we can use the following
Sellmeier-type dispersion formula (at room tempera-
ture) to obtain the refractive indices of the dielectric
material for fused silica (SiO2):[6]

n2 − 1 =
0.6961663λ2

λ2 − (0.0684043)2

+
0.4079426λ2

λ2 − (0.1162414)2

+
0.8974794λ2

λ2 − (9.896161)2
. (9)

Here, the unit of λ is µm.

3. Results and discussion

After the radius (b) of the dielectric region is
designated as 200 nm, we calculate the wavelength-
dependent MFD of the fundamental mode of ACNW
for a different radius (a) of air core as shown in Fig.2.
When the radius of the air core is given, the MFD
increases with increasing wavelength. For a different
radius (a) of the air core, the MFD is almost the same
for shorter wavelengths (less than 0.7 µm), while the
MFD scales quickly with the increase of the air-core
radius for longer wavelengths (more than 0.8 µm).
Therefore, we can conclude that ACNWs with smaller
air-core radius (a) can achieve a tighter confinement
of light.

Fig.2. Wavelength-dependent MFD of fundamental mode

of ACNW for a different core radius a.

We have also studied the wavelength-dependent
MFD of fundamental mode of ACNW for a different
radius (b) of the dielectric region, the radius (a) of the
air core being assumed to be 10 nm. The results are
shown in Fig.3. For a certain b, the MFD increases
with increasing wavelength. This is due to the fact
that the ACNW has a large portion of light left to be

guided outside as evanescent waves when the wave-
length is much larger than the radius (b) of the dielec-
tric region.[6] For a different b, the MFD increases with
b in the short wavelength region (e.g. from 0.4 µm to
0.6 µm), while the MFD decreases with increasing b

in the long wavelength region (larger than 1 µm).

Fig.3. Wavelength-dependent MFD of fundamental mode

of ACNW for a different radius b of the dielectric region.

Fig.4. Wavelength-dependent MFD of fundamental mode

of solid-core nanowire with air-cladding (dotted) and ACNW

(solid) with the same radius of the dielectric region.

For comparison, wavelength-dependent MFDs of
fundamental mode of ACNW and air-cladding solid-
core silica nanowire with the same radius of the di-
electric region are also simulated, as illustrated in
Fig.4. The radius of dielectric region of both kinds
of nanowire is assumed to be 200 nm, and the air-core
radius (a) of ACNW is set to 10 nm. It is shown
that both kinds of nanowire have almost the same
MFD in the shorter wavelength region (from 0.3 µm
to 0.65 µm) whereas the MFD of ACNW is obviously
less than that of a solid-core nanowire in the longer
wavelength region (from 0.7 µm to 1.1 µm). For ex-
ample, at a wavelength of 1-µm, the MFD of ACNW
is 1273 nm while the MFD of solid-core silica nanowire
is 1624 nm. The existence of the small central air core
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(e.g.10 nm) enhances the light confinement ability of
the ACNWs.

Figure 5 shows the wavelength-dependent nonlin-
ear coefficient of the fundamental mode of ACNW for
a different air-core radius (a). Here the radius (b) of
the dielectric region is assumed to be 200 nm. We
can see from Fig.5 that the nonlinear coefficient of
ACNW can be very large (e.g. an order of magnitude
104) compared with those of conventional fibers. The
enhanced nonlinearity of ACNW may greatly advance
the development of nonlinear optics. Numerical re-
sults also show that, at a particular core radius (a),
the nonlinear coefficient decreases with the increase
of the wavelength. The nonlinear coefficient increases
with the decrease of the radius (a) of the air core in the
short wavelength region (e.g. from 0.4 µm to 0.8 µm),
while the nonlinear parameters of ACNWs with differ-
ent air-core radius (a) are slightly different in the long
wavelength region (e.g. larger than 0.8 µm). There-
fore, in the visible light region we can enhance the
nonlinearity of ACNW through decreasing the air-core
radius.

Fig.5. Wavelength-dependent nonlinear coefficient of fun-

damental mode of ACNW for a different core radius a.

The wavelength-dependent nonlinear coefficient
of fundamental mode of ACNW for the radius (b) of
the dielectric region is shown in Fig.6, where the air-
core radius (a) of the ACNW is assumed to be 10 nm.
From Fig.6, we can see that the nonlinear coefficient
decreases with the increase of the wavelength at a par-
ticular b and the ACNW has weak optical light con-
finement ability for longer wavelengths. Meanwhile,
the nonlinear coefficient of ACNW increases signifi-
cantly with the decrease of the radius (b) of the di-
electric region in the short wavelength region (shorter
than 0.7 µm), while the nonlinear coefficient for small
b (e.g. b=200 nm) decreases faster than that for large
b in the long wavelength region (e.g. larger than

0.9 µm). The reasons can be explained by Fig.3.

Fig.6. Wavelength-dependent nonlinear coefficient of fun-

damental mode of ACNW for different radius b of the di-

electric region.

Fig.7. Wavelength-dependent nonlinear coefficient of fun-

damental mode of solid-core (dotted) and ACNW for the

same radius of the dielectric region.

For comparison, the wavelength-dependent non-
linear coefficients of fundamental mode of ACNW
and air-cladding solid-core silica nanowire are sim-
ulated, as shown in Fig.7. The radius of dielectric
region of both kinds of nanowires is designated as
200 nm, and the air-core radius (a) of ACNW is set
to 10 nm. One can see from Fig.7 that the nonlin-
ear coefficient of ACNW is much larger than that of
solid-core nanowire. It comes from the fact that the
light intensity in the central hollow region of ACNW
with a = 10 nm has been enhanced. The enhanced
intensity results from the discontinuity of the elec-
tric field at the interface between the hollow region
and the dielectric region.[14,15] Meanwhile, the non-
linear coefficient of the air-cladding solid-core silica
wire decreases to zero quickly with the increase of
the wavelength. Because of the larger wavelength, the
air-cladding solid-core nanowire has a large portion of
light left to be outside as evanescent waves.[6]
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Figure 8 shows the dielectric region radius (b) de-
pendent MFDs of fundamental mode of ACNWs at
λ=800 nm. Here the air-core radius is assumed to be
10 nm. The minimum MFD is 646.5 nm for a radius
of the dielectric region of 280 nm. After the minimum
value, the MFD increases linearly with the radius of
the dielectric region. When the radius of the dielectric
region is smaller than the optimal value corresponding
to the minimum MFD, further decrease in the dielec-
tric region radius results in a rapid increase of MFD.

Fig.8. Dielectric region radius-dependent MFD of funda-

mental mode of ACNW with wavelength λ=800 nm.

The dielectric region radius (b) dependent nonlin-
ear coefficients of fundamental mode of ACNWs are
simulated for λ=800 nm. The numerical results are
demonstrated in Fig.9, where the air-core radius is
assumed to be 10 nm. The peak value for the nonlin-
ear coefficient of 2406 W−1/km occurs at a dielectric
region radius of 263 nm. It is noticed that the small-
est MFD does not necessarily correspond to the max-
imum nonlinearity. This is because the mode does
not maintain a consistent shape as the fiber struc-
ture (e.g. the dielectric region radius) changes.[5] At
λ=800 nm, the nonlinear coefficient of 2-µm core fiber

is 114 W−1/km.[5] For a=10 nm, the ACNW with the
optimal dielectric region radius could yield approxi-
mately 21× larger effective nonlinearity at this wave-
length. So the ACNWs are a powerful tool for nonlin-
ear optics research.

Fig.9. Dielectric region radius-dependent nonlinear co-

efficient of fundamental mode of ACNW for wavelength

λ=800 nm.

4. Conclusions

Using the 3-layer-structured cylindrical waveg-
uide model, we have investigated numerically the
mode field diameter and nonlinear properties of AC-
NWs. We assume that the wires are ideally uniform in
terms of diameter uniformity and sidewall smoothness.
In comparison with conventional large-diameter fibers,
ACNWs offer unique and excellent optical properties,
such as extremely high nonlinearity. Meanwhile, by
properly designing the geometrical parameters of AC-
NWs, we can maximize the nonlinearity and minimize
the mode field diameter at a certain wavelength. AC-
NWs will be powerful potential tools for novel non-
linear phenomena and high-performance miniaturized
photonic devices
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