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The one-electron spectral function of a frustrated Hubbard chain is computed by making use of the cluster pertur-

bation theory. The spectral weight we found turns out to be strongly dependent on the frustrating next-nearest-neighbor

hopping t′. A frustration induced pseudogap arises when the system evolves from a gapful Mott insulator to a gapless

conductor for an intermediate value of the frustration parameter |t′|. Furthermore, the opening of a pseudogap in the

density of states already in the metallic side leads to a continuous opening of the true gap in the insulator. For the

hole-doped case, the pseudogap is pinned at the Fermi energy, while the Mott gap is shifted in energy with increasing

Hubbard interaction U . The separation of the pseudogap and Mott gap in the hole-doped system demonstrates the

validity of the existence of a pseudogap.
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1. Introduction

The observation of the pseudogap (PG) phe-
nomenon in high-Tc superconductors via a number
of experimental techniques, including angle-resolved
photoemission spectroscopy (ARPES),[1] transport
measurement,[2] neutron scattering,[3] and specific
heat measurements,[4] has drawn much attention
among scientists. It is believed that a better un-
derstanding of this phenomenon could lead to a
better comprehension of the physics of the high-Tc

materials.[5−10] Several experimental studies proved
the existence of a pseudogap phase in several high-Tc

superconductors,[11−17] and observed the persistence
of this phase at low temperatures.[18−20] It has been
observed that the PG shows up differently in the sam-
ples depending on whether the system is doped with
holes or electrons.

A Hubbard chain with nearest-neighbor hopping
t and next-nearest-neighbor hopping (frustration hop-
ping) t′ can be used to describe some properties of
low-dimensional strongly correlated cuprate materials.
For example, the model has been successfully used
to study double-chain materials like SrCuO2

[21] or

LiV2O5,[22] where the frustration hopping is expected
to be substantial. When the next-nearest-neighbor
coupling is turned off (t′ = 0), the model returns to
the extensively used standard one-dimensional (1D)
Hubbard chain. In which, spin-charge separation is
observed in its single-particle spectrum.[23] When t′

is turned on, the system becomes frustrated, and its
physics is quite different from the unfrustrated 1D
Hubbard model.

Several theoretical works for the frustrated 1D
Hubbard model[24−29] have shown that the frustra-
tion t′ induces new properties in strongly correlated
systems. Recently, Daul et al illustrated, by means
of the density-matrix renormalization group tech-
nique, the existence of a rich ground-state phase
diagram.[24] Hamacher et al observed different renor-
malizations of different Fermi wave vectors due to
electron-electron correlations in such models.[25] The
single-particle spectral function provides important
information about the properties of strongly corre-
lated electronic systems, as it is directly related to
the data from ARPES measurements.[17,18] Several
methods have been used in order to evaluate the spec-
tral weight on models for strongly-correlated systems
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and to study the properties of the PG state.[30−34]

Many works have focused on the application to quasi-
one-dimensional systems.[35] In this work, we study
the frustration induced PG in a one-dimensional (1D)
Hubbard chain by a numerical study of the single-
particle spectral function with the method of cluster
perturbation theory (CPT).[36,37] Our goal is to an-
alyze the contribution of the frustration hopping to
the spectral function and to discuss the frustration-
induced PG at half filling and at finite doping within
the frustrated Hubbard chain model.

The rest of the paper is organized as follows. In
Section 2, the frustrated Hubbard chain and the CPT
approach we used in this work are described. In Sec-
tion 3, we present our numerical results and make a
detailed discussion based on these results. We give a
brief summary of this work in the last section.

2. Model and computational

method

The model is described by the Hubbard Hamilto-
nian

H = −t
∑

iσ

(c†i+1σciσ + H.c)

− t′
∑

iσ

(c†i+2σciσ + H.c.)

+ U
∑

i

ni↑ni↓, (1)

where c†i,σ (ci,σ) is the electron creation (destruc-
tion) operator with spin σ at the i-th site, niσ is
the corresponding number operator, U is the on-site
Coulomb interaction, t (t′) is the nearest-neighbor
(next-nearest-neighbor) hopping. We use the CPT to
calculate the single-particle spectral function. Within
CPT[37] the original lattice is first divided into dis-
connected clusters with the same size, and the exact
diagonalization (ED) method is applied to calculate
the Green’s function of the unit cluster. We divide
the lattice into identical clusters with Nc sites each.
The Green’s function of a single cluster is evaluated
as

Gc
i,j(ω) = 〈φ0|ci

1
ω − (H − E0)

c†j |φ0〉

+ 〈φ0|c†j
1

ω + (H − E0)
ci|φ0〉 (2)

by means of the usual Lanczos method.[38] Here, ω

is a complex frequency, and E0 is the energy of the

ground state |φ0〉 of a cluster. Gc(ω) is an Nc × Nc

matrix in the cluster-site indices, and the two terms
in Eq. (2) describe creation and destruction of one
electron from the ground state |φ0〉, respectively. The
approximation now consists in extending the cluster
results to the infinite lattice by treating the hopping
between clusters in strong-coupling perturbation the-
ory. Within this approximation, the single-particle
Green’s function of the lattice is written in the form

Gi,j(k, ω) =
(

Gc(ω)
1− V (K)Gc(ω)

)

i,j

, (3)

where V (K) is the Fourier transformation of the
Nc × Nc hopping matrix which is non-zero only for
hopping processes across the cluster boundaries, K is
a vector of the reduced Brillouin zone associated to
cluster superlattice. The Green’s function of Eq.(3)
is in a mixed representation: real space for cluster
sites and Fourier space between clusters. The single-
particle spectral function A(k, ω) is obtained from the
Green’s function G(k, ω) as

A(k, ω) = − 1
π

Im G(k, ω + iη), (4)

where G(k, ω) =
1

Nc

∑

i,j

eik(i−j)Gi,j(k, ω) is obtained

from Eq.(3) by Fourier transforming over the cluster
sites. The corresponding density of state (DOS) is
obtained by summing over all wave vectors

N(ω) =
∑

k

A(k, ω). (5)

3. Results and discussion

In the present study, we use a cluster size of
Nc = 8. The size dependence of the CPT spectral
function is an important issue. Several investigations
on this issue for the 1D Hubbard model[39−41] have
concluded that the main features of the spectral func-
tion can be captured even for a modest cluster size
Nc = 8. The parameter η has been set to be 0.1 in
order to give δ peaks a finite width, and all energies
are measured in units of t.

In figure 1 we present results for the single-particle
spectral function A(k, ω) of the frustrated Hubbard
model at half filling with specific parameters to exam-
ine the validity of the numerical method. For the case
of t′ = 0 (t 6= 0), the model is equivalent to the
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Fig.1. Spectral weight A(k, ω) at half filling for U = 4t

with different frustrations (a) t′ = 0 and (b) t′ = −0.3t

obtained by CPT for the cluster size Nc = 8.

ordinary 1D Hubbard model. Here, the occurrence
of spin-charge separation with spinon A and holon B

branches can be clearly identified, although one can-
not really speak of a Luttinger liquid, since the sys-
tem is an insulator. The spectral function displays a
gap with a minimum at k = π/2.[41−44] The spectral
weight below (ω ≤ 0) and above (ω ≥ 0) the Fermi en-
ergy corresponds to the photoemission (PES) and in-
verse photoemission spectrum (IPES), respectively.[45]

As t′ is turned on (figure 1(b)), the particle hole sym-
metry is destroyed (A(k, ω) 6= A(π − k,−ω)) as the
lattice is frustrated by the next-nearest-neighbor hop-
ping.

Figure 2 displays the single-particle spectral func-
tion A(k, ω) with different wave vectors k at half-filling
for on-site interaction U = 4t. For smaller frustration
hopping t′ up to 0.5t, the spectrum exhibits a Mott
gap near the Fermi surface as shown in figure 2(a).

Fig.2. Single-particle spectral function A(k, ω) at half-filling for U = 4t plotted as a function of energy ω for different momenta

k. We present results for different values of t′. (a)–(c) the cluster size is Nc = 8; (d)–(f) the cluster size is Nc = 10.

Fig.3. Imaginary part of the self-energy Σ(k, ω) for various

frustration hoppings with U = 4t at k = π/8 at half-filling.

When t′ becomes larger, for instance t′ = −0.8t, the
gap evolves into a pseudogap (figure 2(b)). In order
to check effects originating from the finite size of the
cluster, we compare in figure 2 results for Nc = 8 and
Nc = 10. As one can see from the figure, differences
are negligible, which makes us confident that a clus-
ter size Nc = 8 is sufficient for our calculation. To
address the origin of the PG, we display in figure 3
the imaginary part of the self-energy, i.e. the scatter-
ing rate.[23,34,36] For t′ = −0.5t, the imaginary part of
the self-energy is very small around ω ∼ 0. When t′

approaches −0.8t, the scattering rate becomes larger,
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leading to the PG in the single-particle spectral. How-
ever, the scattering rate again decreases in magnitude
for t′ = −1.0t, leading to the disappearance of PG
at large t′. Clearly, a large scattering rate leads to
a removal of spectral weight which results in the ap-
pearance of PG.

Our results show that the frustration hopping t′ is
an important quantity in the present model, and plays
an important role in the modulation of the spectral
weight. In order to clarify the dependence of PG on
the frustration t′, we display the local DOS in figure
4. As pointed out in Ref.[24], an insulator-to-metal
transition occurs with increasing t′ for fixed U . How-
ever, by continuity, the overall gap structure is not
expected to disappear discontinuously with increasing
t′. Therefore, in the metallic state originating when t′

exceeds a certain threshold, the insulating gap evolves
into a pseudogap, characterised by two peaks around
the Fermi level with a nonvanishing spectral weight
between them. The gap scale (defined as the distance
between peaks) and the gap depth decreases with fur-
ther increase of the frustration hopping. This behavior
is closely connected with the decrease of the imaginary
part of self-energy shown in figure 3.

Fig.4. The density of state N(ω) with different t′ for

U = 4t.

In order to see how the frustration induced PG

arises for different interaction strengths, we plot the
DOS for several values of U in figure 5. The PG
scale with fixed frustration hopping t′ is found to be
strongly dependent on the Hubbard interaction U . In
the weak-coupling case, N(ω) only shows a small dip
at the Fermi energy, indicating the existence of a PG
structure. As U is increased beyond 5t, the PG evolves
into a gapped state. When U is further increased, the
depth of the gap increases and a full Mott insulating
gap develops. At the same time the position of the
inner and Hubbard bands remain unchanged. Fig-
ure 5 displays a metal-insulator transition from a PG
state at weak coupling (U ≤ 4t) to a Mott–Hubbard
insulator at a strong coupling (U ≥ 4t). A PG is ob-
served below the Mott transition.[46] The frustration-
hopping-induced PG occurs only at relatively large
values of t′/U .[47]

Fig.5. The density of state N(ω) for different values of U

and t′ = −0.8t.

Next we investigate the frustration induced PG
at finite doping in the hole-doped system. The spec-
tral function and DOS of a 12.5% hole-doped system
with t′ = −0.5t and several values of U are shown
in figure 6 and figure 7, respectively. The Mott gap
does not appear to change as a function of doping but
moves to the inverse photoemission side. On the other
hand, the PG behaves quite differently, and it remains
pinned around the Fermi energy upon hole doping. As
shown in the figures, the dependence of the PG on U

is much weaker at finite doping than at half filling,
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Fig.6. Single-particle spectral weight for 12.5% hole-

doping. In all cases we use t′ = −0.5t. The PG is pinned

at the Fermi energy (dotted line) while the Mott gap is

shifted in energy. The cluster size is Nc = 8.

and only a small change of the PG size is observed
upon increasing U from 4t to 8t. This suggests that
hole doping favors the existence of PG. Therefore, we
can deduce that the suppression of the PG with in-
creasing U in the undoped system (figure 5) is domi-
nantly caused by the increase of the Mott gap rather
than the change of PG itself. Moreover, we notice that
the spectral weight of the upper Hubbard band shifts
into the lower-Hubbard band upon hole-doping.[48]

This feature is attributed to the hole rich condition,
as it is much easier for an added electron to occupy an
empty state than to occupy an already occupied state
with opposite spin since it needs larger energy.[45]

Fig.7. Density of states N(ω) for 12.5% hole-doping for

various values of the Hubbard interaction U . All other

parameters are the same as in figure 6.

4. Summary

In summary, we have investigated the frustra-
tion induced PG in the frustrated Hubbard chain
by computing the single-particle spectral function
A(k, ω) and the DOS N(ω) at half-filling and at fi-
nite hole doping, within the CPT approximation. The
next-nearest-neighbor hopping frustrates the system,
breaks the particle-hole symmetry of the DOS, and
produces a PG. The PG in the system originates in
the transition between the gapful Mott insulator phase
and the gapless conductor phase. In the undoped sys-
tem, a full gap opens gradually with further increase
of U and a PG is clearly observed only for a rela-
tively large t′/U . At finite doping, the PG is no longer
strongly dependent on U . Here, the PG and the Mott
gap are separated in energy, and the Mott gap in-
creases with increase of U .
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