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This paper presents a method to find Noether-type conserved quantities and Lie point symmetries for discrete
mechanico-electrical dynamical systems, which leave invariant the set of solutions of the corresponding difference scheme.
This approach makes it possible to devise techniques for solving the Lagrange—Maxwell equations in differences which
correspond to mechanico-electrical systems, by adapting existing differential equations. In particular, it obtains a new
systematic method to determine both the one-parameter Lie groups and the discrete Noether conserved quantities of
Lie point symmetries for mechanico-electrical systems. As an application, it obtains the Lie point symmetries and the
conserved quantities for the difference equation of a model that represents a capacitor microphone.
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1. Introduction

Symmetries have always played a very important
role in the study of differential equations.!'! Sophus Lie
presented his symmetry theory as a tool to solve or-

dinary differential equations.?

These techniques have
been used also to classify the equations and to es-
tablish the properties of their corresponding space of
solutions.3~7 A few years ago, Lie symmetry and
Noether symmetries theory was extended successfully
to discrete equations, such as finite difference equa-
tions and differential-difference equations.!8—20l

A mechanico-electrical dynamical system couples
a mechanical process with an electromagnetic one. Be-

cause of their applications the study of these systems is

interesting, but the corresponding equations are gen-
erally difficult to solve due to the presence of nonlin-
ear terms. In recent works on mechanico-electrical dy-
namical systems, authors have studied Lie symmetries

and conserved quantities,2! 23]

non-Noether symme-
tries and Lutzky conserved quantities,?* momentum-
dependent symmetries and non-Noether conserved

quantities, 2!

and obtained the algebraic structure
and Poisson’s theory for these systems.[26! Besides this
theoretical frame, it is interesting to build tools which
can provide the numerical solutions and we have intro-
duced difference techniques to obtain the variational
principles and first-integrals for discrete mechanico-
electrical dynamical systems. "]

The purpose of this paper is, on the one hand,
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to extend the technique of Lie symmetries to dis-
crete mechanico-electrical dynamical systems and, on
the other hand, to obtain the corresponding dis-
crete Noether-type conserved quantities. We will con-
sider Lagrange-Maxwell equations in differences for
mechanico-electrical dynamical systems on a uniform
lattice. The lattice itself is determined by a difference
equation. First, we will look for Lie point symmetries
of the difference Lagrange—Maxwell equations and lat-
tice equation while leaving the common solution sets
of these equations invariants. Second, we will state the
Noether theorem for the discrete mechanico-electrical
systems.

The structure of the paper is as follows. In Sec-
tion 2, we obtain the formalism necessary to compute
the Lie point symmetries for the discrete Lagrange—
Maxwell equations and the lattice equation. In Sec-
tion 3, we obtain the determining equations introduc-
ing a vector field of the infinitesimal transformations
with respect to time, generalized coordinates and elec-
tric quantities, and we state the Noether theorem by
using difference operators on the discrete Lagrange—
Maxwell equations. In Section 4, we consider an
actual example which consists in a capacitor micro-
phone. The conclusions are drawn in Section 5.

2. Lagrange—Maxwell equations

We will consider a mechanico-electrical dynam-
ical system consisting in the mechanical part of n
particles, described by n generalized coordinates ¢!
(l=1,...,n), and, on the electrodynamical part, of
m electric circuits with linear conductors and capac-
itors. For circuit j (j = 1,...,m), we denote by i’
the current, by u/ the electric potential, by e/ (such
that ¢/ = i) the charge in the capacitor, by R; the
resistance, and by C; the capacitance.

The Lagrange function for such a mechanico-
electrical system is

L:T(Q,Q)—V(Q)+Wm(qvé>_We(q7e)7 (1)

where T" and V are, respectively, the kinetic and the
potential energy. The electric and the magnetic field
energies are defined, respectively, by

-\ 2
J
Wezl(e) )
2 Cj
1 .
szileg’LJZB, (]75:17""m)’ (2)

where L;g (j # () is the mutual inductance of circuit
J due to circuit 8 and L;; is self inductance of circuit

7.

The motion of the system is governed by the

Lagrange Maxwell system of equations: 2223
d oL 0L OF
—o — oyt =@
dtdq"  9¢' 94
d oL 0L OF

ETI Y Iy A j=1,... 4
dt9él  Oes + 0éJ (J ) ,m),  (4)

where Q' (I =1,...,n) are generalized, non-potential

(I=1,....n), (3)

:/u]7

forces. This is a system of n + m ordinary differential
equations with respect to the n generalized coordi-
nates ¢/ (I =1,...,n) and the m generalized electric
quantities e/ (j=1,... , m). The dissipative function F
of the system is given by

F:Fe(é)+Fm(q7(j)’ (5)
where the electric dissipative function is
1 . 1 .
Relm@pP=ln@r. ®

and F}, is the function for the viscous frictional damp-
ing forces, and thus, —9F/9¢' (I = 1,...
spond to dissipative forces.

, M) corre-

The system of Lagrange-Maxwell equations (3)
and (4) for the mechanico-electrical systems can be
written in compact form as

i'=a(ggeét) (I=1....n), (7

¢ =Bj(q,q,e.é,t) (j=1,...,m). (8)
Equations (7) and (8) can be discretized to give

D1 o
Er (tat—7t+7t++aq 7Q—7Q+7Q++7ejaej—aei-7ei-+) =0,
E2 (t,t,,t+,t++,ql,qi,qi,qi+,€j,€{,€i,€i+) = Oa

(10)
) (t7t—at+at++7ql7ql—7qz-aqﬂ,—-{-aejv617617614,-) = 07

(11)
if we consider a four-point scheme on an equally-
spaced temporal mesh with time-step h. We denote
by t = t; the current time, and define t_ = t;_q,
ty = tpyq and 4 = t4o. Similarly for ¢! and 7.
Whengver FEy, E5 and {2 are independent of ¢, 4, qi "
and €7, , this scheme reduces to a three-point scheme.

3. Noether conserved quantities

and Lie point symmetries

3.1.Lie point symmetries of difference
Lagrange—Maxwell equations
Let us consider that a one-parameter group of lo-

cal point transformations with respect to the gener-
alized coordinates, the electric charges and the time,
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has the following form:

EZFs(taq7e)u
q:éa(t7q7e)7
e=®.(t,q,e), (12)

whereq:{ql,qz,... ,q"},e:{el762, ,em}. We
shall require that they leave the system of Egs.(9),
(10) and (11) invariant on the solution set of this sys-
tem. Since we are interested in continuous transfor-
mations for the discrete Lagrange—Maxwell dynamical
system, we use an infinitesimal approach and write the
transformations up to order € as

t=t+e& (t,ql,ej)7 (13)
i =q+¢e& (t.d.¢), (14)
& =el + Enj (t,ql,ej) , (15)

where ¢ is a small parameter, and &p, {; and n; are the
corresponding infinitesimal generators.

It is convenient to express the invariance con-
dition for the Lagrange-Maxwell dynamical system
given by Egs.(9), (10) and (11

ism involving the transformation operator and their

) in terms of a formal-

prolongations. The transformation operator itself has
the form

X = 50 (taqlaej) g

G
ot +§l (taql76]) 87ql

+n; (t,q, 6)8J (16)

where &g, § and 7; are the same as those in Egs.(13),
(14) and (15). The prolongation of the transformation
operator (16) acting on the Egs.(9), (10) and (11), for
a three-point scheme is

prX =X +X_ + Xy, (17)
and
=6 (e )aa +a (el ajl
o) o

Xi=6& (t+,qﬂr,ei) 8? +& (t+,q+,e+) 32

; 0
ey (b eh) 25 (19)
+

The requirement that Egs.(9), (10) and (11
invariant under the considered one-parameter group

) are

translates into the requirement

prX E1| g, —0.my=0.0=0 = 0,
prX Es|p,—0,,—0.0=0 = 0,
prX 2|5, —0,p—0,0-0 = 0. (20)

In Eq.(20), once Egs.(9), (10) and (11
account, all involved variables are considered to be

) are taken into

independent. Eqgs.(20) are thus the determining equa-
tion for the infinitesimal generators &p, & and 7;.

In the case of a four-point scheme, the transfor-
mation operator is again Eq.(16) and its prolongation
is

prX =X+X_+X, +X,, (21)
and

9

Oty
; 9]

+& (t++a613_+,€i+> E
0

+n; (t++,qi+,ei+) E (22)
€+

Xir =% (t++7 ¢ €]++>

The infinitesimal generators &, § and 7; are obtained
by solving the determining Eqgs.(20).

3.2. Discrete conserved quantities asso-
ciated with the Lie point symme-
tries
We now turn our attention to construct an in-

variant difference scheme with all of the appropriate

conservation laws.

Using a mesh with a constant time-step h (see
Fig.1), we define the linear difference operators S and
—h

S as
+h

q

(t+, g+, €+)

Fig.1. A three-point scheme with the invariant mesh h in
the t-direction.
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S ql =q¢,, S ql =q., S el = ei, S el = ej,, ton action of the system given by
+h —h +h —h
(23) Lol
Ma="La(t.d ¢ dhel) h 26
where S and S are, respectively, the backward and d g A" o G ) 1 (26)
—h +h
forward shift operators (or left and right discrete where
translation operators). From § and S we can de-
—h +h 1
fine the finite-difference operators which correspond ¢ =D (ql) L4 % (qi_ — ql) ’
to the forward and backward (or right and left) dis- th tJf —t
crete differentiation J j e j
e, =D (¢) = :f(eJr—e]) (27)
S —1 +h t+ —t h
+h — h=D
BL -~ n Z Sl Dz, are the corresponding right discrete derivatives. Our
s=1 motivation is now to use this to derive a discretiza-
1- S o (_pys— 1) . . .
D= Z ) (24) tion scheme with the conservation laws. In a re-
—h = cent paper,[?”) we have given the first integral and

The operators S, S, D and D commute in any com-
+h —h +h ~h
bination, while

D=DS, D= DS

25
Yh “h+h Zh h—h (25)

On this mesh we can consider the discrete Hamil-

0Lg4 8Ld

oL
fo + fl d

i g

+(pe-dp )5+ (pow-dp©)

the discrete analogous of the Noether theorem for a
mechanico-electrical system as follows:

Theorem 1 If a discrete gauge function G =
G (t, q,

transformation generators &g, § and n; satisfy the dis-

el q, ei) exists such that the infinitesimal

crete Noether identity

’ g AN ,
(Qd Fd) (gl - Q%go) (Qd Fd) (& - qgc&)) + % (ufi — FE) (nj _ ef;fo)
€k

+
1 . OF,
+ 5 (Uz_l — adj) (77] - ek§0) + LdD (50) +D (G> 0’

then the mechanico-electrical system (Eqs.(9) and (10

Ia =& L4 + (f qkfo) (Zle> (nj - ek&)) (aLd> + G = const,

+h (28)
)) possesses a discrete conserved quantity given by
29
50 (29)
1l i
il j 4 — g e e_
elaq—k>eik)7and qE_ h 76?’6_ h

where Ly = S_Lq (t,ql,ej,qfweﬁ = L4 (t,,ql,,

Now we state the discrete analogues of the Lie
theorem associated with the Lie point symmetry for
the mechanico-electrical system:

Theorem 2 If the infinitesimal generators &,
& and n; satisfy determining equation (20), the dis-
crete gauge function G = G (t7ql, ej) exists, and the
Noether identity (28) is satisfied, then the mechanico-
electrical system (Eqgs.(9)—(11)) possesses a conserved

quantity (29).

Theorem 1 and Theorem 2 are, respectively, the
discrete analogues of the generalized Noether theorem
and the generalized Lie theorem for the mechanico-
electrical system.

4. An example

Lie point symmetries of difference equations
and lattices were proved in a recent paper.!t!
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Here we present the Lie point symmetries of differ-
ence Lagrange—-Maxwell equations for a mechanico-
electrical system.

A model of the microphone of the capacitor is pre-
sented in Fig.2. (Where m denotes now the mass of
the capacitor plate and k the spring constant). The
sound waves are transformed into the vibration of the
capacitor plate and induce a current in the circuit.
The circuit consists in a capacitor C, a resistance R
and an electromotive force Ey. The signal is taken
from the resistance R. We denote by ¢ the coordinate
that represents the displacement of the diaphragm, by
F (t) the force acting on it, and we represent by e the
charge in the capacitor. The kinetic energy and the
potential energy of the diaphragm are, respectively,

1
T =-mg* V = 5/{ (g — qo)27 while the electric en-

2
1
in th itor is W, = 2,
ergy in the capacitor is W, 20 (q)e
| >
| — |

Fig.2. A mode of the microphone of the capacitor.

The Lagrangian for such a system is

1 1 )
L=>m¢*— Zk(q— -
5"~ 5 (¢ — qo)

L

me 5 (30)

where qq is the resting position of the diaphragm.
dA = (Ey— Ré)de+ (F — hi1qg) dq, (31)

here h; is the viscous damp coefficient. The Lagrange—
Maxwell equations of the capacitor microphone are

1,d [ 1
G+ hig+ k(g — —? o (—— ) =F (32
md +hig+ k(g —qo) + e a7 (C(q)> , (32)

Ré+2q:E0. (33)

Vol. 18
If the capacitance is of the form C (q) = g, then
q
Eqgs.(32) and (33) lead to
. . e?
mi + g +k(q—aq)+5-=F (34)
Ré—i—gq:Eo. (35)

If we suppose F (t) to be constant, Eqgs.(34) and (35)
reduce to

G+ ai1q+ azq + aze® —as = 0, (36)
é+b16q—b2 :O7 (37)
h1 k 1 F
where a; = —, ag = —, a3 = ——, a4 = a2q0 — —,
) m Em 2am m

and by = —, bngo.

Ra
A natural way to discretize Eqgs.(36) and (37) is

to use a uniform lattice and write

— 2+ q_ —q

E1=qu a 2q +fl1q a +axq+aze’ —ay =0,
(ty —1t) t—t-

(38)

Ezzitftemlequz:o, (39)

Let us now apply the symmetry algorithm (20). The
condition prf2 =0 at £ = 0 and {2 = 0, implies
gO (t-‘qum €+) - 2§0 (ta Q7e) + gO (t—a q—, e—) = Oa

i.e.

§o(2t—t-,29—q- —ar(g—q-)(t—1t-)

—asq (t —t-)" — (age® —ay) (t —1-)%,

€ — bleq (t - t*) +b2 (t - t*)) - 260 (ta q, 6)

— g (tge). (41)

Equation (41) reduces to
So(2t —t_,2g—q —a1(q—q-)(t—1t-)
—axq(t —t_)* — (aze® —aq) (t —t_)%)
=26 (t,q) +&o (t-,q-) = 0. (42)
Differentiating first by d,_, then by 9;, we obtain
— [+ a1t —t-)] §oq, (2t —t—,2q — - —a1(q — q-)
X (t—t_) —azq(t —t_)° — (ase® —as) (t —t_)?)
+ £0q_ (t,, q*) = 07 (43)

—tat—t)]|2—a(t—t)—ay(t—t_)°
(

X &ogiqy (2t —t,2¢—q- —a1(g—q-)(t—1t_)
—aoq(t —t_)* — (ase? —ay) (t—t_)%) = 0.
(44)
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Equation (44) implies that ¢ is linear in g
o (tiq) =f(t)g+ fo(t). (45)
With this, BEq.(31) reduces to
—[A—a @@=t )] f@—t)+ f(t-)=0, (46)
whose solution is
fty)=f(t-) =0, (47)

and thus & (t) = fo (1).
Eq.(36) we obtain

Substituting this result into

fo(ty) —2fo (1) + fo(t-) =0. (48)

We differentiate this equation, now with respect to ¢
and t_, and we have

fo (t) = dit + do, (49)

where d; and dy are constants. Thus, the invariance
of equation t; — 2t +t_ = 0 in Eq.(34) implies

&o = dit + do. (50)

The infinitesimal generators

€(t,g,e) and
7 (t, g, e) are restricted by the requirement prX F; = 0,
prXEs =0for By =0, F5 =0, 2 = 0. The invariance

conditions are given by

€t—t_,20—q- —a1(g—q-)(t—t_) —asq(t—t_)* — (age’ —as) (t—t_)* e — breq (t —t_)

+b2 (t - t*)) - 2£ <t7 q, 6) +§

( ,,q,,e,) + a1 (t - t*)é(tv%e) — a1 (t - t,)f(t,,q,,ef)
+ag(t—t_)2 €t g €) +arb (g — q) (t—t_) + 2a0b1q (t — t_)* + 2aze (t — t_)>n (t, q, )
0

+ 2by (a362 - a4) (t — t,)Q =0, (51)
n2t—t-,20—q —ai(qg—q-)(t—t) —asq(t—t_)* — (aze’ —aq) (t—t_)* e —breq (t —t_)
+b2 (t - t*)) -n (tu q, 6) + blq (t - t*) n (tv q7€) + b1€ (t - t*) 5 (t7 q, 6)
+bieq(t—t ) —biby(t—t_)=0. (52)
We differentiate Eqgs.(51) and (52) with respect to ¢_ and obtain
—(l—ay(t—t))&, (2t —t_ 20— q- —a1(q—q-)(t—t_) —azq(t —t_)* — (age® — aq) (t —t_)?,
e—bieq(t—t-) by (t—t-))+ (1 —ai (t—1-)) & (t-,q—,e-) —arbr (t —t-) =0, (53)
and
—(I—ai(t —t-))ng, =0, (54)
respectively. Equation (54) implies that 7 is independent of ¢ and we may, thus, write it as
n (tv 6) =49 (t, 6) ) (55)
further we successively differentiate Eq.(53) with respect to ¢ and obtain
2—ar(t—t-) —as(t—t-)*)& g, (2t —t_ 20— q- — a1 (q—q-) (t —t_) —asq (t —t_)°
— (age? —aq) (t—t-)% e —breq(t —t_) +by (t —t_)) —bie(t —t_)
X Egpey (2t—t_ 20— q_ —a1(q—q-) (t—t_) —axq(t —t_)* — (age® —aq) (t—t_)°,
e—bieq(t—t_) +ba(t—1t_)) =0. (56)

Substituting Eq.(55) into Eq.(52) we obtain the remaining determining equation

g2t —t_,q—bieq(t —t_) +by(t—t_)) —g(t.e) +big(t —t_)g(t.e)
+bre(t—t_)E(t g, e) +bieq(t —t_) —biby (t—t_) =0. (57)
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Differentiating this equation with respect to ¢ leads to

—brege, (2t —t_,e—breq(t —t_) +bo(t—t_)) + big(t,e) + bie&y (t,q,e) + bie =0, (58)
and we obtain
g(t,e) = —be,
§(t,q,e) = =big + Fo (t,e), (59)
which satisfies Eq.(56). Substituting Eq.(59) into Eq.(57) we obtain
Fy (t,e) = %, (60)
we finally obtain the Lie group of the infinitesimal transformations of the difference system (38) and (39):
€o (t) = dat + do,
n(t,q,e) = —bre= e ®
f(t,q,e):fblq+2bf:f%q+2%é (61)

Substituting Eq.(61) into the discrete analogy of Noether identity (28) and difference conserved quantity
(29), we have

(rea8) (w22 + () (2

+ <—R1aCIk - 27]]30;12% - dek) mqy + (F' — higk) (—];aq + 2%% — (dit + do) Qk>

+ (Eo — Rey) <1;a6 — (dit + do) €k> +dy <;m%% - %k (¢ —q0)° — Qqaez) = *BL (G), (62)
ie

D(G)= (;mdl + % —dyhyt+ doh) G + R(dyt +do) €} + @éequ

+ [F (dit + do) + 2}%&% - ;;LQ} gk + [Eo (dit +do) — 2] er + % (¢—q0)°
and
Iy = (dit +do) (;mqi - %k‘ (¢- —q0) — gj (6)2>
4 <R1aq + 2%2) mqg + G = const. (64)

These two equations, although difficult to solve,
can be used to obtain the gauge function G and the
discrete conserved quantity Iq, and from them, the
numerical solution.

To illustrate this, we represent in Figs.3, 4 and

5 some numerical results obtained from Egs.(34) and
(35) for the following values of the parameters: k =
13,a=1,d,=1,dg=0, R=1.004, m =1, Ey =1,
h=01,h =1,d=1F =03, 20 =1, qo = L5,
Gy = 2.
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e B A e EEE e PRy
| I I I | I I I
= | 1 1 1 | | |
2 it il e A e B N e e |
z) 3 | I I I | I I I
= | 1 1 1 | | | |
o [ P P
< | 1 1 1 | | 1 1
=} I 1 |
o
o
o)
>
-
5]
n
=]
5]
O

0.5

Time

Fig.3. Discrete Noether conserved quantity I relative to

time t.

Fig.4. Discrete regular function G relative to generalized

coordinate ¢ and electric charge e.

Fig.5. Discrete Noether conserved quantity I relative to
generalized coordinate g and electric charge e.

From Fig.3, we can see that the conserved quan-
tity has a small error in the system. However, we ob-
tain the conserved quantity and Lie point symmetry
of a mechanico-electrical system in Figs.4 and 5.

5. Conclusion

In this paper, we have extended Lie point sym-
metries to discrete Lagrange—-Maxwell mechanico-
electrical systems with nonconservative forces and dis-
sipation functions. Our results represent a significant
approach to find both the one-parameter Lie groups
and the discrete conserved quantities of Lie point
symmetries associated with the discrete mechanico-
electrical systems.
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