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Effect of local structure on electron paramagnetic

resonance spectra for trigonal [Cr(H2O)6]
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A simple theoretical method is introduced for studying the interrelation between electronic and molecular struc-

tures. By diagonalizing the 120 × 120 complete energy matrices, the relationships between zero-field splitting (ZFS)

parameter D and local distortion parameter ∆θ for Cr3+ ions doped, separately, in α- and β- alums are investigated.

Our results indicate that there exists an approximately linear relationship between D and ∆θ in a temperature range

4.2–297 K and the signs of D and ∆θ are opposite to each other. Moreover, in order to understand the contribution of

spin–orbit coupling coefficient ζ to ZFS parameter D, the relation between D and ζ is also discussed.

Keywords: complete energy matrices, electron paramagnetic resonance (EPR) spectra, local struc-
ture
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1. Introduction

The alums belong to a well-known class of isostructural double salts described with a general formula
MIMIII(RO4)2·12H2O, where MI represents a univalent cation such as Na+, K+, Rb+, Cs+, Tl+, and NH+

4 ,
MIII denotes a trivalent mental ion, such as Al3+, Ga3+, In3+, Ti3+, V3+, Cr3+, Mn3+, Fe3+ and Mo3+,
and R refers to S or Se.[1−4] The structures of these compounds are characterized by the same cubic space
group Pa3(T 6

h ) with four formula units per unit cell (Z = 4). Since Lipson[5] found that the alums could be
decomposed into three different structural types designated as α-, β- and γ-, the alums have attracted much
attention.[6−9] During the last several decades, many experiments on, such as x-ray diffraction,[10] vibrational
spectra[11] and HFEPR[12] have been performed to study the hyperfine structure of alums. Recently, Beattie et
al [13] have successfully proved that the difference between the α- and the β- categories may be elucidated by the
geometry of six water molecules around a univalent cation. In α-alums there exists a trigonal antiprism along
the three-fold axis, and the H2O-MI-H2O angle lies in a range of 64.6–66.5◦, while in β-alums the corresponding
value is in a 60.0–60.2◦ range. The distinguishing feature of γ-alums is the orientation of the sulfate (selenate)
group. The schematic drawing of α- and β-alums has been reported[3] as shown in Fig.1.

The advantage of the alum structure is accommodating a wide range of trivalent cations with little change of
the lattice. This makes it very suitable as a host lattice to study the properties of crystal doped with transition
metal ions.[7,9,14,15] Among the varieties of experimental techniques, electron paramagnetic resonance (EPR) is
regarded as an effective tool to study the microstructure and the local environment around a substitution mag-
netic ion site in crystals.[16−24] For instance, the interrelation between electronic and molecular structures is well
illustrated by Tregenna-Piggott et al [25] by using EPR parameters for the [V(H2O)6]3+ coordination complex in
various alums. Tregenna-Piggott et al pointed out that the electronic structure of the complex depends strongly
on the mode of coordination of water molecules to the V3+ ion, which was revealed by single-crystal neutron
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and x-ray diffraction measurements. Subsequently, Krivokapic̃ et al [6] studied high-field multifrequency EPR
spectra of Mn3+ ion doped in the CsGa sulfate alum, and they presented the first observation and interpretation
of the anisotropic hyperfine interaction in the [Mn(H2O)6]3+ coordination complex. In addition, a phase tran-
sition from cubic (Pa3) to orthorhombic (Pbca) at 156 K was also observed in alums. Especially, Manoogian
and Leclerc[26] carried out a systematical study on the zero-field splitting (ZFS) parameter D as a function of
temperature for [Cr(H2O)6]3+ magnetic complexes in alums. From the experimental results, Manoogian and
Leclerc found an interesting phenomenon that the magnitude of D decreases with temperature decreasing for
all alums, D > 0 for α-alums and D < 0 for β-alums.

Fig.1. Schematics of the crystal structure of α- and β-alums.

From the extensive EPR experiments much important information about the local structure of the magnetic
impurity centre is obtained, thereby forming a useful starting point for understanding the interrelation between
electronic and molecular structures of transition metal ions in alums. However, the systematical theoretical in-
vestigation of the local structures around impurities in different alums has been little performed. In the present
paper, different local structures of [Cr(H2O)6]3+ octahedron in α- and β-sulfate alums are determined, sepa-
rately, and the influence of the local distortion parameter ∆θ on ZFS parameter D is studied in a temperature
range 4.2–297 K. Meanwhile, the relationship between ZFS parameter D and spin–orbit coupling coefficient ζ

is also studied.

2. Method

2.1.Complete energy matrices for the d3 configuration ion in the trigonal ligand-

field

The method of diagonalizing the complete energy matrices has been proved to be a powerful tool to study
the interrelation between electronic and molecular structures. For the d3 configuration ion in a trigonal ligand-
field, the corresponding perturbation Hamiltonian can be expressed as

Ĥ = Ĥee + ĤSO + ĤLF + ĤZEE =
∑

i<j

e2/ri,j + ζ
∑

i

li·si +
∑

i

Vi +
∑

i

µB(kli + gesi) ·H, (1)

where Ĥee, ĤSO, ĤLF and ĤZEE are, respectively, electron–electron repulsion interaction, spin–orbit coupling
interaction, ligand–field interaction and Zeeman interaction; k is the orbit reduction factor; Vi is the ligand-field
potential.

With the use of |L, S, ML,MS〉 basic functions, the 120×120 complete energy matrices of the Hamiltonian
including two directions of the external magnetic field have been established by using Slater’s method.[27,28] The
matrix elements are functions of Racah parameters B and C, spin–orbit coupling coefficient ζ and ligand-field
parameters B20, B40, Bc

43 and Bs
43. Generally, the z-axis is chosen to be along the C3 axis and the x-axis is set
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to be consistent with the projection of one of the impurity-ligand bonds in the x–y plane. Then parameter Bs
43

will vanish and the other terms can be written as[29]

B20 =
1
2

∑
τ

A2

R3
τ

(3 cos2 θτ − 1),

B40 =
1
8

∑
τ

A4

R5
τ

(35 cos4 θτ − 30 cos2 θτ + 3),

Bc
43 =

√
35
4

∑
τ

A4

R5
τ

sin3 θτ cos θτ , (2)

where

A2 = −eqτ 〈r2〉, A4 = −eqτ 〈r4〉,
and

A2/A4 = 〈r2〉/〈r4〉. (3)

We use Rτ and θτ to represent the impurity-ligand
distance and the corresponding angle between the
impurity-ligand bond and the C3 axis, respectively.

The ratio of 〈r2〉/〈r4〉 = 0.151227 is obtained
from the parametric radial wavefunction.[30] For a
[Cr(H2O)6]3+ octahedron, A4 is almost a constant
and its value can be determined from the opti-
cal spectra and the Cr–H2O bond length of the
KCr(SO4)2·12H2O.[1,31] In this way, we acquire A4 =
33.01 a.u. and A2 = 4.99 a.u. , which will be adopted
in the following calculation. In order to reduce the
number of adjustable parameters and reflect the ef-
fects of covalence, we take average covalence factor N

and use the following relations:

B = N4B0, C = N4C0,

and

ζ = N2ζ0 (4)

where B0 = 1030 cm−1, C0 = 3850 cm−1, and ζ0 =
273 cm−1 are the free Cr3+ ion parameters.[32]

2.2. EPR parameters for the d3 configu-

ration ion

The EPR spectra of the d3 configuration ion Cr3+

in a trigonal ligand-field can be analysed by employing
the spin Hamiltonian[33]

ĤS = g‖µBHzSz + g⊥µB(HxSx + HySy)

+D[S2
z − (1/3)S(S + 1)], (5)

where D is the ZFS parameter. For the total spin
S = 3/2, the eigenvalues of the spin Hamiltonian de-
pend on the direction of the external magnetic field.

For H‖(Hz), the splitting energy levels are

E1 = D +
3
2
g‖µBH‖,

E2 = −D +
1
2
g‖µBH‖,

E3 = −D − 1
2
g‖µBH‖,

and

E4 = D − 3
2
g‖µBH‖, (6)

while for H⊥(Hx or Hy), they are

E1 = −1
2
g⊥µBH⊥ +

√
g2
⊥µ2

BH2
⊥ + D2 + Dg⊥µBH⊥,

E2 = −1
2
g⊥µBH⊥ −

√
g2
⊥µ2

BH2
⊥ + D2 + Dg⊥µBH⊥,

E3 =
1
2
g⊥µBH⊥ +

√
g2
⊥µ2

BH2
⊥ + D2 −Dg⊥µBH⊥,

E4 =
1
2
g⊥µBH⊥ −

√
g2
⊥µ2

BH2
⊥ + D2 −Dg⊥µBH⊥.

(7)

It is known that the ground-state electronic term
for the free Cr3+ ion is 4F3/2. An octahedral ligand-
field yields the ground state 4A2, which is split by
the additional trigonal ligand-field into two Kramers
doublets with quantum numbers Ms = ±3/2 and
Ms = ±1/2, separately. In the special case of the
zero magnetic field, the ZFS energy ∆E between the
two Kramers levels can be expressed as a function of
parameter D

∆E = E(±3/2)− E(±1/2) = 2D. (8)

Based on the above theoretical formulae and com-
plete energy matrices, the interrelation between elec-
tronic and molecular structures can be established by
analysing the EPR and optical spectra.

3. Calculation and discussion

3.1.Calculation of the local structure for

the Cr3+ ion doped in sulfate alums

As already mentioned, all alums belong to the
same space group and their unit cell parameters are
close to each other. Their slight differences in atomic
arrangement enable three types of alum structures
to be determined (α-, β-, γ-). In each case there
is a nearly regular octahedron of water molecules
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surrounding a trivalent ion. In our present work,
the alums MIMIII(SO4)2·12H2O (MI = Rb+, Tl+,
NH+

4 ; MIII = Al3+, Ga3+) are of α-alum while alums
CsMIII(SO4)2·12H2O (MIII = Al3+, Ga3+) are of β-
alum. When it is doped into these sulfate alums, the
Cr3+ ion will occupy the site of the host MIII ion, and
the local structure around the Cr3+ centre will dis-
play a trigonal distortion along the C3 axis, owing to
the ionic radius and mass of the Cr3+ ion being dif-
ferent from those of the MIII ion. In order to describe
the local structure of the [Cr(H2O)6]3+ octahedron
in sulfate alums, we introduce two parameters R and
θ, which denote the Cr3+–H2O bond length and the
angle between the Cr3+–H2O bond and the C3 axis,
respectively, as plotted in Fig.2.

Fig.2. The microstructure for the Cr3+ ion doped in

alums, where R is the Cr3+–H2O bond length and θ

is the angle between the Cr3+–H2O bond and the C3

axis.

For the local structure parameter R, its value can
be determined by the optical spectra. However, the

optical spectra of the Cr3+ ion doped in the above
sulfate alums have not been reported. Many experi-
mental results show that the [Cr(H2O)6]3+ coordina-
tion complexes have similar energies,[31−34] so it is a
reasonable approximation to apply the optical spectra
of AlCl3·6H2O:Cr3+ system to our calculation. In this
case we obtain R = 1.960 Å (297 K), 1.959 Å (195 K),
1.955 Å (77 K) and 1.954 Å (4.2 K) by simulating
the optical spectrum energy (4A2→4T2) at different
temperatures. Meanwhile, N = 0.922 (297 K), 0.926
(195 K), 0.923 (77 K) and 0.925 (4.2 K) can also be ob-
tained. The local structure parameter θ for the Cr3+

ion doped in different sulfate alums can be expressed
as:

θ = θoh + ∆θ, (9)

where θoh denotes the bond angle between the MIII–
H2O bond and the C3 axis in cubic symmetry (θoh =
cos−1(1/

√
3) ≈ 54.7356◦), and ∆θ represents the dis-

tortion of the bond angle. According to the previous
studies,[17,22,35−37] the EPR parameters (D, g‖, g⊥)
are more sensitive to the change of bond angle than
that of bond length. Thus, with the above bond length
at a corresponding temperature fixed, we investigate
local distortion parameter ∆θ in various sulfate alums
by fitting the calculated EPR parameters to the ob-
served ones. In order to obtain the calculations of
the g-factors, the orbit reduction factor k is adjusted
slightly according to the formula k ≈ N2. By di-
agonalizing the complete energy matrices, the optical
spectra and EPR parameters of [Cr(H2O)6]3+ coor-
dination complex in various sulfate alums are calcu-
lated using the above parameters. The comparisons
between the theoretical values and the experimental
data are listed in Tables 1–3.

Table 1. Calculated optical spectrum energies (4A2→4T2) for Cr3+ ion doped in various alums at

297, 195, 77 and 4.2 K in units of cm−1.

compounds 297 K 195 K 77 K 4.2 K

CsGa alum 17275 17369 17307 17397 17488 17576 17500 17587

CsAl alum 17271 17371 17303 17399 17483 17578 17496 17589

RbGa alum 17301 17411 17339 17425 17523 17594 17535 17604

RbAl alum 17307 17398 17346 17409 17531 17578 17542 17589

TlGa alum 17299 17414 17339 17424 17527 17586 17538 17598

TlAl alum 17307 17398 17348 17408 17533 17575 – –

NH4Ga alum 17308 17397 17350 17403 – – – –

NH4Al alum 17316 17380 17357 17388 – – – –

expt.[34] 17240 17420 17240 17480 17540 17540 17540 17540
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Table 2. Values of ZFS parameter D for the Cr3+ ion doped in various alums each as a function of

parameter ∆ θ at 297, 195, 77 and 4.2 K, separately.

297 K 195 K 77 K 4.2 K

compounds ∆θ/(◦) D/cm−1 ∆θ/(◦) D/cm−1 ∆θ/(◦) D/cm−1 ∆θ/(◦) D/cm−1

CsGa alum 0.190 –0.0719 0.183 –0.0697 0.177 –0.0667 0.175 –0.0660

expt.[26] –0.0719 –0.0697 –0.0667 –0.0660

CsAl alum 0.201 –0.0762 0.196 –0.0744 0.192 –0.0723 0.189 –0.0715

expt.[26] –0.0762 –0.0744 –0.0723 –0.0715

RbGa alum –0.215 0.0824 –0.168 0.0645 –0.138 0.0525 –0.136 0.0518

expt.[26] 0.0824 0.0645 0.0525 0.0518

RbAl alum –0.178 0.0681 –0.124 0.0474 –0.092 0.0348 –0.092 0.0349

expt.[26] 0.0681 0.0474 0.0348 0.0349

TlGa alum –0.225 0.0862 –0.168 0.0643 –0.117 0.0444 –0.116 0.0442

expt.[26] 0.0862 0.0643 0.0444 0.0442

TlAl alum –0.179 0.0683 –0.119 0.0457 –0.084 0.0320

expt.[26] 0.0683 0.0457 0.0320 – –

NH4Ga alum –0.174 0.0665 –0.106 0.0404

expt.[26] 0.0665 0.0404 – – – –

NH4Al alum –0.127 0.0485 –0.061 0.0232

expt.[26] 0.0485 0.0232 – – – –

Table 3. Calculated values of g-factors (g‖, g⊥) for Cr3+ ion doped in various alums and orbit

reduction factor k. The experimental g-factors of all alums are 1.975±0.005 at 297, 195, 77 and

4.2 K that are cited from Ref.[26].

297 K 195 K 77 K 4.2 K

compounds k g‖ g⊥ k g‖ g⊥ k g‖ g⊥ k g‖ g⊥
CsGa alum 0.746 1.9747 1.9753 0.742 1.9747 1.9752 0.756 1.9747 1.9752 0.752 1.9747 1.9752

CsAl alum 0.746 1.9747 1.9753 0.742 1.9747 1.9753 0.756 1.9747 1.9752 0.752 1.9747 1.9752

RbGa alum 0.756 1.9752 1.9745 0.749 1.9752 1.9747 0.759 1.9752 1.9748 0.756 1.9752 1.9748

RbAl alum 0.753 1.9752 1.9747 0.746 1.9752 1.9748 0.758 1.9752 1.9749 0.754 1.9752 1.9749

TlGa alum 0.756 1.9752 1.9745 0.749 1.9752 1.9747 0.759 1.9752 1.9748 0.755 1.9752 1.9748

TlAl alum 0.753 1.9752 1.9747 0.746 1.9752 1.9748 0.757 1.9752 1.9749 – – –

NH4Ga alum 0.753 1.9752 1.9747 0.745 1.9752 1.9749 – – – – – –

NH4Al alum 0.751 1.9752 1.9748 0.743 1.9752 1.9750 – – – – – –

From Tables 1–3, we can see that the experimental results can be satisfactorily simulated by the corre-
sponding distortion parameters at each temperature. However, no measurement has been performed at some
temperatures for TlAl, NH4Ga and NH4Al alums. The reason is that the linewidth of the EPR spectrum
becomes excessively broad at 4.2 K for the TlAl alum and the NH4 alums undergo a phase transition at low
temperatures.[26] It must be pointed out that, owing to the influence of the H+ ions, the calculated values of
local structure parameters R and θ represent the equivalent position of the effective charge of the H2O molecule
rather than that of the O2+ ion.

3.2.Relationship between ZFS parameter D and local distortion parameter ∆θ

At each temperature, we calculate the values of local distortion parameter ∆θ in various sulfate alums
by fitting the calculated EPR parameters to the observed ones, with the corresponding bond length fixed, as
mentioned above. In order to investigate the dependence of the ZFS parameter D on local distortion parameter
∆θ, the relationship between D and ∆θ at each temperature is plotted in Fig.3. At each temperature, it can
be seen that the ZFS parameter D varies sensitively with the change of parameter ∆θ for Cr3+ ion doped in
various sulfate alums, and there exists an approximately linear relationship between parameters D and ∆θ. For
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different temperatures, we have found that the corresponding curves for D versus ∆θ are different. However, it
is worth noting that the slopes of curves for D versus ∆θ at different temperatures are almost the same, whose
value is –0.38. This means that the dependences of the ZFS parameter D on local distortion parameter ∆θ are
almost the same in the temperature range 4.2–297 K.

Fig.3. Effects of local distortion parameter ∆θ on the ZFS parameter D for Cr3+ ion doped in various

alums at 297 (a), 195 (b), 77 (c) and 4.2 K (d).

From Fig.3 we can clearly see that the signs of pa-
rameters D and ∆θ are opposite to each other. The
positive value of ZFS parameter D is related to an
elongated distortion along the C3 axis (θ < θoh); while
the negative sign of ZFS parameter D corresponds to
a compressed distortion for the octahedron (θ > θoh).
With regard to the trigonal Cr3+ centres in different
types of alums, the results show that in the local struc-
ture of the [Cr(H2O)6]3+ octahedron there exist an
elongated distortion for α-alums (MI = Rb, NH4, Tl)
and a compressed distortion for β-alums (MI = Cs) in
the temperature range 4.2–297 K. Different trigonal
distortions between α- and β-alums may be caused by
the difference in coordination of MI cation between

α-alums (6-fold) and β-alums (12-fold).[3] It is worth

pointing out that our theoretical results about the lo-

cal structures of α- and β-alums can provide a pow-

erful guideline for the further study of classifying the

alums, because the best criterion about the alum clas-

sification is still in controversy.

Besides, we can see that the absolute value of ZFS

parameter D reflects the magnitude of the distortion

relative to the regular octahedron. For all alums, their

magnitudes of ZFS parameter D decrease with tem-

perature decreasing, which can be ascribed to the fact

that there exist a decreasing elongation for α-alums

and a decreasing compression for β-alums.
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In addition, at each temperature, the magnitude
of the distortion of Ga alum is found to be greater
than that of the corresponding Al alum for α-alums
but smaller for β-alums (see Table 2).

3.3. Influence of spin–orbit coupling co-

efficient ζ on ZFS parameter D

By using the corresponding parameters above and
adjusting the spin–orbit coupling coefficient ζ, the val-
ues of ZFS parameter D are determined for different
values of ζ based on the complete energy matrices.
The curves for D versus ζ at 297 K are plotted for
several different alums in Fig.4. Apparently, the spin–
orbit coupling coefficient ζ has an important effect on

Fig.4. Relationship between ZFS parameter D and spin–

orbit coupling coefficient ζ for Cr3+ ion doped in several

different alums at 297 K.

ZFS parameter D, and in each system there exists an
approximately quadratic relationship between D and
ζ.

As suggested in Fig.4, there is a sequence of the
magnitudes of ∂D/∂ζ, that is, TlGa alum > RbGa

alum > CsAl alum > CsGa alum > TlAl alum >

RbAl alum > NH4Ga alum > NH4Al alum. The dif-
ference in magnitude of ∂D/∂ζ may be ascribed to
the different local structures for Cr3+ ion doped in
the alums.

4. Conclusions

The interrelations between EPR parameters and
the local structure of [Cr(H2O)6]3+ coordination com-
plexes in various alums are analysed by diagonalizing
the 120×120 complete energy matrices for the d3 con-
figuration ion in a trigonal ligand-field.

The relationship between ZFS parameter D and
local distortion parameter ∆θ is studied. The results
reveal that the parameter ∆θ has an important ef-
fect on ZFS parameter D and there exists an approx-
imately linear relationship between D and ∆θ in a
temperature range 4.2–297 K. Meanwhile, we find that
the positive value of the ZFS parameter D is related
to an elongated distortion while the negative value
corresponds to a compressed distortion.

The different local distortions around Cr3+ cen-
tres in α- and β-alums are found separately. The cal-
culated results indicate that the local structure of the
[Cr(H2O)6]3+ coordination complex has an elongated
distortion in α-alum and a compressed distortion in
the β-alum. This result is of significance in deeply
understanding the classification of alums. Of course,
our theoretical results need to be verified by further
experiments.

Considering the contribution of spin–orbit cou-
pling coefficient ζ to ZFS parameter D, we can see
that there is an approximately quadratic relationship
between them.
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