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This paper shows that a substantial amount of dissipationless spin-Hall current contribution may exist in the

extrinsic spin-Hall effect, which originates from the spin-orbit coupling induced by the applied external electric field

itself that drives the extrinsic spin-Hall effect in a nonmagnetic semiconductor (or metal). By assuming that the impurity

density is in a moderate range such that the total scattering potential due to all randomly distributed impurities is a

smooth function of the space coordinate, it is shown that this dissipationless contribution shall be of the same orders

of magnitude as the usual extrinsic contribution from spin-orbit dependent impurity scatterings (or may even be larger

than the latter one). The theoretical results obtained are in good agreement with recent relevant experimental results.
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1. Introduction

Generation of spin currents in nonmagnetic semi-
conductors by purely electric means is one of the prin-
cipal challenges in the emerging field of semiconductor
spintronics.[1,2] Several proposals have been put for-
ward for achieving this goal. Among them, the spin-
Hall effect has attracted recently much theoretical and
experimental interest both for the possible applica-
tions in spintronics and also for the diverse and inter-
esting physics contained in it.[3−13] This effect arises
from spin-orbit interaction of charge carriers, and it
consists of the generation of a spin current in the di-
rection perpendicular to an applied external electric
field that drives a charge current to circulate through
a sample. Two different versions of the effect had been
distinguished theoretically, namely extrinsic and in-
trinsic spin-Hall effect, respectively. Extrinsic spin-
Hall effect results from spin-orbit dependent scatter-
ings of charge carriers by impurities and hence shall
vanish in the clean limit.[3−5] In contrast to extrin-
sic spin-Hall effect, intrinsic spin-Hall effect is a band
structure effect, which results from the combined ac-
tion of an external electric field and the intrinsic spin-
orbit splitting of the band structures in some semicon-

ducting electronic systems lacking bulk or structural
inversion symmetry.[6,7] Since intrinsic spin-Hall effect
is a band structure effect, it was argued in some re-
cent studies that the spin-Hall current due to intrinsic
spin-Hall effect is dissipationless, i.e., it shall be in-
dependent of disorder scattering effects and all states
below the Fermi level shall contribute to it.[6,9]

It should be noted that, though significant
progress has been achieved recently in the experimen-
tal detection of the spin-Hall effect,[8−13] a number of
controversial issues still exist in the recent literatures
concerning some fundamental aspects of this effect
or concerning the theoretical interpretations of some
recent relevant experimental data.[14−38] Due to the
existence of such controversial issues, in addition to
the usual extrinsic or the usual intrinsic contribution,
other possible effects and/or contributions should also
be examined in order to get a clearer understanding of
this extraordinary effect. In this paper we will show
that, in addition to the usual extrinsic contribution
from spin-orbit dependent impurity scatterings, the
spin-orbit coupling induced by the applied external
electric field itself may also make a substantial contri-
bution to the extrinsic spin-Hall effect. We will show
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that, similar to the dissipationless spin-Hall current
due to intrinsic spin-Hall effect, the spin-Hall current
contribution due to the spin-orbit coupling induced by
the external electric field itself may also be dissipation-
less, i.e., it may be independent of disorder scattering
effects and all states below the Fermi surface may con-
tribute to it with equal weights. At first glance, since
the spin-orbit coupling induced by impurity scatter-
ings may be substantially stronger than that induced
by external electric fields, one may think intuitively
that the spin-Hall conductivity contribution due to the
spin-orbit coupling induced by external electric fields
should be negligible in comparison with the usual ex-
trinsic contribution from spin-orbit dependent impu-
rity scatterings. But counterintuitively, in this paper
we will show that this is actually not the case. We will
show that the spin-Hall conductivity contribution due
to the spin-orbit coupling induced by external electric
fields shall be of the same orders of magnitude as the
usual extrinsic contribution from spin-orbit dependent
impurity scatterings, or may even be larger than the
latter one. Due to this fact, this contribution cannot
be neglected in the studies of the extrinsic spin-Hall
effect. The theoretical results obtained in the present
paper are in good agreement with recent relevant ex-
perimental results.

The paper will be organized as follows. In Section
2 we will introduce the theoretical model considered
and develop a semiclassical formalism to describe the
extrinsic spin-Hall effect in such systems. The main
results obtained and the essential physical reasons be-
hind them will be discussed in some detail in Section
3.

2. Model and theoretical formal-

ism

To illustrate the facts mentioned in the introduc-
tion, the following single-particle effective Hamilto-
nian will be considered,

Ĥ =
~2k2

2m
+ [eE · r + eαE(E × k) · σ]

+

[∑

i

Vi(r) +
∑

i

αim[∇rVi(r)× k] · σ
]

,

(1)

where m is the effective mass of electrons and k is
the wave vector, σ = (σx, σy, σz) denotes the usual

Pauli matrices of spin
1
2
, Vi(r) denotes the scatter-

ing potential due to the ith impurity and E is the

applied external electric field. The second term in
the first square bracket is the spin-orbit coupling in-
duced by the external electric field and the second
term in the second square bracket is the usual extrin-
sic spin-orbit coupling induced by impurity scatter-
ings. To discern the contributions from the two types
of spin-orbit interaction, we denote the coupling con-
stants of the two types of spin-orbit interaction as αE

and αim, respectively. For a non-relativistic electron
in vacuum, one has αE = αim = ~2/4m2

0c
2 (m0 is the

vacuum electron mass and c the velocity of light).[39]

In real semiconductors (or metals), the spin-orbit cou-
pling constants may be several orders of magnitude
larger than the vacuum value due to the influence of
the crystal field.[40] For example, for n-doped GaAs,
the magnitude of the spin-orbit coupling constants is
around 5.3 Å2, which is about six orders of magni-
tude larger than the vacuum value. Since the values
of αim may also depend on the fine structures of im-
purity atoms,[41] the values of αim may be different
from that of αE , but they will be of the same order of
magnitude.

From the fundamental theoretical points of view,
the extrinsic spin-Hall effect has basically two phys-
ical origins: the spin-orientation dependence of the
velocities of charge carriers and the spin-orbit depen-
dent scatterings of charge carriers by impurities. For
a system described by the Hamiltonian (1), the spin-
dependent velocity of an electron with a given wave

vector k shall be given by v̂ = ṙ =
1
i~

[r, Ĥ], from
which one gets

v̂ =
~k
m

+ e~−1αE∇k[(E × k) · σ]

+
∑

i

~−1αim∇k [σ · (∇rVi(r)× k)] . (2)

From Eq.(2) one can see that, due to the spin-orbit
interaction, the velocities of electrons will contain a
spin-orientation dependent part, which is along oppo-
site directions for electrons with the same wave vectors
but opposite spin-orientations. For an external elec-
tric field applied in the x direction (E = Exx̂), the
spin-orientation dependence of the velocities of elec-
trons combining with the spin-orbit dependent scat-
tering effects by impurities may lead to the genera-
tion of a spin-Hall current in the y direction with spin
parallel to the z direction. In the semiclassical de-
scription, the density of the induced spin-Hall current
shall be given by

jz
y(r) =

∑

λ,k

jz
y(k,λ)fλ(k, r), (3)
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where fλ(k, r) is the distribution function of electrons
and jz

y(k,λ) is the expectation value of the spin-Hall
current operator determined by the spin-orbit depen-
dent scattering wave functions of electrons:

jz
y(k,λ) ≡ ~

4
〈Ψ+

λk|{v̂yσz + σz v̂y}|Ψλk〉sc, (4)

where v̂y is the y component of the velocity opera-
tor and |Ψλk〉sc is the spin-dependent scattering wave
function of electron with the given wave vector k and
the spin index λ (λ = + for spin-up and λ = − for spin
down). Here we have used the conventional defini-
tion for the spin-Hall current operator, the natural one
which was widely used in most previous studies.[14−30]

It was generally believed that the conventional defini-
tion can be used without ambiguities in the absence
of intrinsical spin-orbit split bands. In the presence
of intrinsical spin-orbit split bands, some ambiguities
may exist with this conventional definition, and sev-
eral alternative definitions had been proposed recently
based on different theoretical arguments in order to
avoid these ambiguities.[35−38] Since the system con-
sidered in the present paper does not have intrinsical
spin-orbit split bands, the conventional definition of
spin current can be used reliably without ambiguities.

To calculate the electrically-induced spin-Hall
current based on Eqs.(3) and (4), one needs to find out
first the spin-orbit dependent scattering wave func-
tions |Ψλk〉sc, the Hamiltonian (1) can be rewritten
in the following form, of electrons and the nonequilib-
rium distribution function fλ(k, r). To find the spin-
orbit dependent scattering wave functions |Ψλk〉sc,

Ĥ = Ĥ0 + Ĥ ′, (5)

where Ĥ0 and Ĥ ′ are defined, respectively, by

Ĥ0 =
~2k2

2m
+ eαE σ̂ · (E × k), (6)

Ĥ ′ = eE · r +
∑

i

Vi(r)

+
∑

i

αim[∇rVi(r)× k] · σ. (7)

The Hamiltonian Ĥ0 can be diagonalized exactly,
whose eigenfunctions shall be denoted as |ψ(0)

λk 〉 =
1√
A

eik·r|uλk〉, where A is the area of the two-

dimensional system and |uλk〉 is the spinor eigenfunc-
tion (λ = + for spin-up and λ = − for spin-down).
Assuming that the external electric field is applied in

the x direction (E = Exx̂), we find that the eigenval-
ues of Ĥ0 shall be given by

ελk =
~2k2

2m
+ λeαEkyEx. (8)

We assume that the impurity density is in a moderate
range such that the total scattering potential due to all
randomly distributed impurities is a smooth function
of the space coordinate. In such cases one can treat
the Hamiltonian Ĥ ′ as a perturbation. Then the scat-
tering state of an eigenfunction |ψ(0)

λk 〉 of the Hamilto-
nian Ĥ0 due to the perturbation of the Hamiltonian
Ĥ ′ can be determined from the Lippman–Schwinger
equation,[42] which reads

|Ψλk〉sc = |ψ(0)
λk 〉+ Ĝ

(+)
0 Ĥ ′|Ψλk〉sc, (9)

where Ĝ
(+)
0 = (ελk − Ĥ0 + i0+)−1 is the unperturbed

retarded Green’s function. Substituting the scattering
wave function given by Eq.(9) into Eq.(4) and making
use of the usual Born approximation and then keep-
ing only the terms linear in the spin-orbit coupling
constants, we can obtain the following result:

jz
y(k,λ) = λ

~2ky

2m
+

1
2
eαEEx −

∑

i

~
2

αimkx

τ
(i)
λk

, (10)

where τ
(i)
λk is a relaxation time defined by

1

τ
(i)
λk

=
∑

k′λ′
w

(i)
λk,λ′k′(1−

k′x
kx

)δ(ελk − ελ′k′), (11)

where w
(i)
λk,λ′k′ ≡ 2π

~ |〈ψ
(0)
λk |Vi(r)|ψ(0)

λ′k′〉|2 denotes the
transition probability of an electron from the state
|ψ(0)

λk 〉 to the state |ψ(0)
λ′k′〉 due to the scattering by the

ith impurity.
The nonequilibrium distribution function of elec-

trons in the presence of the external electric field can
be obtained by solving the Boltzmann transport equa-
tion,

vλk·∇rfλ(k, r)− eE · vλk
∂fλ(k, r)

∂ελk

=
∑

k′,λ′
[wλ′k′,λkfλ′(k′, r)− wλk,λ′k′fλ(k, r)]

× δ(ελk − ελ′k′), (12)

where vλk = ~k/m and wλk,λ′k′ ≡
∑

i w
(i)
λk,λ′k′ is the

total transition probability of an electron from the
state |ψ(0)

λk 〉 to the state |ψ(0)
λ′k′〉 due to all disorder

scattering events. For a homogeneous system and a
uniform external electric field, the distribution func-
tion shall be independent of the spatial coordinate r

and can be denoted as fλ(k). In the linear response
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regime, the deviation of the nonequilibrium distribu-
tion function fλ(k) from the equilibrium Fermi dis-
tribution function f0, δfλ(k) ≡ fλ(k)− f0, can be
described by the following ansatz:

δfλ(k) = −e (∂f0/∂εF) [Aλk(E · vλk)

+ Bλk(E × ẑ) · vλk], (13)

where εF is the Fermi energy and Aλk and Bλk are
two coefficients which need to be determined self-
consistently from Eq.(12). The second term in the
square bracket of Eq.(13) characterizes the anisotropy
of impurity scatterings. Substituting Eq.(13) into
Eq.(12) and by some tedious algebra, one can show
that the solution for the coefficients Aλk and Bλk can
be expressed as

Aλk =
τλk

1 + (τλk/τ ′λk)2
, (14)

Bλk =
τ ′kλ

1 + (τ ′λk/τλk)2
, (15)

where τλk and τ ′λk are two relaxation times defined by

1
τλk

=
∑

k′,λ′
wλk,λ′k′(1− k′x/kx)δ(ελk − ελ′k′), (16)

1
τ ′λk

=
∑

k′,λ′
wλ′k′,λk(k′/k) sin(θk − θk′)δ(ελk − ελ′k′),

(17)
where θk (θk′) denotes the angle between k (k′) and
the external electric field, respectively. By use of
Eqs.(13)–(17), the nonequilibrium distribution func-
tion of electrons can be determined.

3. Results and discussions

After the expectation value jz
y(k,λ) and the

nonequilibrium distribution function fλ(k) are ob-
tained, the spin-Hall current density can be cal-
culated through Eq.(3), from which one can show
that the spin-Hall conductivity ( defined by σs ≡
limEx→0(jz

y/Ex)) can be expressed as

σs = σs(E) + σs(im), (18)

where σs(E) and σs(im) are given, respectively, by

σs(E) =
1
2
NceαE , (19)

σs(im) =
∑

kλ

(∂f0/∂εF)
e~2αimk2

x

2m[1 + (τλk/τ ′λk)2]
, (20)

where Nc is the charge carrier density.
From Eqs.(18)–(20) one can see that, after the

influence of the spin-orbit coupling induced by the ex-
ternal electric field itself is taken into account, the
spin-Hall conductivity shall be a sum of two distinct
contributions. One contribution (σs(im)) is from spin-
orbit dependent impurity scatterings and the other (
σs(E)) is from the spin-orbit coupling induced by the
external electric field. From Eq.(19) one can see that
the contribution from the spin-orbit coupling induced
by the external electric field itself is dissipationless,
i.e., it is independent of disorder scattering effects,
and, as will be shown more clearly below, all states
below the Fermi level can make contribution to it
with equal weights, similar to the dissipationless spin-
Hall current due to intrinsic spin-Hall effect.[6] The
spin-Hall conductivity given by Eq.(20) is the usual
extrinsic contribution from spin-orbit dependent im-
purity scatterings, which contains both the side-jump
and skew scattering contributions due to spin-orbit
dependent impurity scatterings. These two types of
extrinsic spin-Hall contributions are usually described
in a separative way in some previous theoretical treat-
ments. Comparing with these theoretical treatments,
we find that a merit of our approach is that these two
types of extrinsic spin-Hall contributions can be de-
scribed in a unified way. From Eq.(20) one can see
that, unlike the spin-Hall conductivity contribution
from the spin-orbit coupling induced by the external
electric field, for the usual extrinsic spin-Hall conduc-
tivity contribution due to spin-orbit dependent impu-
rity scatterings, only the states in the vicinity of the
Fermi level can make substantial contribution to it,
similar to the cases encountered with usual dissipative
charge and/or spin transports. Mathematically, this
is due to the fact that the extrinsic spin-Hall conduc-
tivity given by Eq.(20) contains a factor of ∂f0/∂εF,
which is nonvanishing only for the states in the vicin-
ity of the Fermi level.

An interesting question regarding the results
given by Eqs.(18)–(20) is why the contribution from
the spin-orbit coupling induced by the external elec-
tric field itself could be independent of disorder scat-
tering effects. From the theoretical point of view, this
is due to the fact that the spin-orientation dependent
part of the velocities of charge carriers due to this
type of spin-orbit interaction is independent of their
wave vectors. To see this fact clearly, let us neglect
the extrinsic spin-orbit coupling induced by impurity
scatterings (i.e., setting the coupling constant αim = 0
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in the Hamiltonian (1)). Then in the direction perpen-
dicular to the external electric field, the velocities of
charge carriers with spin-up and spin-down shall be
given, respectively, by

v(+)
y (k) =

~ky

m
+

eαEEx

~
, (21)

v(−)
y (k) =

~ky

m
− eαEEx

~
, (22)

where v
(+)
y (k) is the velocity of charge carriers with

spin-up and v
(−)
y (k) is the velocity of charge carriers

with spin-down. At zero temperature each state be-
low the Fermi level is occupied by two charge carriers
with opposite spins. Then from Eqs.(21) and (22) one
can see that all states below the Fermi level shall con-
tribute to the spin-Hall current by the same amount,
and the spin-Hall conductivity due to all states below
the Fermi level shall be given by

σs(E) = E−1
x

∑

λ,k

~
2
[v(+)

y (k)θ(εF − ε+,k)

− v(−)
y (k)θ(εF − ε−,k)]

=
1
2
NceαE , (23)

where θ(εF−ελk) = 1 for ελk < εF and θ(εF−ελk) = 0
for ελk > εF. This result is still valid if the tempera-
tures are not zero. At nonzero temperatures, one has

σs(E) = E−1
x

∑

k,λ

~
2
[v(+)

y (k)f+(k)− v(−)
y (k)f−(k)]

=
1
2
eαE

∑

k

[f+(k) + f−(k)]

=
1
2
NceαE , (24)

from which one can see clearly that, though the distri-
bution function fλ(k) shall depend on disorder scat-
tering effects and also depend on the temperatures,
the spin-Hall conductivity contribution due to the
spin-orbit coupling induced by the external electric
field itself is independent of disorder scattering effects
and all states below the Fermi level shall contribute
to it with equal weights.

Since only the states in the vicinity of the Fermi
level can make substantial contribution to the extrin-
sic spin-Hall conductivity σs(im) but all states below
the Fermi level can contribute to the spin-Hall con-
ductivity σs(E) with an equal weight, the two types
of spin-Hall conductivity contributions shall be of
the same orders of magnitude for an impure sample,
though the spin-orbit coupling induced by impurity

scatterings may be substantially stronger than that
induced by the external electric field. To illustrate
this fact explicitly, let us consider a simple case where
the impurity scatterings are isotropic (i.e., the impu-
rity scattering rates wλk,λ′k′ are independent of the
angle between k and k′). If the impurity scatter-
ings are isotropic, from Eq.(17) one shall get that
1/τ ′λk = 0, then the extrinsic spin-Hall conductivity
given by Eq.(20) shall reduce to the following form:

σs(im) =
e~2αim

2m

∑

kλ

k2
x(∂f0/∂εF). (25)

At low temperatures, the factor of ∂f0/∂εF can be
replaced approximately by a δ function, ∂f0/∂εF ≈
δ

(
~2k2

2m
− εF

)
. By making this approximation, the

extrinsic spin-Hall conductivity given by Eq.(25) can
be further reduced to a similar form as that given by
Eq.(24),

σs(im) =
e~2αim

2m

∑

k,λ

k2
x(∂f0/∂εF)

≈ 1
2
Nceαim. (26)

In obtaining this result the following identity has been

used:
∑

k,λ k2
xδ

(
~2k2

2m
− εF

)
= (m/~2)Nc, which can

be verified by a few simple algebras. From Eqs.(25)
and (26) one can see that, for δ-function shaped short-
ranged isotropic impurity scatterings, the extrinsic
spin-Hall conductivity due to spin-orbit dependent im-
purity scatterings shall be independent of the scatter-
ing times but depends only on the charge carrier den-
sity and the spin-orbit coupling constant. This result
is in agreement with that obtained in some previous
publications by different theoretical approaches (see,
e.g., the corresponding results obtained in Refs.[3]–
[5] and [26]). A similar result was also obtained in
the study of the anomalous Hall effect due to spin-
orbit dependent impurity scatterings in spin-polarized
semiconductors, where it was also found that for δ-
function shaped short-ranged isotropic impurity scat-
terings, the anomalous Hall conductivity shall be in-
dependent of the scattering times but depend only on
the charge carrier density and the spin-orbit coupling
constant.[43]

By making comparison between Eqs.(24)–(26)
one gets σs(E)/σs(im) ≈ αE/αim. Since αE ≈ αim in
general, the spin-Hall conductivity contributions due
to the two types of spin-orbit coupling shall be on the
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same orders of magnitude in general. If impurity scat-
terings are anisotropic, the extrinsic spin-Hall conduc-
tivity given by Eq.(20) shall depend on the scattering
times and may be somewhat smaller than that given
by Eq.(26). In such cases the dissipationless spin-Hall
conductivity contribution from the spin-orbit coupling
induced by the external electric field itself may even
be larger than that due to spin-orbit dependent impu-
rity scatterings. But it should be stressed that the re-
sults obtained above is based on a perturbation treat-
ment of both external electric fields and internal elec-
tric fields due to impurities, which is valid only in the
cases where the density of impurities is in a modern
range such that the total scattering potential due to
all randomly distributed impurities is a smooth func-
tion of the space coordinate. Such a condition can be
satisfied for heavily doped semiconductors but may
fail in the clean limit. So, though the results obtained
above is formally correct in the clean limit, the pertur-
bation treatment applied above is actually valid only
in a moderate range of impurity densities.

To give a quantitative estimate of the magni-
tudes of the spin-Hall conductivities obtained by the
theory, we take n-doped GaAs for example. For n-
doped GaAs, the magnitude of the spin-orbit coupling
constants is around 5.3Å2.[41] For the charge carrier
density Nc, we take the parameters from the exper-
iment reported in Ref.[8], where the electron density
Nc ≈ 3 × 1016cm−3. To make comparisons with the
relevant experimental results, the spin-Hall conduc-
tivities will be multiplied by a factor of e/(~/2) so
that their dimensions become the same as usual charge
conductivities.[8] Then from Eqs.(19) and (20) we get
that σs(im) ≈ σs(E) ≈ 0.38Ω−1·m−1 and the total spin-
Hall conductivity σs = σs(im) + σs(E) ≈ 0.76Ω−1·m−1,
this is in good agreement with the relevant experimen-
tal results (σs ≈ 0.7Ω−1·m−1) reported in Ref.[8]. But
it should be pointed out that, though the theoretical

results obtained above are in good agreement with the
relevant experimental results, a number of important
factors were not considered in our calculation, e.g.,
the contribution of intrinsic spin-orbit coupling[21] and
Coulomb interactions between charge carriers[32] were
left out in our calculation. The total spin-Hall con-
ductivity in real semiconductors will also depend on
these factors. For example, as was shown in Ref.[32],
the extrinsic spin-Hall conductivity shall be reduced
by the Coulomb interactions for typical experimental
mobilities. In order to get a clear understanding of the
relevant experimental results, these factors also need
to be considered. But this is beyond the scope of the
approach applied in the present paper.

In summary, we have shown that in addition to
the usual extrinsic contribution from spin-orbit de-
pendent impurity scatterings, the spin-orbit coupling
induced by the external electric field itself may also
make a substantial contribution to the spin-Hall cur-
rent in a nonmagnetic semiconductor (or metal). As-
suming that the impurity density is in a moderate
range such that the total scattering potential due to all
randomly distributed impurities is a smooth function
of the space coordinate, we find that the contribution
due to the spin-orbit coupling induced by the exter-
nal electric field itself shall be independent of disor-
der scattering effects and has the same orders of mag-
nitude as the usual extrinsic contribution from spin-
orbit dependent impurity scatterings, or may even be
larger than the latter one. The results obtained are in
good agreement with the recent relevant experimental
results.
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