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This paper investigates the properties of traveling wave-beam interaction in a rectangular helix traveling-wave-tube

(TWT) for a solid sheet electron beam. The ‘hot’ dispersion equation is obtained by means of the self-consistent field

theory. The small signal analysis, which includes the effects of the beam parameters and slow-wave structure (SWS)

parameters, is carried out by theoretical computation. The numerical results show that the bandwidth and the small-

signal gain of the rectangular helix TWT increase as the beam current increases; and the beam voltage not obviously

influences the small signal gain. Among different rectangular helix structures, the small-signal gain increases as the

width of the rectangular helix SWS increases, however, the bandwidth decreases whether structure parameters a and

L or ¢ and L are fixed or not. In addition, a comparison of the small-signal gain of this structure with a conventional

round helix is made. The presented analysis will be useful for the design of the TWT with a rectangular helix circuit.
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1. Introduction

With the requirement of a large number of com-
pact traveling-wave-tubes (TWTSs) in millimeter wave
radar, communications and electronic-warfare, a fabri-
cation technique named micro-electro-mechanical sys-
tems (MEMS) has widely attracted scholars’ interest
due to some of its peculiarities: increased reliability,
improved repeatability, small tolerances, batch yields
and reduced cost, which make it worth consideration
as an alternative TWT interaction design based on
this fabrication technique.["? For exciting microwave
or millimeter wave energy in a wide frequency range,
the slow-wave structure (SWS), a key component of
the electron beam—wave interaction of a TWT, is re-
quired to possess weak dispersion and good thermal
stability. For the conventional round helix SWS, its
modifications and the coupled cavity SWS have met
serious difficulties in satisfying these requirements si-
multaneously at the millimeter wave band. Thus, the
investigation of novel compact slow-wave interaction
structures based upon MEMS is more important.

A related helix structure in planar geometry was

therefore considered in Refs.[2]-[7].

called the ‘planar helix’, consists of a pair of paral-

This structure,

lel infinitely unidirectionally conducting (UC) screens
conducting in different directions and separated by
some distance.2~71 The unified dispersion equation
and interaction impedance for different possibilities of
fabricating the planar helix on dielectric substrates are
obtained in Ref.[6]. Also a planar helix TWT based
on this structure is proposed and the model solution is
obtained in Ref.[7]. However, the structure studied in
Refs.[2]-[7] is an ideal model which is taken to be in-
finitely wide in one direction, therefore, the influence
of the width of the planar helix is ignored—a math-
ematical idealization which can be simply modeled.
In our previous work we provide such a theory with
a rigorous approach on the slow-wave characteristics
for a general rectangular helix SWS in free spacel®
and printed on dielectric substrates using the field-
matching method.[®! The results reveal that the phase
velocity decreases and interaction impedance increases
at higher frequencies by flattening (increasing the as-
pect ratio of) the rectangular helix structure. And
the rectangular helix SWS can achieve higher coupling
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impedance than the equivalent circular helix at com-
parable phase velocities. But to our knowledge, there
is no work on the beam-wave interaction in the rect-
angular helix TWT. The purpose of this paper is to
investigate the properties of traveling wave-beam in-
teraction in a rectangular helix TWT for a solid sheet
electron beam.

In this paper, we present a linear analysis of the
beam-wave interaction for the rectangular helix SWS
loading with a linear sheet electron beam. The ‘hot’
dispersion equation is derived by applying the self-
consistent field theory and the electromagnetic inte-
gral equations at the SWS’s boundaries.['~12 Then
the influence of the beam parameters and structure
parameters on the small-signal gain are investigated
and discussed based upon the numerical calculation.
At the same time the comparison of small signal gain
of this structure with a conventional round helix is
made.

This paper is organized as follows. In Section 2,
by means of the self-consistent field theory, the field
distributions of each region in the structure are de-
rived; then, by utilizing boundary conditions at the
edges of the structure and the beam, the ‘hot’ disper-

sion equation of this structure is obtained. In Sec-
tion 3, the influences of the beam parameters and the
structure parameters on the small-signal gain are in-
vestigated numerically. At the same time the small-
signal gain per period of the rectangular helix TWT
are compared with a conventional round helix TWT.
Finally, a brief discussion is given in Section 4.

2. The ‘hot’ dispersion equation

of beam-wave interaction

2.1. Configuration

The configuration of the rectangular helix con-
sidered here is shown in Fig.1, and can be described
in terms of a rectangular coordinate system (z,y, z),
where 2a and 2b are the height and width of the rect-
angular SWS cross section, respectively, 2¢ and 2d are
the height and width, of the rectangular shield screen
respectively, L is the pitch, and ¥ is the pitch angle.
Just as Refs.[12] and [13] in ‘sheath helix’ approxi-
mation, the four side surfaces are represented as UC
screens, which are separated by a distance 2a in the
a-direction and 2b in the y-direction (Fig.1(b)).

metal shields

v
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—

'

/" electron beam |

2c
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Fig.1. (a) A schematic view of a rectangular helix TWT. (b) The rectangular helix TWT analytic model.

For the convenience of analysis, a sheet electron
beam with a rectangular cross section of height 2a and
width 2b is located inside the rectangular helix SWS.
The sheet electron beam employed here is assumed
to be guided by an infinite magnetic field By in the
z-direction, thus, it propagates uniformly along the z-
axis of the system with a velocity v.. The beam cur-
rent density is constant over the cross section and has
only a z-component. In practice, this assumption is
very nearly realized by means of the focusing action of
a strong DC magnetic field applied in the z-direction.

Considering the symmetry of the rectangular he-
lix together with Maxwell’s equations, one finds that
the solution of this problem must be either even or odd
if z and y are taken in conjunction. Thus the struc-
ture admits two independent solutions: transverse-
symmetric (even) modes and transverse- antisymmet-

BI In the former type, the transverse

ric (odd) modes.
field components are symmetrical with respect to x
and y, while the longitudinal field components FE,
and H, are anti-symmetrical. Similarly, in the lat-

ter type of modes, the opposite is true. Finally, due
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to the conducting boundary conditions of the rectan-
gular helix being at finite angles from the transverse
x—y plane, all the solutions in the helix with a rect-
angular cross section are hybrid modes (both TE and
TM modes are required). The symmetry also ensures
that only a quarter of the structure needs be consid-
ered for analysis. The quarter structure is divided
into four regions for analysis: region I (0 < z < a and
0 <y<b)regionIl (a <z <cand 0 <y < b);
region IIT (0 < < a and b < y < d) and region
IV (a <z < cand b < y < d). For simplification
reasons in the following analysis, the weak fields in
region IV are neglected. By solving the linear motion
and continuity equations for the electron beam and
the Maxwell equation for the perturbed field F and
H in the linearized framework in a rectangular coor-
dinate system, the field expressions in different regions
can be obtained; then, the field expressions are sub-
stituted into the matching equations to get the ‘hot’
dispersion equation.

2.2. The field distributions

In region I, the electron beam region is regarded
as a sheet of travelling plasma. Because of the influ-
ence of the electron beam, the wave number 7, in the

1) Inregion I (0 <z <aand 0 <y < b):

E;, = Acosh(p,z) cosh(p,y),

H,, = B cosh(py,x) cosh(p,y),

By, = 2 Ap, sinh(p,) cosh(p,y) +
ot

e

Eyy = ?y—gApv cosh(pyx) sinh(p,y) —

e

transverse direction of region I can be expressed as
e =Py + 1, = (67 — k). (1)

Here, § is the phase constant, while p, and p, are
the propagation coefficients in the x-direction and y-
direction, k3 = w?eguo is the wave number in free
space, w is the angular frequency. The ¢, = 1 —
w2 /(w—Pue)? is the relative dielectric constant, where,
wp = \/m is the plasma frequency, pg = J/vo
is the density of electric charge, v. = /(2eVp/me)
is the speed of electron, J is the current density, e
is the electron charge, g is the vacuum permittiv-
ity, me is the static electron mass, Iy and V; indicate
the electron beam current and acceleration voltage,
respectively. In regions II and III 73 = u? + v? =
B2 — k3, (i = 2,3), k3 = w?eae0purito, where, u; and
v; are the propagation coefficients in the z-direction
and y-direction in regions II and III respectively.
The field expressions in each region can be ob-
tained by solving the equations of motion, continu-
ity of the electron beam, and Maxwell’s equations
in a rectangular coordinate system. The transverse
field components can then be expressed in terms of
the longitudinal components of the fields. Omitting
e(wt=if2) we can write all the field expressions as fol-

lows:

Jwho :
o Bp,, cosh(p,z) sinh(p,y),

e

Jwho .
-2 Bpy, sinh(p, ) cosh(p,y),

e

e . . .
Hy, = —%Apv cosh(p, ) sinh(p,y) + {y—ﬂQBpu sinh(p,x) cosh(pyy),

e

e

e . . .
Hy, = J’y—20Apu sinh(p,x) cosh(p,y) + Jv—ngU cosh(p,x) sinh(p,y). (2)

€

2) Inregion IT (a <z < cand 0 <y < b):

E,, = Csinh(uz(c — x)) cosh(vay),

H,, = D cosh(us(c — z)) cosh(vay),

e
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E,, = f@OUQ cosh(us(c — z)) cosh(vay) + Jwgto Dy cosh(uz(c — x)) sinh(vay),
g

2 72
Eyy = @CUQ sinh(us(c — x)) sinh(vey) + Jwgo Dug sinh(ug(c — z)) cosh(vay),
v

2

Hsy, = ‘]b; 2 Cvy sinh(us(c — z)) sinh(vay) — fy—gDug sinh(us(c — x)) cosh(vay),
2 2
jwes B -
Hy, = —=—5~Cug cosh(uz(c — x)) cosh(vay) + ?D’Ug cosh(ug(c — z)) sinh(vay). (3)
2 2

3) Inregion III (0 <z <a and b <y < d):

E5, = E cosh(ugx) sinh(vs(d — y)),
Hj;, = F cosh(ugx) cosh(vs(d — y)),
Jwpo

Es, = s ~ Bug sinh(ugx) sinh(vs(d — y)) — =5~ Fvs cosh(uzz) sinh(vz(d — y)),
73 72

Es, = —@E’Ug cosh(uzz) cosh(vs(d — y)) — Jwgo Fugsinh(uzz) cosh(vs(d — y)),

V3 Y2

Hy, = 22 Buy cosh(use) cosh(vs(d — 1)) + 35 Fug sinh(usz) cosh(vs(d — 3),

3 72
jwez iB :
Hj3, = =5~ Bugsinh(uzx) sinh(vs(d — y)) — =5 Fvs cosh(uzx) sinh(vz(d — y)). (4)
7 72

4) In region IV (a < z < cand b < y < d):

E4, = Gsinh(uy(c — x)) sinh(vs(d — y)),

Hy, = H cosh(uy(c — x)) cosh(vg(d — y)),

By = —igam cosh(ua(c — z)) sinh(va(d — y)) — jjgo Huy cosh(ua(c — ) sinh(va(d — y)),

By = @G”‘* sinh(us(c — )) cosh(va(d — y)) + j‘;’go Huy sinh(uq(c — 2)) cosh(v(d — y)),

Hyy = J‘;Q Gy sinh(ug(c — ) cosh(va(d — y)) — :ngw; sinh(us(c — @) cosh(vs(d — y)),

Hyy = J‘;; G cosh(uq(c — z)) sinh(va(d — y)) — igHm cosh(ua(c — z)) sinh(va(d — y)). (5)

Where A, B, C, D, E, F, G, and H in Egs.(2), (3), lows:
(4), and (5) are the amplitude constants. 1) The tangential components of electric field are

continuous at x = a and y = b.
2.3. Boundary conditions and the ‘hot’ , ,
dispersion equation / B |pma dy = / Ea. |o=a dy, (6)

By using the ‘sheath helix’ model,!*3! the bound-
ary conditions at the interfaces are represented as fol- / By la=ady = / Esy la=a dy,



No. 7

Small-signal analysis of a rectangular helix structure traveling-wave-tube

2753

/ Elz ‘y:b dx = / Egz |y:bdx, (8)

a a
FEi, |y:bdl’ = Es, |y:b d.’l?, (9)
—a —a

2) The electric field components along the helix
direction are zero.

b
/ (Elz sin ‘x:a + Ely COS¢ |x=a )dy =0, (10)
—b

/ (E1ssin® |y=p — Bz cost |y=p )de =0, (11)

3) Because of the singular behaviour of the fields
at the corners, the boundary conditions for magnetic
fields in differential form cannot be used at the bound-
ary among region I, region II and region III. Here, the
chosen matching condition is that the average value
of the magnetic field components are continuous along
the helix direction, which result in the following inte-
gral equation:

b
/ (le Sinw|z:a +Hly COSw|x:a)dy
—b

1 1 1
M = cosh(p,a) sinh(p,b)—— + sinh(p,a) cosh(mb)p—2 + — coth(us(c — a)) sinh(p,a) sinh(veb)

upv

—l—i coth(vs(d — b)) sinh(p,b) sinh(uga)

Py

+/ (Hizsint |y=p — Hiz cos ¢ |y=p )da

—a

b
= / (Ha, Sin® |g=q + Hay cos8 1 |3=4 )dy
—b

+/ (Hs, sin |y—p — Hsgz cos |y=p )dz. (12)

—a

4) At z = ¢ and y = d, the field expressions al-
ready satisfy the metallic boundary conditions.

Substituting the field expressions of each region
into the above boundary conditions to eliminate the
amplitude constants, we can obtain the ‘hot’ disper-
sion equation for the transverse- antisymmetric modes
of the rectangular helix slow-wave structure filled com-
pletely with a beam,

k3 cot? ¢ M
m = COth(pua) W,
Dy, tanh(p,a) = p, tanh(p,b). (13)

Where

U202

U [S]

)
Ee P U3V3

P+ pi
Up'U

N = sinh(p,a) sinh(p,b) (

+e, coth(vs(d — b)) cosh(p,b) sinh(u;),a)%.
3

3. Numerical calculation and dis-

cussion

In the absence of the electron beam (w, = 0),
the ‘hot’ dispersion Eq.(13) reduces to a cold disper-
sion equation which is consistent with that in Ref.[8].
Since the ‘hot’ dispersion equation (13) is a complex
transcendental equation for kg and 3, it must be re-
solved by numerical computation, and a general Mat-
lab computer program has been developed to solve it.
When the parameters of the electron beam and the
geometry dimensions of the structure are given, the
complex solution of the propagation constant § can
be evaluated numerically. The small-signal gain per

) + £o coth(uz(c — a)) cosh(p,a) sinh(vad)

)
V2

period can thus be obtained,

G(dB/period) = 20log{exp[Im(8L)]}
8.686Im(3L).

(14)

Where, ‘Im’ denotes the imaginary part of a complex
number.

In order to illustrate the high gain amplification
in this structure, we give several numerical results of
the small-signal gain per period versus the normalized
frequency according to the method described above.

Firstly the effect of the beam current Iy on the
It is found
that for the same slow-wave structure and the same

small-signal gain is illustrated in Fig.2.

beam voltage, the gain increases and the operating
bandwidth becomes wider as the beam current I, in-
creases. Thus we can draw a conclusion that by en-
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larging Iy, the bandwidth of rectangular helix TWT
may be broadened.

Small-signal gain per period/(dB/period)

T T T T T — T T T T T
0.05 0.10 0.15 0.20 0.25 0.30 0.35
Normalized frequency ka

Fig.2. Effect of Iy on the small-signal gain. Calculat-
ing parameters: b/a = 1, a/L = 1, ¢/a = 2, d/b = 2,
Vo =5 kV, ;20 = 1.0.

Figure 3 shows the gain for various beam voltages
which approximate to the synchronous beam voltages.
If the slow-wave structure parameters and the beam
currents are fixed, it is obvious that operating band
moves to a lower frequency range while the beam volt-
age increases. And the influence of the beam voltage
on the gain per period is not obvious.

=

£ 127 A:v=47kv

§1o- B:V =50kV

= ] c:v=52kV

—~

T 0.8

g A
o

5 0.6 1 C

o

c% 0.4

B0

T 0+ : : . . L
& 0.05 010 015 020 025 0.30

Normalized frequency ka

Fig.3. Effect of V on the small-signal gain. Calculat-
ing parameters: b/a = 1, a/L = 1, ¢/a = 2, d/b = 2,
Io=0.1A, 9 = 1.0.

Now, we will study the effect of the width 2b of
the rectangular cross section on the beam-wave inter-
action in a small signal regime. Considering that the
phase velocities of the electromagnetic waves decrease
with the increase of the width when structure param-
eters ¢ and L are fixed, we find that the correspond-
ing synchronous beam voltages, which are calculated

according to the electron beam line shown in the dis-
persion of the rectangular helix SWS (see Fig.4(a) of
Ref.[8]), are therefore chosen from a large value to
small one. As shown, Fig.4 is the small signal gain
per period when the beam current and the parame-
ters a and L are fixed respectively. Comparing the
calculated results of the four different structures, we
interestingly find that the bandwidth decreases from
b/a = 1 to b/a = 4 sequentially, while the trend of
the small-signal gain is opposite, the gain for b/a = 4
is the biggest and the gain for b/a = 1 is the small-
est. So the rectangular helix TW'T’s length is reduced
greatly for the high gain properties of the wider rect-
angular structure with the same beam current density.
This indicates that the wider rectangular helix can be
employed when high gain of the beam-wave interac-
tion is required; if broad band operation is needed, the
square helix should be considered.

2.5 1 A:bla=1
B:bja=2
2.0 C:b/a:3
D:bja=4
1.5

1.01

0.5 1

T T T T T
0 0.1 0.2 0.3

Normalized frequency ka

Small-signal gain per period/(dB/period)

Fig.4. Comparison of the small-signal gain of four differ-
ent structures. Calculating parameters: a/L =1, ¢c/a = 2,
d/b=2,e2 =10, 1o =02A. (A b/a=1, Vo =55kV;
B: b/a =2, Vo =25kV; C: b/a=3, Vo =1.1%kV; D:
b/a =4, Vo = 0.6 kV).

Figure 5 shows the small-signal for various b/a.
Here parameters L and 1 in each case are the same,
which means that the circumference of the rectangular
cross section is constant. It is clear that, as b/a (the
aspect ratio of the rectangular cross section) increases,
the rectangular cross section approximates better to
the planar helix case, the operating band moves to
a lower frequency range and the bandwidth becomes
narrow, but the gain increases while the beam voltage
and beam current is fixed. Thus, the effect of b/a on
the gain cannot be neglected, which accords with the
analysis of a general rectangular helix SWS.!8!
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Fig.5. Effect of b/a on the small-signal gain when ¢ is
a constant. Calculating parameters: a + b = 6 mm,
L =3 mm, ¢/a =2,d/b=2,Ip =02A, er2 = 1.0,
(A: Vo =25kV, B: Vj =23kV, C: Vp =22kV).

For comparison with the case of the circular helix
structures with comparable dispersion properties, the
calculated results of the normalized phase velocity and
averaged coupling impedance of the rectangular helix
and the circular counterpart (both filled completely

S
E 0.6 1 Aj: rectangular helix b/a =1
oL A As: Aq’s equivalent circular
'g 0.51 helix 7, = 3.82 mm
E 0.4 - Bj: rectangular helix b/a = 4
% Bs: Bi’s equivalent circular
= 0.3 1 helix r, = 9.55 mm
3 electron beam line
T‘g 7777777 -
5 NN (a)
S I—— T a
0 T T T T T T T T
0 0.1 0.2 0.3 0.4

Normalized frequency kL

with a solid beam), which can be obtained from the
dispersion equation and the coupling impedance ex-
pression in Ref.[8], are also shown in Figs.6(a) and
6(b), respectively. Figure 6(c) shows the compari-
son of the small signal gain between the rectangular
and circular helix structures. Curves A; and A, in
Fig.6(c) indicate the small-signal gain for b/a = 1 and
its equivalent circular helix which has the same cir-
cumference and the comparable dispersion character-
istics as them respectively.[®! While curves By and B
show the small-signal gain for b/a = 4 and its equiva-
lent circular helix, respectively. We can see from the
curves that, the small-signal gain of the rectangular
helix is bigger than the circular helix, and the wider
the rectangular is, the greater the disparity. At the
same time, the bandwidth keeps almost the same level
of the equivalent circular helix TWT. Thus we can
draw the conclusion that by employing the rectangu-
lar helix instead of the circular helix, the high gain or
the compact helix TWT may be obtained.

c 150 -

= Ai1: rectangular helix b/a =1
x Ag: A1’s equivalent circular
é: Ay helix 7, = 3.82 mm

~§ 100 A Bi: rectangular helix b/a = 4
& Ba: Bi’s equivalent circular
é helix r, = 9.55 mm

op

"%‘ 501 | B

8

?o (b)
[S] BQ

§ 0 T T T T T T

< 0 0.1 0.2 0.3 0.4 0.5

Normalized frequency kL

2.8

2.41

2.01
1.6 1

1.2

0.81

0.4

Aq:
Asg:

Bi:
Ba:

rectangular helix b/a =1
A1’s equivalent circular
helix 7, = 3.82 mm
rectangular helix b/a = 4
B1’s equivalent circular
helix r, = 9.55 mm

0 0.1

Small-signal gain per period/(dB/period)

0.2

Normalized frequency kL

Fig.6. (a) Comparison of the normalized phase velocity for a rectangular and circular helix SWS. (b) Comparison
of the averaged coupling impedance for a rectangular and circular helix SWS. (c) Comparison of the small-signal
gain of rectangular and circular helix slow-wave structures. Calculating parameters: L =3 mm, a/L =1, ¢/a = 2,
d/b=2,Ip=02A, er2=1.0. (V4, =Va, =55kV; Vg, =Vp, =0.6 kV).
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4. Conclusion

In this paper, a linear theory of the beam—wave
interaction rectangular helix TWT has been investi-
gated, and small-signal analysis is carried out. The
‘hot’ dispersion equation is obtained by utilizing the
self-consistent field theory and then solved numeri-
cally. Also, the influence of the beam parameters and
the SWS’s parameters on the bandwidth and small-
signal gain were investigated. The numerical results
reveal that by adding the beam current, the band-
width and the small-signal gain of rectangular helix

TWT are increased; among the different rectangular
helix SWSs, the gain increases and the bandwidth de-
creases with the increase of the width of the SWS
structure whether structure parameters a and L or
1 and L are fixed or not. Also, the rectangular helix
SWS can reduce the tube dimension with the higher
gain than the equivalent circular helix. The analysis
reveals that this kind of structure is a wide-band or
high gain amplifier by choosing a proper value of the
SWS and the beam parameters. The results obtained
in this paper may provide a theoretical basis for de-
signing the rectangular helix TWTs.
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