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In a recent paper [2002 Phys. Rev. Lett. 88 174102], Bandt and Pompe propose permutation entropy (PE)

as a natural complexity measure for arbitrary time series which may be stationary or nonstationary, deterministic

or stochastic. Their method is based on a comparison of neighbouring values. This paper further develops PE, and

proposes the concept of fine-grained PE (FGPE) defined by the order pattern and magnitude of the difference between

neighbouring values. This measure excludes the case where vectors with a distinct appearance are mistakenly mapped

onto the same permutation type, and consequently FGPE becomes more sensitive to the dynamical change of time

series than does PE, according to our simulation and experimental results.
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1. Introduction

Complexity is widely used to examine intuitive
properties of physical systems and to compare time
series. Recently Bandt and his colleagues proposed
the concept of permutation entropy (PE) as a natural
complexity measure for time series, the advantages of
which are its conceptual simplicity and high computa-
tional efficiency.[":?! Bandt and Pompel!) provide a va-
riety of interesting simulation results which show that
PE is similar to Lyapunov exponents in measuring the
complexity of some chaotic dynamical systems. In ex-
perimental results they also show that PE, in compar-
ison with the zero-cross rate, is robust to the choice of
window length and observation noise for the detection
of voiced speech segments. More importantly PE is
invariant to nonlinear monotonous transformations.!!!
There is a large and growing literature concerned
with the measure of complexity. Included in this liter-
ature is the concept of approximate entropy (ApEn)
proposed by Pincus,?! which is a measure of the reg-
ularity of chaotic and non-stationary time series, and
indicates the rate of generation of new information.
From the examination of time series for similar epochs,
it is shown that the more frequent and more similar

epochs in the time series, the lower the correspond-

ing ApEn. This implies that a lower value of ApEn
The ApEn is
defined as follows: m is fixed to be a positive integer,
and r is fixed to be a positive real number. A se-
quence of vectors X (1), X (2),... , X (N —m+1) is
then extracted from the time series {z (i) |1 < i < N}.
These vectors are constructed as X (i) =
{z@),z(i+1),...,2(i+m—1)}, of course, for
each i, 1 <i < N —m+ 1. Define d[X (i), X (j)] =
max(lz(i+k—-1)—xz(G+k—-1)]), with k& =
1,2,...,m for vector X (i) and X (j), C/" (r) =

such that d[X (7),X (j)]
N—m-+1

reflects a higher degree of regularity.

IN

(number of j
r/(N—=m+1)and o™ (r)= (N —-m+1)""

i=1
In[C™ (r)], then ApEn(u,m,r,N) = &™(r)
@™mFL (7).
notion of sample entropy (SampEn),*

Richman and Moorman propose the
which
is conceptually similar to ApEn but overcomes
the disadvantages of ApEn by excluding self-
matches in the definition of CI"(r), CI(r) =
(number of j such that d[X (¢),X (j)] < nj #
i)/(N —m+1). The SampEn has been successfully
and widely applied in clinical cardiovascular studies.

In contrast to all known complexity measures, PE
is robust to observation or dynamical noise, and more-

over it is conceptually simple and computationally ex-
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tremely fast, which enables it to be applied for huge
data sets without any preprocessing and fine-tuning of
parameters. Bandt and Pompel!) argue that it should
be carried out naturally to map a time series into a
symbol sequence, so they ingeniously take partitions
by comparing neighbouring values, thereby contribut-
ing almost all features of PE. On the other hand, only
the order pattern is involved, which means that coarse-
grained symbolization omits important features char-
acterizing the time series, being the magnitude of the
difference between neighbouring values. It causes the
failure of PE in capturing the dynamical change in
some time series. This motivates us to work on im-
provements. In the present paper we take into account
the magnitude of the difference between neighbouring
values when symbolizing the time series. The pro-
posed measure not only retains all the advantages and
merits of PE, such as easy and fast computation, ro-
bustness, and simplicity, but more importantly it im-
proves the performance for detecting the dynamical
change of time series and approximates more closely
to the Lyapunov exponent for the chaotic time series.
We demonstrate its excellent features in different ex-
amples which include some of the most studied fami-
lies of chaotic systems, as well as experimental data.
The paper is organized as follows. In Section 2
we review the main results and notion of PE and then
provide our definition of fine-grained PE (FGPE). We
also demonstrate the performance of FGPE for detect-
ing dynamical changes in time series. In Section 3 we
show that our FGPE is more like the Lyapunov expo-
nent for the logistic map than is PE. Section 4 con-
tains the main results on epileptic seizure detection.
We finally close with concluding remarks in Section 5.

2. Permutation entropy and fine-

grained permutation entropy

Permutation entropy: given a scalar time series
(x (1)) ={x(i),i=1,2,...,N}, where N is the total
number of data points. The parameter n, the embed-
ding dimension of the vector to be formed, must be
specified in advance, and then an embedding proce-
dure forms N —n+1 vectors X (1), X (2),...,X(N —
n+1), X () =[z@G),z(+1),...,2(i+n—-1)],i=
1,..., N—n+1. Then the n real values of vector X ()
are permutated in increasing order: {z(i + k1 — 1) <
2(i+hke—1) < ... <z(i+k,—1), 1 <k, ko,....kn <
n}. As a result, any vector X (i) is mapped onto a

vector [k1, ks, ..., ky], which is one of the n! permu-

tations of n distinct symbols {0,1,...,n — 1}. Let

Q(7) denote the amount of any permutation pattern

appearing in the time series, and its relative frequency
i

p(m) = 7]\,?;)_ T

The PE of order n > 2 is defined as

1S

(1)

H@m)=-Y pmhpm). @

Obviously H(n) is bounded in [0,1ln (n!)] where
the lower bound is reached for the time series with
increased or decreased sequence values and the upper
bound for a completely random system. In general,
H(n) is normalized by (n — 1),

hn = H(n)/(n = 1). (3)

The fault of PE: given vectors of arbitrary time se-
ries, [0.95, 0.93, 0.30, 0.08] and [0.97, 0.11, 0.09, 0.07],
they are intuitively distinct from each other as shown
in Fig.1(a), but both of them are symbolized as the
same ordinal pattern 3210. Furthermore, let us con-
sider a time series consisting of two or more data slices
with distinct appearance but the same permutation
type. Here, we construct a time series with a data
slice {0.15, 0.2, 0.05, 0.3} recurring 2M times and
other two data slices {0.17, 0.28, 0.005, 0.9} and
{0.18, 0.31, 0.001, 1.7}, all of which have the same
permutation type 1203. To satisfy the condition that
there are no or only very few tied ranks, a random
noise is added to the time series. It should be pointed
out that the noise is small enough to hold the per-
mutation type of the slices unchanged, as shown in
Fig.1(b).
the sliding window as W = 1000, step size=1, and

To compute PE, we choose the length of

embedding dimension n = 4. We expect that the per-
mutation entropy is capable of detecting bursts in the
time series. However PE remains constant for all these
slices, as shown in Fig.1(c). The sample entropy with
W = 1000, step size=1, m = 2 and r = 0.2 - SD, in
contrast, sharply falls corresponding to bursts in the
time series, as shown in Fig.1(d). The causes of PE’s
failure to capture the dynamical changes in amplitude
for the time series, such as bursts appearing in the
time series, is that the coarse-grained symbolization
of PE omits the more dynamically changing informa-
tion in the time series. However, it is well known
that the detection of dynamical changes in complex
systems plays a key role in areas such as weather fore-
casting, pathological diagnosis, earthquake prediction,



2692

Liu Xiao-Feng et al

Vol. 18

stock prediction, and market forecasting.
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Fig.1. Comparison of complexity measures among PE,
SampEn, and FGPE: (a) X (a) = [0.95,0.93,0.30,0.08] and
X (b) = [0.97,0.11,0.09,0.07]; (b) part of the constructed
time series (x()); (c¢) PE of (x(¢)) (length of sliding win-
dow W = 1000; step size=1, order n = 4); (d) SampEn
of (z(¢)) (length of sliding window W = 1000, step size=1,
m = 2 and r equals to 0.2 times standard deviation, i.e.
r =0.2-SD); (e) FGPE of (z(7)) (length of sliding window
W = 1000, step size=1, order n =4 and o = 1).

PE focuses only on the order of the elements in
the time series. The values of the elements, as com-
paratively key information, is however not taken into
consideration, which suggests that it is not concerned
about the degree to which the neighbouring elements
differ from each other. To overcome this fault we pro-
posed a concept of FGPE in which a factor ¢ is intro-
duced to quantify the difference between the neigh-
bouring elements in the vector X (i), and is added in
permutation type as an additional element

. { max (D (1)) ]

SD (d (1)) x )

where [.] returns the largest integer value that
than a number, (d(i))
is a difference series, defined by (d(i)) =
{le(¢4+1)—x@)],i=1,...,N — 1}, max (D (7)) re-
turns the maximum value of differences between the

is equal to or less

neighbouring elements in vector X (i), SD(d (7)) re-
turns the standard deviation of difference series (d (7)),
« is a precision regulation factor. According to Eq.(4),
. max (D (7))
ifa> —7-—+
SD (d (i))
So this additional element does not affect the result of

, the only possible value of ¢ is zero.

permutation, which means that the entropy value will

be exactly the same as PE. If o falls in the inter-
D(i

val (0, 2ax(D ()

SD (d (i))

which results in more permutation type m. The closer

] , then ¢ has more possible values,

the «a to zero, the more permutation types it will pro-
duce. In the present paper, we apply a = 1.

In the calculation of FGPE, let Q’(7) denote the
amount of any permutation pattern acquired by this
newly defined method. Then, the relative frequency

/ Q' (m)
p(m) = N_n—1 (5)
The FGPE of order n > 2 is defined as

is

n!

FGPE =~ | p' (m)Inp/ (m;). (6)
i=1

Baisically, ¢ carries the information of the data’s
actual magnitude into the calculation of FGPE. Thus
FGPE considers both the permutation and magnitude
of the data. In contrast, PE only takes the rank and
location of data into account.

Let us reconsider the time series (x(i)) by FGPE.
Fixing @« = 1, we find that permutation types of
{0.15, 0.2, 0.05, 0.3} and {0.17, 0.28, 0.005, 0.9} are
1203 2 and 1203 9, respectively, which enable FGPE
We find
that FGPE is sensitive to bursts in time series as

to distinguish the two parts of the series.

shown in Fig.1(e), which is consistent with SampEn.
An indicator of the amplitude information ¢ as addi-
tional element is appended to the permutation sym-
bols. This not only renders the result of FGPE analo-
gous to the one of SampEn, but also excludes the case
where vectors with a distinct appearance are mistak-
enly mapped onto the same permutation type. More
importantly, the time consumption of FGPE is slightly
more than PE; but far less than SampEn.

3. Results of time series from lo-
gistic maps

As shown in Figs.2(b) and 2(c), we can clearly
see that both PE and FGPE have a very similar ap-
pearance over the whole chaotic regime, and are very
similar to Lyapunov exponents. A parameter § is
introduced to accurately compare PE and FGPE in
terms of the approximation to the Lyapunov expo-

nent, which is defined by
0=SD(\(#)—=h,(@)]), i=1,....,.N—n+1, (7)

where A (i) is the element of the Lyapunov exponent
series, hy, (1) is the element of FGPE or PE series.
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Fig.2. Logistic equations for varying control parameter r
(step Ar = 1074): (a) Lyapunov exponent \; (b) permu-
tation entropy he (lower line) and FGPE hg (upper line);
(¢) hio of PE (lower) and FGPE (upper); (d) hio of PE
(lower) and FGPE (upper) with additive Gaussian dynam-
ical noise at standard deviation SD = 0.00025 (T" = 106
data for each r value).

We have made a comparison of parameter § be-
tween PE and FGPE, by fixing the step at Ar = 1074
and data length 7' = 10%, and varying the embedding
dimension n from 6 to 10. We find that the FGPE
approximates more closely to the Lyapunov exponent
than does PE in terms of parameter ¢ (see Table 1)
and, moreover, the approximation between FGPE and
the Lyapunov exponent can be regulated by factor a
in the FGPE, by making ¢ smaller and thus the ap-
proximation better.

Table 1. Degree of approximation of PE and FGPE
to the Lyapunov exponent.

. FGPE PE
a=1 a=0.5

6 0.14571 0.13101 0.16763

7 0.14071 0.13056 0.15347

8 0.13523 0.12844 0.14375

9 0.13221 0.12765 0.13768

10 0.1302 0.12569 0.13347

We have investigated the relation between the
data length and the embedding dimension, and taken
1000 time series of size T = 10F with k= 3,...,6. In
Fig.3(a), we find that PE increases up to n = 7,8 and
then decreases, which replicates the result reported by

Bandt and Pompe.l'!! Bandt and Pompel!!

point out
that the limit of PE for n — oo exists and is 1. In
contrast to PE, we see in Fig.3(b) that FGPE mono-

tonically decreases up to n = 10.
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Fig.3. Logistic map with » = 4: (a) mean PE of order
n for varying length T = 10* of time series; (b) mean
FGPE of order n for varying length T = 10* of time se-
ries; (c¢) corresponding standard deviation o of PE; (d)
corresponding standard deviation o of FGPE.
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Fig.4. Time consumption (logarithm value) for comput-
ing PE and FGPE: (a) time consumption of PE of order
n for varying length T = 10* of time series; (b) time con-
sumption of FGPE of order n for varying length T' = 10*
of time series; (c¢) time consumption of PE and FGPE of
order n for T = 10%; (d) time consumption of PE and
FGPE of order n for T = 10°.
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In view of the fact that fast calculation is an
important feature of PE, we also compare the time
consumption between FGPE and PE for computing
the aforementioned time series. The time consump-
tion for computing PE monotonically increases with
the dimension order n for a time series with constant
length, and likewise increases with the data length for
the constant order (see Fig.4(a)). This is the same
case for computing FGPE (see Fig.4(b)). As shown in
Figs.4(c) and 4(d) we find that the time consumption
for FGPE and PE is of the same order of magnitude
and that the time consumption for FGPE increases
evidently in comparison with that for PE only for the
case > 9. As a result, FGPE still possesses the fea-
ture of fast computation.

4. Results on the epileptic seizure

detection

PE is well suited for the exploration of long and
complex time series, and so the application of PE to
the analysis of epileptic activity has been widely ex-
plored by researchers in related fields. In a recent
study by Cao et all®! PE is utilized as an effective
tool for seizure detection. Cao and his colleagues anal-
yse intracranial electroencephalogrophy (EEG) sig-
nals from different patients, and find that PE has a
sharp drop followed by a gradually increase slightly
after the seizure. The paramount feature of PE, high
computational speed, makes it promising for clinical
seizure prediction. Li and his colleagues!® have ex-
plored the predictability analysis of absence seizures
with PE. They demonstrate that the values of PE
are at a higher level during normal state and gradu-
ally decrease prior to the seizure, and moreover, they
show that PE performs better for seizure prediction
than that done by sample entropy. These findings
are consistent with previous studies which reported
the low signal complexity of EEGs during epileptic
seizures.[>8] In the present paper, we also analyse
epileptic EEGs with PE and FGPE, respectively. The
EEG data consists of five sets, each containing 100
single-channel EEG signals of 23.6 s with sample rate
173.61 Hz. These data are available from the EEG
database in the Bonn University (for a detailed de-
scription of the data the reader is referred to Ref.[7]).
It is found that the values of both PE and FGPE ev-
idently decrease with the seizure state in comparison

with the normal state which is highly suggestive that
both of them are capable of distinguishing the seizure
state from the normal state as shown in Fig.5. Fur-
thermore, the values of FGPE are much higher than
those of PE regardless of the state, and the discrep-
ancy between the normal state and the seizure state is
far more salient for FGPE in contrast to that of PE.
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Fig.5. The complexity analysis of epileptic time series
from the EEG database in the Bonn University: (a) pre-
ictal EEG signals from N040 of set C, measured in seizure-
free intervals in the epileptogenic zone; (b) seizure EEG
signals from S040 of set E with seizure activity; (c) PE of
EEG in normal state (upper line) and seizure state (lower
line) (length of sliding window W = 200 samples, order
n = 4); (d) FGPE of EEG in normal state (upper line)
and seizure state (lower line) (length of sliding window
W = 200 samples, order n = 4).

5. Conclusion

As stated in the abstract, the main objective of
the present paper is to improve PE. The magnitude
of the difference between neighbouring values is taken
into account when symbolizing the time series. Simi-
lar to PE, FGPE can also be applied in arbitrary real-
world time series. FGPE is still computationally fast,
although the time consumption of FGPE is slightly
larger in comparison with PE. Most importantly, it
improves the performance for detecting the dynamical
change of time series and approximates more closely
to the Lyapunov exponent for the chaotic time series
from the logistic map in comparison with that of PE.
In view of the fact that FGPE holds almost all the
merits of PE, such as easy and fast computation, ro-
bustness, and simplicity, FGPE is a promising tool
for complexity measurement of huge data sets with
dynamical changes.
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