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This paper investigates the parameter-induced stochastic resonance using experimental methods in an over-damped

random linear system with asymmetric dichotomous noise. Non-monotonic dependence of signal-to-noise ratio on the

system parameter is observed. Several potential applications of parameter-induced stochastic resonance are given in

circuits.
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1. Introduction

Stochastic resonance (SR) is a cooperative effect
between the internal mechanism and the external pe-
riodic forcing for stochastic dynamical systems.[1] The
conventional SR, the SR in the broad sense, and the
bona fide SR respectively denote non-monotonic de-
pendence of the output characteristics, such as ampli-
tude, moment, autocorrelation function, power spec-
trum, signal-to-noise ratio (SNR) or dynamic param-
eters, on some noise characteristics and the external
field frequency.[2] The SNR is one of the focuses of
attention in various physics systems.

Earlier, most authors who researched into SR con-
centrated on non-linear systems with periodic and ran-
dom forces. There are many papers in which SR is
studied by experimental methods in a non-linear sys-
tem. In recent years, SR in a linear system has grad-
ually become a research hotspot of SR.[3−12] But few
articles involve SR using experimental methods in a
linear system.

The dichotomous noise, i.e., random telegraph
noise, is a realization of a two-state Poisson
process.[13−17] The dichotomous noise includes sym-
metric noise and asymmetric noise. When the asy-
mmetry of the asymmetric dichotomous noise is zero,
the asymmetric dichotomous noise is degraded to
be symmetric. The dichotomous noise widely exists

in the various materials and devices, for example,
metals,[18,19] tunnel junctions,[20−23] bipolar transis-
tors,[19,24] junction field effect transistors,[25] metal–
oxide–semiconductor transistors,[26] superconducting
thin films,[27] nano-devices,[28,29] etc. It is exhibited in
the form of resistance,[18,22,23,26,30] conductance,[21,31]

voltage[20,29] or current.[25,28,31] The observed dichoto-
mous noise has reached more than 0.3 V in 45-nm flash
memory.[32]

Xu et al proposed the concept of parameter-
induced stochastic resonance (PSR),[33] which char-
acterized that SR is realized by tuning system param-
eters with fixed noise.[34,35] When the SR of SNR was
investigated in an over-damped motion of a particle
in a mono-stable potential driven simultaneously by
an additive noise as well as by a multiplicative noise
modulated by a bias periodic signal, we found that
SNR non-monotonically depend on undisturbed sys-
tem parameters.[10] In a practical first-order linear
physical system, varying system parameters can be
easier than varying noise parameters. In this case,
the advantage of PSR will stand out.

It is verified experimentally in this paper that the
PSR phenomena exist in the simple first-order random
model with asymmetric dichotomous noise. Then, we
give methods for using PSR to obtain maximum SNR
in a few random circuit models. The result can be
applied to circuit theory.
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2. Realization of asymmetric di-

chotomous noise

Because of the need to use asymmetric dichoto-
mous noise in investigations of experiments and ap-
plications, firstly, we study the realization method of
this noise. The goal is, according to

〈ξ (t)〉 = 0, 〈ξ (t) ξ (t′)〉 = σ exp (−s |t− t′|) , ∆, (1)

to find a method in order to generate this noise ξ (t) ∈
{∆+,−∆−} (∆+ > 0,∆− > 0), where σ = ∆+∆− is
intensity, s is correlation rate, τ = 1/s is correlation
time, and ∆ = ∆+ −∆− is asymmetry of noise.

We assume that the transition rate is λ from ∆+

to ∆−, and the inverse rate is µ. Then, there are
s = λ + µ and master equations

∂tP (∆+, t|x, t0) = −λP (∆+, t|x, t0)

+ µP (∆−, t|x, t0) ,

∂tP (∆−, t|x, t0) = λP (∆+, t|x, t0)

− µP (∆−, t|x, t0) . (2)

Using that the mean is zero from Eq.(1), we obtain

σ = ∆+∆−,

∆ = ∆+ −∆−,

s = λ + µ,

∆+µ−∆−λ = 0. (3)

Solving these equations (3), we can describe ∆+, ∆−,
λ and µ by σ, ∆ and s, i.e.,

∆+ =
1
2

(
∆ +

√
∆2 + 4σ

)
,

∆− =
1
2

(
−∆ +

√
∆2 + 4σ

)
,

λ =
1
2

(
1 +

∆√
∆2 + 4σ

)
s,

µ =
1
2

(
1− ∆√

∆2 + 4σ

)
s. (4)

On the basis of different initial conditions, we solve
the main equations Eq.(2), and obtain

P (∆+, t|∆+, 0) =
µ

λ + µ
+

λ

λ + µ
exp [− (λ + µ) t] ,

P (∆+, t|∆−, 0) =
µ

λ + µ
− µ

λ + µ
exp [− (λ + µ) t] ,

P (∆−, t|∆+, 0) =
λ

λ + µ
− λ

λ + µ
exp [− (λ + µ) t] ,

P (∆−, t|∆−, 0) =
λ

λ + µ
+

µ

λ + µ
exp [− (λ + µ) t] .

(5)

Substituting Eq.(4) into Eq.(5), one obtains the following equations:

P (∆+, t|∆+, 0) =
1
2

(
1− ∆√

∆2 + 4σ

)
+

1
2

(
1 +

∆√
∆2 + 4σ

)
exp [−st] ,

P (∆−, t|∆+, 0) =
1
2

(
1 +

∆√
∆2 + 4σ

)
− 1

2

(
1 +

∆√
∆2 + 4σ

)
exp [−st] ,

P (∆+, t|∆−, 0) =
1
2

(
1− ∆√

∆2 + 4σ

)
− 1

2

(
1− ∆√

∆2 + 4σ

)
exp [−st] ,

P (∆−, t|∆−, 0) =
1
2

(
1 +

∆√
∆2 + 4σ

)
+

1
2

(
1− ∆√

∆2 + 4σ

)
exp [−st] . (6)

According to Eq.(6), We can generate a time series[36] of asymmetric dichotomous noise using the inverse
transform method.[37] Then, the series is passed through digital-to-analog conversion. The noise source is
obtained which satisfies asymmetric dichotomous characteristics.

3. Model

In the following, one can experiment on PSR by
employing the noise source.

Experimental model is

dx

dt
= − [a + ξ (t)]x + A cos (ωt) , (7)
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where, a is the damping coefficient, A cos (ωt) is the
periodic signal, A and ω are the amplitude and fre-
quency of the periodic signal respectively, ξ (t) is an
asymmetric dichotomous noise defined by Eq.(1).

There are many authors who have investigated
SR phenomena theoretically in Eq.(7).[3−7] These phe-
nomena include the conventional SR, the SR in a
broad sense and the bona fide SR. But, we have seen
few papers investigate those phenomena by experi-
ment with regard to this model, and have never seen
the case where ξ (t) is asymmetric dichotomous noise
in Eq.(7). When ξ (t) degrades asymmetric dichoto-

mous noise to symmetric, the Eq.(7) is in Ref.[4].
Moreover, the PSR in this model is not seen to be
reported.

4. PSR theoretically

From Eq.(7) with Eq.(1), the value R of SNR is
elicited by the method in the Ref.[10]

R =

∫∞
0

S2 (ω) δ (Ω − ω)dΩ
S1 (Ω = ω, ω)

, (8)

where,

S1 (Ω , ω) =
1

N1 −N2

{〈
x2

〉
st

(
2N1b2

b2
2 + Ω2

− 2N2b1

b2
1 + Ω2

)
+ A

(
G1b1

b2
1 + Ω2

− G2b2

b2
2 + Ω2

)}
,

S2 (ω) =
πA (G2 −G1)

N1 −N2
,

〈
x2

〉
st

=
A [(a + ∆ + λ/2) f1 − f3]
2a2 + (λ + 2∆) a− 2σ

,

G1 = f1J2b1 + f2J2ω, G2 = f1J1b2 + f2J1ω, J1 =
N1

ω2 + b2
2

,

J2 =
N2

ω2 + b2
1

, b1,2 = a + N1,2, N1 =
λ + ∆

2
+

√
(λ + ∆)2

4
+ σ, N2 =

λ + ∆
2

−
√

(λ + ∆)2

4
+ σ,

f1 =
A

[
a3 + 2 (∆ + λ) a2 +

(
(∆ + λ)2 + ω2 − σ

)
a− σ (∆ + λ)

]

(ω2 + b2
1) (ω2 + b2

2)
,

f2 =
A

[
a2 + 2 (∆ + λ) a + σ + ω2 + (∆ + λ)2

]
ω

(ω2 + b2
1) (ω2 + b2

2)
, f3 =

−Aσ
[
a (a + λ + ∆)− σ − ω2

]

(ω2 + b2
1) (ω2 + b2

2)
. (9)

In terms of Eq.(8), the influences of the system parameter on the SNR can be discussed. The curves of R

versus the system parameter a for different intensity σ of asymmetric dichotomous noise are shown in Fig.1.
It is shown that the asymmetry ∆ effects the curves of R vs a in Fig.2. These figures illustrate that SNR
non-monotonically depends on the system parameter a.

Fig.1. R as a function of the system parameter a with

the intensity σ (Ω = 2π × 11.25, A = 1, λ = 1, ∆ = 1).

Fig.2. R as a function of the system parameter a with

the asymmetry ∆(Ω = 2π × 11.25, A = 1, λ = 1, σ = 8).
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5. Experimental Principle

From Eq.(7), there is an equation

x (t) = −
∫

ax (t) dt−
∫

ξ (t)x (t) dt

+
∫

A cos (ωt)dt. (10)

In accordance with Eq.(10), we design an experimen-
tal circuit shown in Fig.3. The function of each part
in the circuit is as follows: CON1, CON2, CON3 and
CON4 are connectors of the input signal A cos (ωt),

the output signal x (t), the circuit power and noise
ξ (t), respectively; A1 and its peripheral circuit imple-
ments a function of reverse integral; A2 and its pe-
ripheral circuit carries out amplifying reverse voltage,
but its gain coefficient is 1; U1 is a multiplier which
multiplies x (t) by ξ (t); K3 is a rheostat which is used
to adjust the damping coefficient; r13 presents the re-
sistance between pin 1 and pin 3 of K3, r12 is the
resistance between 1 and 2, and K is a ratio of r13 to
r12, that is K = r13/r12.

From Fig.3 we have

Uo = − 1
93× 103 × C1

×K

∫
Uodt− 1

93× 103 × C1

∫
ξ (t) Uodt +

1
93× 103 × C1

∫
A cos (ωt) dt. (11)

The relation is consistent with Eq.(7).

Fig.3. Parameter-induced stochastic resonance experimental circuit in an over-damped linear system.

6. Tuning system parameter to realize stochastic resonance

Comparing Eq.(7) with Eq.(11), we find that the system parameter a in Eq.(7) is directly proportional to
the coefficient K in Eq.(11). One knows that K is directly proportional to r13 since r12 is a constant and the
coefficient K is defined by K = r13/r12. So the system parameter a is directly proportional to r13, too. And
varying r13 is equal to tuning the system parameter a. Studying the relationship between SNR and a is equal
to studying the dependence of SNR on r13. In the latter, we will verify PSR by adjusting the resistance r13

of rheostat K3 when the capacitor C1 = 0.22 µF, the input sine signal amplitude 1.53 V (root mean square or
RMS value), frequency 11.25 Hz, and noise σ = 8, ∆ = 1, τ = 1. Figures 4 and 5 are the waveform and the
spectrum of output at r13 = 6.056 kΩ, respectively. The figures are derived from the data acquisition analyser
(from OROS Inc.) acquired and analysed. We employ a definition[17] that SNR is a ratio of the spectrum
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at signal frequency to the mean of spectrums close to the signal frequency, i.e., the ratio of the spectrum at
11.25 Hz to the average spectrum at 10.1563 Hz and at 12.3438 Hz. Compared with the SNR in Figs.1 and 2,
this SNR from the experiment is much smaller. It is the reason why the SNR in Figs.1 and 2 come from Eq.(8)
which originates in response to the delta function, however, the analysis of bandwidth based on fast Fourier
transform theory does not go to zero when we calculate the SNR from measurement of the spectrum.

For each confirmed r13, we experiment 20 times, and average all the SNR, as shown in Table 1. We plot
the curve about the dependence of SNR on r13 in Fig.6. It is observed that the SNR initially increases as the
system parameter r13 increases, and the SNR reaches maximum in the case of r13 = 6.056 kΩ. Then, if the
system parameter r13 increases again, the SNR decreases. It is indicated that the optimal SNR can be obtained
by tuning the system parameter in an over-damped random linear system, that is, parameter-induced stochastic
resonance exists in the linear system. The same to the non-monotonic phenomena in Figs.1 and 2 is observed.

Table 1. The relation between system parameter r13 and SNR when σ = 8, ∆ = 1, τ = 1, C1 = 0.22 µF.

system parameter r13/kΩ SNR system parameter r13/kΩ SNR

2.664 285.80 6.056 535.77

3.429 306.13 7.424 338.63

4.254 372.56 9.011 316.23

5.720 430.25

Fig.4. Waveform of output at r13 = 6.056 kΩ.

Fig.5. Spectrum of output at r13 = 6.056 kΩ.

Fig.6. The relation between system parameter r13 and

SNR in case of σ = 8, ∆ = 1, τ = 1, C1 = 0.22 µF.

7. Applications of PSR in circuits

Equation (7) has a strong background of appli-
cation in first-order linear circuit. In the following,
several examples are given, which shows that PSR ap-
pies to first-order linear circuits.

Example 1. Figure 7 is a RC differential circuit.
Its relation between input and output is

dVo

dt
= − 1

C
G′Vo +

dVi

dt
, (12)

where G′ = 1/R is a conductance. When dVi/dt =
A cos (ωt) and noise ξ (t) occur in G′, i.e., G′ =
G + ξ (t), Eq.(12) becomes

dVo

dt
= − 1

C
[G + ξ (t)]Vo + A cos (ωt) . (13)
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It is seen that Eq.(13) is similar to Eq.(7). The
method of tuning parameter is seen in Fig.8, that is, a
resistance r shunts with R. Here, the output voltage
Vo has a formula

dVo

dt
= − 1

C
[1/r + G + ξ (t)]Vo + A cos (ωt) . (14)

The PSR denotes that tuning resistance r can obtain
optimal SNR of output voltage Vo when PSR exists.

Fig.7. Output voltage in a differential circuit with con-

ductance noise.

Fig.8. Application of PSR to improve SNR of output

voltage in differential circuit with conductance noise.

Example 2. Figure 9 is a RL circuit. When
the R exists resistance noise, i.e., R = R0 + ξ (t), and
Vi = A cos (ωt), the current i is satisfied by

di

dt
= − 1

L
[R0 + ξ (t)] i + A cos (ωt) . (15)

Fig.9. A current in RL circuit with resistance noise.

Obviously, Eq.(15) is similar to Eq.(7), too. So,
we can obtain maximum SNR of current i by PSR,
that is, r is in series with R in the circuit. Then, the

SNR of output current achieves a peak by adjusting
resistance r, as shown in Fig.10.

Fig.10. Application of PSR to improve SNR of current

in RL circuit with resistance noise.

Example 3. Figure 11 is a RL differential cir-
cuit. The R is the same to example 2, and dVi/dt =
A cos (ωt). So, VL abides by

dVL

dt
= − 1

L
[R0 + ξ (t)]VL + A cos (ωt) . (16)

The form of Eq.(16) is similar to Eq.(7). So, in
the same way, we apply PSR to get an optimal SNR
of VL, and the method is still seriate with a resistance
r in the sub-circuit R. Varying r, seeing Fig.12, we
can get the maximum SNR of output voltage VL.

Fig.11. A voltage of inductance in RL circuit with resis-

tance noise.

Fig.12. Application of PSR to improve SNR of voltage of

inductance in RL circuit with resistance noise.
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8. Conclusion

In this paper, using experimental methods, the
PSR is investigated. It is observed that the maximum
SNR can be obtained by tuning the system parameters
in an over-damped linear system with a multiplicative
asymmetric dichotomous noise. And then several ap-
plication examples of PSR in circuit models are given.

Considering noise effects of different components
or disturbed parameters, one can also get many mod-
els which are similar to Eq.(7) described. In the above
examples, obviously, tuning the system parameter is
easier than varying the noise parameters in some cases.
So, PSR has probably more application values than
the conventional SR and SR resonance in a broad
sense.
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