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This paper discusses the symmetry of Lagrangians of holonomic systems in terms of quasi-coordinates. Firstly,

the definition and the criterion of the symmetry are given. Secondly, the condition under which there exists a conserved

quantity and the form of the conserved quantity are obtained. Finally, an example is shown to illustrate the application

of the results.
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1. Introduction

The differential equations of motion of a me-
chanical system can be expressed in terms of either
generalized coordinates or quasi-coordinates. The
latter have better universality, so their application
gets more attention.[!] Reference [2] studied the sym-
metries and the conserved quantities of holonomic
systems in terms of quasi-coordinates, including the
Noether symmetry, the Lie symmetry, the form in-
variance and the conserved quantities that arise from
them: the Noether conserved quantity, the Hojman
conserved quantity and the new conserved quantity.
References [3]-[11] discussed different kinds of sym-
metries and conserved quantities. But all the above
belong to the invariance obtained under infinitesimal
transformation of time and coordinates. In 1966, the
authors in Ref.[12] studied the problem of equivalent
Lagrangians for mechanical systems with a single de-
gree of freedom and pointed out that there exist con-
served quantities in this case. In 1981, the authors in
Ref.[13] extended the result to general multi-degree-
of-freedom systems. The results of Refs.[12] and [13]
can only be applied to conservative holonomic sys-
tems. Reference [14] discussed the problem of equiv-
alent systems of functions: (L,Qs) and (L,Q,) for
nonconservative holonomic systems, and pointed out
the condition under which there exist conserved quan-
tities and the formation of a conserved quantity. Ref-

erence [15] addressed the symmetry of Lagrangians of
nonholonomic systems. This paper extends the result
of Ref.[14] to holonomic systems in terms of quasi-
coordinates.

2. Differential equations of mo-

tion of systems

Suppose that the position of a mechanical sys-
tem is determined by the n generalized coordinates
gs(s = 1,...,n).
velocities wy; which are independent and compatible

Introduce from elsewhere n quasi-

with each other:

ws = ask(q) 4k, (s,k=1,...,n). (1)

And assume that from which all generalized velocities
ds can be solved as:

Then the differential equations of motion of the sys-
tem have the form!'!
d oL* oOL* , oL*
el - - — = P, 3
dt Ow, + Owy, Trst? oms ? 3)
where
da Oay,
'st = ( a’(;lm - aq:) birbms (4)
are Boltzmann three-index symbols, satisfying
’st = _7§r7 (5)
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and = d oL* OL* k OL* -
L= — - — - P
s dt Ow, + Owy, Trst o s
L*(ta gs; ws) = L(ta gs; bSkwk) (6) - . 82E* 82E* E?E* k
= Wk + 5 om " Gt T By e
is the Lagrangian in terms of quasi-velocities. The oI+ oo s k
partial derivative with respect to quasi-coordinate 7, o Pr, (10)
is s
b b where
= 5 Dks, (7) B
ors  Oqy O2L* - 0%L*
* . . . Wsk == ) sk — . (11)
and P; are non-potential generalized forces in terms Ows 0wy, Ows 0wy,

of quasi-velocities

Ps* (ta gk, Wk;) = Qr(ta qs, bskwk)brs~ (8)

3. Definition and

symmetry of Lagrangians

criterion of

Discuss two groups of dynamical functions:

Definition For the system (3), if one can obtain
L;=0(k=1,...,n) from L =0(s=1,...,n) and
vice versa, then the symmetry is called Lagrangian
symmetry.

From £ = 0, solving all &g, we have

o oL
oy, Owy Ot

%m%m+

* * T*x D% 82E* 8[4* r
L*, P and L*, PF. Let o mwl)’ (12)
e Ao oL, oL . " "
= —_— (,(),r — —
s dt Ows = Owy, Trs o s where
Wi+ 0%L* N o?L*  OL* o
TR T a0, T Qwdt | wy T WU = 67 (13)
OL* .
T om, Py, (9) Substituting Eq.(12) into £ = 0, we obtain
|
_ __ oL 9*L* O%L* OL*
WaOM (Pf 4+ — — —— — ———w, — —"wm
k ( et om, Ow ot &ulamw Ow;. Tmi® >
oL* O%L* 0%2L* oL*
=P+ —=—— — = —A* w (s, k,rlm=1,...,n). 14
s T oy Ow,0t 8w887rrw awﬂ”w (s,k,7,1,m n) (14)

Then we have the following criterion.

Criterion If two groups of dynamical functions L*, P} and L*, P} satisfy Eq.(14), then the corresponding
symmetry is a symmetry of Lagrangians of holonomic system (3) in terms of quasi-coordinates.

Equations (14) are called the criterion equations for symmetry of Lagrangians of holonomic systems in

terms of quasi-coordinates.

4. Conserved quantity deduced by symmetry of Lagrangians

We now deduce the conserved quantity by using the symmetry of Lagrangians.
Substituting Eq.(14) into Eq.(9), and using Eqgs.(10), (13), we obtain

Lr = Wepto, — W UM (Pl* +— -

671'[
O*L*

= W, U™ <Wklwz +

= W, U™ L;.

dwrom L T ot

oL L oL,

D0t 00w, T Dy,

2L+ oL oL
A, - — P
Oy TmkW o k)



No. 8 Symmetry of Lagrangians of holonomic systems in terms of quasi-coordinates 3147
Let _ 6W81 AT aVVh
_ k b &.dk s 3wk
WSTUT. = Asa (16) oA”
= oW, (19)
then equation (15) can be written in the form Wk
Lr=ATLE. (17)  Taking the partial derivative of Eq.(18) with respect

to m;, multiplying the result by w; and summing it

By virtue of Eq.(16), we have over I, we have

Wsk = AQer- (18) B
A oWy, oWy, 04} 5
Taking the partial derivative of Eq.(18) with re- S om Wi = om, W= o Wikwi. (20)
spect to w;, we obtain
AT BL* 93L* Also, criterion equations (14) can be written in
R R O R D the form
|
O?L* 0’L*  OL* OL* O*L* o?L*  OL* OL*

T

, = o= ]5* — AT
Bos0m, " Bt T ey Rk T By T e T s (&uram U ot
Taking the partial derivative of Eq.(21) with respect to w,,, we obtain

oL 9L oL o2L* . oL . oL  op:
Ow 40w, 0T, wr + Owg 0Ty, + Ow 40wy, Ot + Ow, 0wy, ThsWh ('T,LJT%”S B O sO0wm, B Owm,
aAT [ 9L 8°L*  aL* | aLs .
- Owm, (&ur@ﬂ'l wit Ow, Ot + aTﬂ’”“”“ B o, B PT)
s 8°L* &L o°Le oL, &L~ 9P
A <5wr37r18wm Ut o T 000w T Bwdwm EE T s T o o Do
ie.
W~ OWen | O°L* O*L* o (OL* , .
or, "t ot T owomn  dwmor, | O (awﬂ’“”’“ -h )
oA . Wy, 92L* L Wy oL OP:
= By, (W) A ( am U Boomn B T ot T Vi ke + e = 5o

Considering Eq.(19), we have

A — =
&ul%r k o,

OAT QAT [dAT QAT 04T
B, Wk = g Wt = ( a ot om l) W

Noticing Eq.(20), we get
OWem, MW 045

AL = —EWrmwy.
s 87‘1’1 wi 87‘1’[ wi aﬂ'l “i
In addition, we have
oA, oW, » OWonr
e V= g AT
Substituting Egs.(23), (24) and (25) into Eq.(22), we obtain
L L o (oL, o
Ows0my, Owp, 0wy Owym \ Ow, Vs Wk s
d4ar, o[ 02L* 0*L* o [(oL*
= — 37 Wmr + AS - - a5 r
dt ow,0m,, Om.Ow,, Ow, \ Ow

Suppose that two groups of dynamical functions satisfy the following condition:

0 OL* _ 0 oL*
T o P* — A" l - P*
Owpm, (awr VesWh s > 5 0w, ( Owy Trkk " ) ’

- P:) . (21)

).

) L (22)

(23)
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then from Eq.(26) we get

O*L* B 92 L*
Ows0my,  Owy, 0Ty
dAar, . [ O°L* O*L*
Y’ Wiy + 4 <3wraﬂ'm - 8wm87rr> - (28)

Introducing two matrices T and T whose elements are

respectively
T 0*L* 0%L*
T Qw0 OwmOTs
_ o?L* 0?L*
Tsm = (29)

0wsOTy  OwmOTms’

we can express Eq.(28) in the matrix form
A= —TU + ATU, (30)

where A = (A7) and U = (U**) are n x n matrices.
Then for any positive integer m, considering the fact
that T and T are antisymmetric, U and W are sym-
metric, and A = WU, and using the properties of the
trace of matrices, we get

AA™Y = (“TU + WUTU)A™ !
= -TUWU)" '+ WUTU(WU)™ !

tr [TUWU)™ '] =0

tr [WUTUWU)™ '] =0,

and
tr (AAm_1> =0.
Thus,
Sl = | g m]
= mtr (/'1/1"‘*1) =0,
% fer(A™)] = 0, (31)

for any positive integer m, and we have the conserved
quantities

tr(A™) = const., (32)

namely, the traces of all positive integer powers of A
are constants of the motion. Therefore, we have
Proposition For the system (3), if the condition
(27) is satisfied, then the symmetry of Lagrangians of
the system will lead to the conserved quantity (32).

Taking the generalized velocities as the quasi-

velocities, i.e., ws = ¢s, we have

Vik:()a P;:Qsa L*:La
8L - 0%L

Wsk = 3 a- k= 53-8 *

0450q 04504y,

Then the criterion equations (14) can be expressed as

_ _ 9L 9L %L
Ws kl vz Yy .r
v (Ql T Oa  0adt  9qdq, " )
OL 0L 0L
=Qs+ 52— 55 4r 33
Ot g " 86,0t 940g," (33)
and the condition (27) changes into
Qs 0Qr
= A . 34
A4y dqy, (34)

Thus, we have the following corollaries.

Corollary 1 For a holonomic system in terms
of generalized coordinates, if two groups of dynamical
functions: L, Qs and L, Q, satisfy Eqs.(33), (34), then
the symmetry of Lagrangians of the system will lead
to the conserved quantity (32).

Corollary 2 For a Lagrange system, the symme-
try of Lagrangians will lead to the conserved quantity
(32).

Corollary 1 was obtained by Ref.[14].

5. Illustrative example

In order to illustrate the above results, we give an
example.

Now, we study the symmetry of Lagrangians and
a conserved quantity for the motion in a space of a
free rigid body.

Take the Euler angles ¥, 8, ¢ and center-of-mass
coordinates ., Y., 2. as generalized coordinates

G =v,q2=0,43 = ¢, 1 = Tc, 45 = Y, §6 = Zec-

Let quasi-velocities

w1 = ¢ sin o sin g3 + ¢2 cos gs,
wy = g sin gz cos g3 — g2 sin gs,
w3 = g1 COS q2 + g3,

we = g6,

Wy =q4, ws= (s,

where w1, ws, w3 are the projections of angular veloci-
ties on the central principal axes of inertia. Then the
Boltzmann three-index symbols are as follows:

’Yfz = —’731 =-1,
=i = 1,

Yoz = =32 = —1,
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the others equal zero. And the Lagrangian in terms
of quasi-velocities has a simple form:

L* = % (Aw? + Bw3 + Cw3)

1
5 (Wi + w3+ wg) —mge,

where A, B, C are principal moments of inertia of the
rigid body, m is its mass. The non-potential general-
ized forces

Pr=0 (s=1,...,6).

Choose other group of dynamical functions as

1 1
L = émwi’ + 3 (Aw? + Bwj + Cw3)

1
+ -m (wg + wg) — mgqe,

2
pr =0,
then
Li=wily, Lp=Ly, (k=12,3,56),
Mooy A=1, (b=1,23,506),
Aﬁ =0 (k 7é 7’),
Pr=P: (s=1,...,6).

The conserved quantity (32) deduced by the symme-
try of Lagrangians gives

I = w4+ 5 = const.

Similarly, choose

= 1 1
L* = émwg t3 (Aw? + Bwj + Cw3)

1
+ oM (WZ + wé) —mgqe

and

_ 1 1
L* = gm (we + gt)® + 3 (Aw? + Bwj + Cw3)

+ %m (wf 4+ w?) — mggews,

the symmetry of Lagrangians can lead to the following
conserved quantities respectively

I = w5 + 5 = const.,

I =wg+ gt + 5 = const.

All the three integrals represent the conservation

of generalized momenta.

6. Conclusions

This paper discusses the symmetry of La-
grangians and the conserved quantity deduced by
using it for holonomic system in terms of quasi-
coordinates. Quasi-coordinates are more general than
generalized coordinates; the result of Ref.[14] is a spe-
cial case of that of this paper.
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