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This paper investigates the entropy squeezing of a moving two-level atom interacting with the two-mode entangled

coherent field via two-photon transition by using an entropic uncertainty relation and the degree of entanglement between

the two-mode fields by using quantum relative entropy. The results obtained from numerical calculation indicate that

the squeezed period, the duration of entropy squeezing and the maximal squeezing can be controlled by appropriately

choosing the intensity of the light field, the atomic motion and the field-mode structure. The atomic motion leads

to the periodic recovery of the initial maximal degree of entanglement between the two-mode fields. Moreover, there

exists a corresponding relation between the time evolution properties of the atomic entropy squeezing and those of the

entanglement between the two-mode fields.
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1. Introduction

The investigation of the squeezing of a two-
level atom has attracted considerable attention in
recent years. This is not only because it has po-
tential applications in high-resolution spectroscopy,!!
high precision atomic fountain clocks,?! high-precision
spin polarization measurements,® the generation of
quantum-controlled few-photon states,[* the con-
trol of quantum noise,” and atomic spin polar-

(6]

ization measurements,® but also because the gen-

[7]

eration of squeezed light!”) has been applied to

quantum information theory, for example, in quan-

8:9] cryptography,['%1 and dense

tum teleportation,
coding.['?l Most studies of atomic squeezing are based
on the Heisenberg uncertainty relation(HUR), which
is regarded as a standard limitation on measurements
of quantum fluctuations. However, the HUR cannot
give us sufficient information on atomic squeezing, in

(13]

particular,"®) when the atomic inversion is zero. Sev-

eral authors found an elegant entropic way of refor-

mulating the HUR by using quantum entropy theory,
and obtained an entropic uncertainty relation (EUR),
which can be free from the triviality of the HUR.[14—16]

Quantum entanglement (QE) is one of the most
striking features of quantum mechanics. In the last
two decades, it has been recognized as a resource in
quantum information processing.['”) Therefore, it is
very important to quantify the entanglement to as-
sess the efficacy of quantum information processing, to
prepare and control quantum entangled states in well-
QE can result
from the interaction of an atom with a cavity mode

controlled experimental conditions.

field.['8=20] Recently, with the development of cavity
quantum electrodynamics (QED) the interaction be-
tween a moving atom and the field has attracted much
attention.?=24 Research shows that the atomic mo-
tion can bring about the nonlinear effect of atomic
populations,2:22] and change the creation time of the
Schrodinger cat state,!2%] etc. Most experiments have
involved a single cavity mode field interacting with
one, two, or three atoms crossing it successively. It
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is worthwhile pointing out that unconditional quan-
tum teleportation of an unknown coherent state has
been realized experimentally by exploiting a two-mode
squeezed vacuum state as an entanglement resource.?!
The realization of a more complex entanglement in
cavity QED has been presented by involving two in-
dependent cavity modes in the experiment.26:27 The
multi-mode entanglement opens interesting perspec-
tives for quantum information processing and nonlo-
cality tests.[28:29 Liu et al have investigated the influ-
ences of atomic motion and the field-mode structure
on QE in the system with a moving atom interacting
with a two-mode field.[3%! The results obtained can not
only reveal the quantum features of the atom and the
field but also have practical significance. In a recent
paper!® a moving two-level atom interacting with a co-
herent field has been studied. The authors studied the
effects of the atomic motion and the field-mode struc-
ture on entropy squeezing and the relation between
the squeezing and fidelity of the channel for atomic
quantum states. Hence we, in the present paper, re-
strict ourselves solely to a discussion of the entropy
squeezing of a moving atom interacting with the two-
mode entangled coherent field, and the degree of the
entanglement between the two-mode fields (DETMF)
in the system.

This paper examines the influences of the atomic
motion, field-mode structure and the intensity of the
field. The relation between the atomic entropy squeez-
ing and DETMF is also revealed. We find that the
optimal atomic entropy squeezing and the duration of
squeezing are determined by the intensity of the field,
the atomic motion and the field-mode structure. The
atomic motion leads to the periodic recovery of the
initial maximal degree of entanglement between the
two-mode fields. The evolution periods of atomic en-
tropy squeezing and DETMF are controlled by atomic
motion and the field-mode structure. When the atom
inversion approaches zero, the time evolution of the
atomic entropy squeezing is the opposite way to that
of DETMF. The two-mode entangled coherent field in
the system is a valuable resource for quantum informa-
tion processing. The results obtained may be impor-
tant for the experimental realization of the prepara-
tion of a squeezing atom and the control of entangled

states in quantum information.

2. The model and state vector

The present cavity QED experiments(?! are
equipped with an atomic beam passing along the axis
of the rectangular or cylindrical cavity so that one can
investigate the interaction of a moving atom with dif-
ferent field modes. The system considered here con-
sists of a two-level atom in motion interacting with
a quantized field via the two-photon transition pro-
cesses. The effective Hamiltonian in the rotating-wave

approximation is (i = 1)1

H = wlafal + WQCL;G,Q + wyo,

+9f(2) (aza104 +agafo), (1)

where o, and o4 are the atomic inversion and transi-
tion operators, respectively; a; (a;) is the photon cre-
ation (annihilation) operator of the field mode with a
frequency w; (j = 1, 2); wy is the atomic transition fre-
quency, g is the coupling constant between the atom
and the two-mode entangled coherent fields; f(z) de-
notes the shape function of the cavity field mode. We
restrict our study to atomic motion along the z-axis
so that the z-dependence of the field-mode function
should be taken into account. The atomic motion can
be involved in the usual way

f(z) — f(vt), (2)

where v denotes the speed of atomic motion. In order
to make the later discussion convenient, a TEMynp
mode is defined as

f(z) = sin (prut/L), (3)

where p represents the number of half-wavelengths of
the field mode inside a cavity with a length L. For
simplicity, we consider the resonance case, in which
wo = w1 + ws. We assume that the atom at the time
t = 0 is in the excited state |e), and it enters the
cavity then leaves the cavity after passing through
p half-wavelengths of electric field. Using the stan-
dard techniques,%3! in the interaction picture and
the two-dimensional atomic space we can write the
time evolution Dyson operator as
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[ sin(y/a af a1axg0(t)) ]
cos(y/arazai as go(t)) —iajas L2
afafaa
Ur(t) = R (4)
sin(y/aiazai as go(t))
—iafag cos(y/ai af arazgd(t))
7/ a1 agafa;
where given by
t
(t) = / Flot')dt = piv {1 — cos pmt} (5) pa (t) = Trr |Var (1) (Yar (1)]
0 T
C)y(C| |C)(D
We take the speed of the atom as v = gL/m with- e €)el 1o (Dl
out losing generality, hence P21 P22 D) (C] D) (D]
13
0(t) = 1~ cos(pgt)] /(p9). (6) (13)
And the field reduced densit tor for th t
We consider that the field is initially in the two-mode . n. ¢ RELC Teduced density operator for the systet
is given by
entangled coherent state
pr (t) = Tra | ¥ar (1) (Yar (1))

|9 (0)) = afa) az) + B—a1) |-a2)

Z Fnl,ng |’I’L17’I’L2>7 (7)

nl,ngzo

—(7*+2%) an™m2 4 B (—n)™ (—m)"™
Fony = e ()" =m)

AVALSN 'TY,Q'

Qo = neiwza (8)

o) = me'?,

for |a;) and |—a;) are coherent states of the ith mode
field, and they are 7 out of phase with respect to each
other. The ; is the direction angle of the excitation
of ith mode, in this paper we suppose ¢; = 0. m and
n denote the intensity of the two-mode fields. « and
[ represent the parameters of entanglement between
the two-mode entangled coherent states and satisfy
a2+ 3 =1,a,3€]0,1].
Then the initial state vector of the system is

| ¥ar (0)) = [¥a(0)) @ [¥F (0)). (9)

Along with time evolution, the state vector of the sys-
tem at any time ¢ > 0 is given by

|War (1)) = Ur (t) | ¥ar (0)) = |C) |e) + D) |g) (10)
with
Z Fyy ny [cOsy (R, n2,t) In1,n2)], (11)
niy,n2= =0
Z Foy no[(—1) siny (n1,n2,t)

n1,n2=0
X |’I’L1 +1,n2—|—1>], (12)
where 7 (n1,n2,t) = \/(n1 + 1) (n2 + 1)gf(t). The

atomic reduced density operator for the system is

=[C)(C + D) (D] (14)

3. The atomic entropy squeezing

Following the work by Fang et al in Ref.[13], we
can express the entropy squeezing of the two-level
atom by using the quantum information entropy the-
ory. The information entropy of the Pauli operators
So(a = x,y, z) for a two-level atom system is

ZP
(15)

where P; (So) = (Yail p|¥ai) (¢ =1, 2), which are
the probability distributions for two possible measure-
ments of an operator So. H (S;), H (Sy), and H (S,)
satisfy

) InP;(S,), a=uzvy,z,

H(S:)+H(Sy) >2In2—-H(S.), (16)
which may also be rewritten as
4
>

where 0H (S,) = exp[H (S,)]- The squeezing of
the atom is determined by using the EUR (Eq.(17))
named entropy squeezing. The fluctuation in the com-
ponent S, (a = z, y) of the atomic dipole is said to be
squeezed in entropy if the information entropy H (S, )
satisfies the following condition:

2

E(Sa) =6H (Sa) — W

<0, (a=um1y).

(18)

By using p4 (¢)(Eq.(13)), we can obtain the infor-

mation entropies of the atomic operators S, S, and
S, as follows:
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1 1 1 1
H(S:) =—|5+Re(p2(t))|In |5 +Re(pr2(t))| — |5 —Re(pr2(t))| In |5 —Re(pr2 (1)) |,
mo]u[ftt] -] -],
1 1 1 1
H(Sy) == |5 +Im(pr2 (1)) | In | 5 +TIm(p12 (1)) | — |5 —Im(p12 ()| In | 5 = Tm (p12 (¥)) | ,
][ tmtt] -]
H (S:) = —pa2 (t) Inpaz (t) = p11 (t) Inp11 (1), (19¢)

where p;; (t) is given by Eqgs.(11)—(13).

In the following, we will investigate the atomic
entropy squeezing for the system under consideration.
From Eqgs.(11), (13) and (19a) for the component S,

we can prove entropy squeezing

(1 1) >0, (20)
0H (S.)]

__ < 1. This means that E(S,) can-
VI0H (S>)

not exhibit entropy squeezing. This corresponds to the
result obtained in Ref.[16]. Thus we focus the atten-
tion on the discussion of E(S,) (the entropy squeez-

B(S,) =2

where

ing of the component Sy) by a numerical calculation
method.

In Figs.1(a)-1(d) we show the influence of the
atomic motion and the field-mode structure parameter
on the time evolution of E(Sy) with m = n =4 and
a = 0.707. Firstly, the atomic motion is neglected (as

1.0
I I I ()

0.5

E(Sy)

—05 | | ]

1.0 T T I

0.5

E(Sy)

—05 | ] |
0 1 2 3 4

gt/

shown in Fig.1(a)). We can see that E(S,) exhibits a
quite periodic evolution: it evolves in a way following a
sine wave with a period of m except at the initial stage
of time. It shows entropy squeezing in every period of
the evolution of E(S,) in the scaled time. Figures
1(b)-1(d) illustrate the time evolution of E(S,) when
the atom is moving at a speed v = gL /7, and the field-
mode structure parametersarep = 1, p = 2 and p = 5,
respectively. In Fig.1(b)(p = 1), the range of entropy
squeezing time increases more distinctly than that in
Fig.1(a), but the value of maximal squeezing remains
the same. From Figs.1(c) and 1(d) one can observe
that the duration of entropy squeezing decreases and
the degree of squeezing weakens as p increases. When
p is big enough, only the entropy squeezing remains
at the time when the atomic inversion exhibits rapid
oscillation (revival-collapse phenomenon) (shown in
Fig.2(d)).

1.0 | I [
(b)
0.5
)
2
&)
0
—05 | | |
0 1 2 3 4
gt/
1.0 T [ [
(d)
05
)
R
O -
—05 | | |
0 1 2 3 4
gt/

Fig.1. The time evolution of the information entropy squeezing factors E(Sy). The field is in a two-mode entangled
coherent state with @ = 0.707, m = n = 4: (a) the atomic motion neglected; (b) the atom moving at a speed v = gL /7
and p = 1; (c) the atom moving at a speed v = gL/7 and p=2; (d) the atom moving at a speed v = gL/m and p = 5.
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We can conclude that atomic motion causes the curve of the evolution of E(Sy) to change. The period of
the entropy squeezing and the duration of the information entropy squeezing are determined by the field-mode
structure. These results are different from those in Ref.[5].

. 0.5 T |
05 l (b)
n «n
N 0 S 0on
_ —0.5 L L |
05 0 1 2 3 4
gt/m
0.5 T
0.5 © ' e
g 0 € 0 WN
_ | | I —05 | l
0.5 0 1 2 3 4 0 1 2 3 4
gt/m gt/

Fig.2. The time evolution of the atomic inversion; the field is in a two-mode entangled coherent state with
o =0.707, m = n = 4. (a) The atomic motion neglected; (b) the atom moving at a speed v = gL/m and p = 1;
(c) the atom moving at a speed v = gL/m and p = 2; (d) the atom moving at a speed v = gL/m and p = 5.

Figure 3 presents the numerical results of the time evolution of E(S,) for different intensities of the two-
mode entangled field with p = 1, o = 0.707. Compared with Fig.1(b), it can be seen that E(S,) is strongly
dependent on the light field intensity. The atomic entropy squeezing time increases and the degree of squeezing
extends as the intensity of the field increases. But the period of the entropy squeezing evolution remains
invariant. Additionally, when only « changes, the behaviours of the time evolution of E(S,) is similar to that
of @ = 0.707. Thus the initial DETMF does not have an influence on the atomic entropy squeezing.

1.0 T T T 0.5 T T T 1.0
(a) (b)

~ 05 u 05
) A0 )
S =1 S

0 0

—0.5 | | | 0.5 | | | —0.5 '
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
gt/m gt/m gt/m

Fig.3. The time evolution of the information entropy squeezing factors; the atom is in motion and p = 1, the
field is in an entangled coherent state with « = 0.707: (a) m=n=1; (b) m=n=2; (c) m=n = 8.

\
4. Entanglement between the field and the atom, so that the state of the two-mode
entangled coherent field may evolve into a mixed
state. In this case, DETMF can be measured by the

The Hamiltonian given by Eq.(1) leads to the en- ~ quantum relative entropy of the entanglement. The
tanglement between the two-mode entangled coherent ~ quantum relative entropy of entanglement plays an

two-mode fields
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important role in information,®? which tells us the
amount of entanglement in the state with its distance
from the disentangled state. Following the conception
given in Ref.[32] and the result in Ref.[33], we obtain

EI‘(t) = — Z anmlban,n - SF7 (21)

where ap., = (n,n|pr|n,n), pr is expressed by
Eq.(14), S is the field reduced entropy of the sys-
tem, which is defined as

Sp = —ATIbAT — A"IbA™, (22)

where AT and A~ are the eigenvalues of the two-
mode coherent field reduced density operator given
by Eq.(14).

The time evolution of the quantum relative en-
tropy of entanglement Er(¢) given by Eq.(21) reflects
the time evolution of DETMF. Figure 4 gives the nu-
merical results of Er(¢), in which the values of the
parameter are the same as those in Fig.1. Compar-
ing the plots in Figs.4 and 1, we find with interest
that the period of the time evolution of DETMF is
the same as that of the entropy squeezing of E(S,).
If the atomic motion is neglected (shown in Fig.4(a)),
the DETMF achieves its maximum value when E(S,)

7.5

7.0

Er(t)

6.5

7.5 T T T

Er(t)

6.5

6.0 | ] |
0 1 2 3 4

gt/m

reaches the maximal squeezing. The time evolution
of DETMF carries out a damping oscillation, which
means that the two-mode field cannot recover its ini-
tial maximal entangled state periodically. If the atom
is moving at a speed v = gL/ (shown in Figs.4(b)-
4(d)), both the maximum and the minimum value
of DETMF remain invariant with respect to differ-
ent field-mode structure parameters. The maximum
values of DETMF, which are the same as the initial
maximal degree of the entanglement, appear at the
time ¢ = 2k7/pg(k = 0, 1,...). That is to say, when
the atom is in motion, the initial maximal entangled
state can be recovered periodically. When the atom
inversion approaches zero as shown in Fig.2, the time
evolution of the DETMF is just the opposite to E(S,),
that is, the maximum values and the minimum val-
ues of Er(t) correspond to the minimum values and
the maximum values of E(S,) respectively. When the
field-mode structure p = 1 (Fig.4(b)), the two-mode
light field can be in a high degree of entanglement
for a rather long scaled time. This reflects the con-
trol of atomic motion and field-mode structure on the
DETMEF, which can play an important role in enhanc-
ing and controlling entanglement. So it has a realiz-

able meaning and is feasible in quantum information.

7.5 [ I |
(b)
70 ]
=
~
S
6.5
6.0 ] | ]
0 2 4 6 8
gt/
7.5 | T |
(d)
7.0 —
=
~
S
6.5 -
6.0 | | |
0 1 2 3 4
gt/

Fig.4. The time evolution of the relative entropy of the entanglement Er(¢); the field is initially in a two-mode entangled

coherent state with & = 0.707, m = n = 4: (a) the atomic motion neglected; (b) the atom moving at a speed v = gL /7

and p = 1; (c) the atom moving at a speed v = gL /7w and p = 2; (d) the atom moving at a speed v = gL /7 and p = 5.
p g p g p g p g p

Physically, when ¢t = 2kn/pg(k = 0, 1,...), the
state vector evolves |War (t)) = |C) |e), therefore the
atom and the two-mode field are in the disentangled

state, and the two-mode field is in the maximal en-
tangled state. This is consistent with Ref.[33]. When
the atom inversion exhibits rapid oscillation (shown
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in Fig.2), which means that the rate of interchange
energy between the atom and the two-mode field is
fast, E(S,) manifests rapid oscillation while DETMF
shows its rapid change. From Figs.1 and 4, we can
see that atomic entropy squeezing not only is an accu-
rate measure of the atom squeezing but also has some
properties corresponding to the entanglement of the
two-mode field.

So the time evolution of DETMF and atomic en-
tropy squeezing can be controlled by changing the
above parameters. Our results are important for the
experimental realization and the control of atomic
squeezing and maximal entangled states.

5. Conclusions

We have investigated the entropy squeezing of a
moving two-level atom interacting with the two-mode
entangled coherent field via two-photon transition by
using EUR, and the entanglement of the two-mode
light field in the system by using quantum relative en-
tropy. From the above analysis, it is clearly noted that

the atomic motion and the field-mode structure pa-
rameter have a notable influence on the atomic squeez-
ing and DETMF. Therefore, we can draw the follow-
ing conclusions. (1) The period of the atomic entropy
squeezing is the same as that of the DETMEF. They
are determined by choosing atomic motion and the
field-mode structure. (2) The maximal atomic entropy
squeezing and the duration of squeezing are deter-
mined by the intensity of the field, atomic motion and
the field-mode structure. (3) The initial high degree of
DETMF can be recovered periodically when the atom
is in motion. (4) When the atom inversion approaches
zero, the evolution of the atomic entropy squeezing is
in the opposite direction to that of DETMF. Our re-
sults show that we can prepare and control atomic
squeezing and DETMF by choosing the parameters of
atomic motion and field-mode structure. The system
of the two-mode entangled coherent field interacting
with a moving atom via a two-photon process is a
valuable resource of quantum information. We believe
that these results will also be useful in the research of
the properties of interaction between the atom and the
field.
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