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system with matrix eigenvalue method∗
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A matrix eigenvalue method is applied to analyse the thermodynamic stability of two-component interacting

fermions. The non-relativistic and ultra-relativistic d = 1, 2, 3 dimensions have been discussed in detail, respectively.

The corresponding stability region has been given according to the two-body interaction strength and the particle

number density ratio.
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1. Introduction

With the realization of artificial quantum de-
generacy, ultra-cold atomic physics provides a play-
ground for studying the interacting quantum many-
body physics. It is generally expected that the ex-
plored physics is closely associated with a variety
of many-body topics.[1−5] The interacting fermion
ground state is still a challenging topic in the fun-
damental Fermi–Dirac statistical physics.[6−9]

Through tuning the external-magnetic field, one
can control the scattering length as or interaction
strength U0 between two different fermions. Adjusting
the interaction strength between the atoms is crucial
for the realization of the fermions superfluidity and the
relevant physics has attracted great attention in con-
temporary physics. The realized temperature can be
extremely low, ultra-cold, while the particle number
density can be dense. So we can treat the fermions
as strong degeneracy in order to study the quan-
tum collective effects. Compared with the ideal non-
interacting case, the interaction between fermions can
cause essential changes of the thermodynamic proper-
ties, such as chemical potential and internal energy.[10]

From the viewpoint of many-body physics, or
more basically from the viewpoint of thermodynamics,
the basic problem is how to study the system stabil-
ity according to the interaction strength and particle
number density, and so on.[1]

According to the general many-body theory, the

system stability is determined by the sign of the sec-
ond partial derivative of the energy density based on
corresponding chemical potential. If the second par-
tial derivative is positive, the thermodynamic system
can be stable; otherwise, the thermodynamic system
is unstable or metastable. The problem of how to con-
sider the effects of the interaction between the parti-
cles on the system stability needs to be clarified, espe-
cially for the two-component fermions mixture (with
spin up and spin down). The purpose of this paper is
to simplify the problems including interaction.

Generally, the total energy density ε is con-
trolled by the inter-particle interaction strength.
Therefore, one can calculate the second par-
tial derivatives of the system total energy den-
sity with respect to particle number density
(n1, n2), ∂2ε/∂n2

1, ∂
2ε/∂n1∂n2, ∂

2ε/∂n2∂n1, ∂
2ε/∂n2

2,
which give the respective susceptibility of the chemical
potential versus the particle number density.[1]

Mathematically, we can construct a hermitian
2× 2 matrix by taking the susceptibility as the corre-
sponding matrix element. The remaining task is solv-
ing the secular equation to calculate the eigenvalues
and the corresponding eigenvectors; i.e., this matrix
can be transformed into a diagonal one. The rela-
tions among the eigenvalue λ and the number density
(n1, n2) as well as the interaction strength U0 can be
easily obtained.

As discussed in Refs.[11] and [12], the eigenvalue
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method of the susceptibility matrix can contribute to
the understanding of the stability problem more con-
cisely. As we will see below, the analytical formulae
for the stability criteria can be given explicitly and
the explored thermodynamic properties of phase sep-
aration can be also indicated diagrammatically.

2. Matrix method and system

stability criterion

Now we discuss the thermodynamic stability of
the zero-temperature interacting fermion mixing sys-
tem in the non-relativistic and the extreme relativistic
situations for the d = 1, 2, 3 dimensional cases sepa-
rately.

2.1.Three-dimensional cases

Firstly, we derive the system stability condition
in detail under the three-dimensional non-relativistic
situation. The discussions for other cases are in line
with this method and the corresponding details will
be omitted for brevity.

2.1.1. Non-relativistic situation

In ultra-cold atomic physics, extensive experi-
mental studies of the Fermi–Fermi mixture of 40K–
40K and 6Li–6Li in different hyperfine states have been
performed.[13,14] For this kind of non-relativistic sys-
tem, the internal energy density is[1]

ε =
3
5
n1µ1 +

3
5
n2µ2 + n1n2U0. (1)

The chemical potential is µi = (6π2)2/3~2n
2/3
i /(2mi),

with mi being the fermion mass and the number den-
sity being denoted by ni. In the above formula, m1(2)

represent the mass of the fermion with n1(2) being the
corresponding density. And U0 denotes the interaction
strength between the two different fermions.

In order to discuss the system stability conve-
niently, we construct the matrix as below

χ̂ =




∂2ε

∂n2
1

∂2ε

∂n1∂n2

∂2ε

∂n2∂n1

∂2ε

∂n2
2


 . (2)

From the standard thermodynamic relation, the
chemical potential is given by the internal energy
density and particle number density according to

µ = ∂ε/∂n. Furthermore, one can have ∂2ε/∂n2 =
∂µ/∂n. The eigenvalues of χ̂ can be used as the sys-
tem stability criterion in addition to the conventional
discussions.[1]

The eigenvalues λ of χ̂ can be derived readily

λ1

=
(6π2)2/3~2

6

(
n
−1/3
1

m1
+

n
−1/3
2

m2

)

−1
2

√√√√ (6π2)4/3~4

9

(
n
−1/3
1

m1
− n

−1/3
2

m2

)2

+ 4U2
0 (3)

and

λ2 = λ1

(
−1

2
→ 1

2

)
(4)

If the entire system is in the stable state, the es-
sential condition must be det χ̂ > 0, i.e., λ1λ2 > 0. As
Eqs.(3) and (4) indicate, the second value λ2 is defi-
nitely positive λ2 > 0 and trivial, while λ1 is the valid
one. Consequently, the criterion is λ1 > 0, and the
stability condition is given by

U2
0 <

(6π2)4/3~4

9m1m2
n
−1/3
1 n

−1/3
2 . (5)

From the inequality (5), we can see that the system
stability depends both on the interaction strength and
the particle number densities. The mixture will be un-
stable for large enough fermion number densities. This
conclusion is consistent with the recent discussion.[15]

Furthermore, when the smaller eigenvalue λ2

tends to zero (from the positive side), the related
eigenvector χ characterizes the instability more effi-
ciently, as generally analyzed in Refs.[11, 12]. One can
plot the eigenvector χ in the plane (U0, t), then the
instability of the Fermi system is uniquely character-
ized by the angle θ between χ and t-axis. This kind
of discussion contributes to the understanding of the
multi-component mixing or the thermodynamic prop-
erties of phase separation.

2.1.2. Extreme relativistic situation

Analogous to the non-relativistic discussion,[1,15]

the relativistic energy density of the interacting sys-
tem in the weak contact interaction occasion can be
generalized as

ε =
3
4
n1µ1 +

3
4
n2µ2 + n1n2U0, (6)
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while the chemical potential is µi = (6π2)1/3~cn1/3
i .

The corresponding eigenvalues are

λ =
1
6
(6π2)1/3~c(n−2/3

1 + n
−2/3
2 )

±1
2

√
1
9
(6π2)2/3~2c2(n−2/3

1 − n
−2/3
2 )2 + 4U2

0 . (7)

The stability condition is

U2
0 <

1
9
(6π2)2/3~2c2n

−2/3
1 n

−2/3
2 , (8)

which is similar to inequality (5).

2.2.Two-dimensional cases

2.2.1. Non-relativistic situation

The internal energy density is

ε =
1
2
n1µ1 +

1
2
n2µ2 + n1n2U0, (9)

and the chemical potential is µi = 2π~2ni/mi.
The result obtained is

λ = π~2

(
1

m1
+

1
m2

)

±
√

π2~4

(
1

m1
− 1

m2

)2

+ U2
0 , (10)

where λ is also a constant.
The system stability condition is only determined

by the interaction strength between the two distinct
fermions and does not rely on the particle number
density

U2
0 <

4π2~4

m1m2
. (11)

The inequality indicates that the interaction
strength for the stability region does not depend on
the particle number density directly. Of course, in the
non-relativistic case the stability condition, inequal-
ity (11), is closely related to the respective intrinsic
atomic mass. It is very interesting that the atomic
mass difference can affect the thermodynamic stabil-
ity for the given inter-particle interaction strength.

2.2.2. Extreme relativistic situation

With the internal energy density

ε =
2
3
n1µ1 +

2
3
n2µ2 + n1n2U0, (12)

and chemical potential µi = 2
√

π~cn1/2
i , the result

obtained is

λ =
√

π

2
~c(n−1/2

1 + n
−1/2
2 )

±1
2

√
π~2c2(n−1/2

1 − n
−1/2
2 )2 + 4U2

0 . (13)

The corresponding stability condition is

U2
0 < π~2c2n

−1/2
1 n

−1/2
2 . (14)

Compared with inequality (11) for the non-
relativistic situation, the stability region given by in-
equality (14) depends not only on the interaction
strength but also the particle number densities. And
inequality (14) is similar to the inequalities (5) and
(8). The stability criteria for the ultra-relativistic two-
dimensional, non-relativistic and extreme relativistic
three-dimensional cases have the similar analytical
properties.

2.3.One-dimensional situation

2.3.1. Non-relativistic situation

Consider the mixture of two fermions, the internal
energy density of which is

ε =
1
3
n1µ1 +

1
3
n2µ2 + n1n2U0 (15)

with the chemical potential µi = π2~2n2
i /(8mi).

The eigenvalues of the mixing matrix are

λ =
π2~2

8

(
n1

m1
+

n2

m2

)

±1
2

√
π4~4

16

(
n1

m1
− n2

m2

)2

+ 4U2
0 . (16)

The stability condition is given by

U2
0 <

π4~4n1n2

16m1m2
. (17)

As shown in the inequality (17), the smaller the den-
sity, the less stable the mixed system.

2.3.2. Extreme relativistic situation

The internal energy density is

ε =
1
2
n1µ1 +

1
2
n2µ2 + n1n2U0. (18)

The chemical potential is µi = π~cni with c being the
light velocity.

The corresponding eigenvalues for the ultra-
relativistic occasion are

λ = π~c± |U0|. (19)
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We can see that λ is a constant which has nothing
to do with the particle number density. This means
that the system stability is only determined by the
interaction strength between the fermions.

The stability condition is λ2 = π~c−|U0| > 0, i.e.

U2
0 < π2~2c2. (20)

The inequality (20) is similar to (11). From inequality
(20), we can find that the upper bound of the interac-
tion strength for the stability region is a constant.

3. Discussion

If interaction exists between two fermions, i.e.
U0 6= 0, then we have the following conclusions:

1) For the one-dimensional non-relativistic occa-
sion the eigenvalue λ is a function of n1, n2, m1,m2,
and the interaction strength. Therefore, the thermo-
dynamic stable condition of the system is determined
by interaction strength, fermion number densities and
the fermion mass ratio. This characteristic can be
shown by Fig.1. An arbitrary point in the ellipse in-
dicates a stable state.

Fig.1. The stability phase diagram indicated by the parti-

cle number ratio t = (n1 − n2)/(n1 + n2) with n1 + n2 =

n = 1 versus the interaction strength U0. The two

points at which the function curve intersects t-axis are re-

spectively (−a1, 0) and (a1, 0) (a1 > 0), and the other

two points at which the function curve intersects U0-

axis are respectively (−b1, 0) and (b1, 0) (b1 > 0). For

the one-dimensional non-relativistic situation, a1 = 1;

b1 =
π2~2

8
/
√

m1m2.

2) The extreme relativistic one-dimensional and
non-relativistic two-dimensional situations possess
similar analytical properties.

3) The stability criteria of the remaining sit-
uations have similar analytical properties. In

the two-dimensional extreme relativistic, the three-
dimensional non-relativistic and the three-dimensional
extreme relativistic situations, the eigenvalue is a
function of n1, n2 and the interaction strength.

Figure 2 shows that the curves (solid lines) are
symmetric about t-axis and U0-axis. They have t = 1
and t = −1 as asymptotes (the dashed lines). The
regions which are encircled by the curves and the two
asymptotes (labeled by the 3 regions) are the stable
regions, and an arbitrary point in these regions is a
stable state. The Fermi–Fermi system is easily to ap-
proach stable when the interaction strength is weaker
and the ratio of the two distinct fermi number densi-
ties becomes smaller. In essence, Fig.2 is equivalent
to the Figs.2, 4 and 8 of Ref.[11].

Fig.2. The stability region indicated by

t = (n1 − n2)/(n1 + n2) versus U0 with scaled

n1 + n2 = n = 1. The two points at which the

function curve intersects U0-axis are respectively (−a, 0)

and (a, 0) (a > 0). For the two-dimensional extreme rel-

ativistic situation, a =
√

2π~c; for the three-dimensional

non-relativistic situation, a = 2

(
π4

3

)1/3

~2/
√

m1m2;

for the three-dimensional extreme relativistic situation,

a = 2
(π

3

)2/3
~c.

4. Conclusion

In summary, we have analyzed the eigenvalues of
the matrix composed of the susceptibility elements ob-
tained by the partial derivative of the chemical po-
tential with respect to the particle number density.
Through these eigenvalues, the thermodynamic stabil-
ity condition of the fermion-mixing system has been
discussed. This method can simplify the stability dis-
cussion and express the stability regime diagrammati-
cally, which contributes to the addressing of the phase
separation analysis in the interacting fermion physics.
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