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In this paper, we present a design where a bunched relativistic electron beam traversing inside the rectangular

dielectric-loaded (DL) waveguide is used as a high power microwave generation device. Two kinds of methods of

calculating the electromagnetic (EM) field excited by a bunched beam are introduced, and in the second method the

calculation of EM pulse length is discussed in detail. The desired operating mode is the LSM11 due to its strong

interaction with the electron beam. For the designed 7.8 GHz operating frequency, with a 100 nC/bunch drive train

of electron bunches separated by 0.769 ns, we find that high gradient (> 30 MV/m) and high power (> 160 MW) can

be generated. An output coupler is also designed which is able to extract the generated power to standard waveguides

with a 94% coupling efficiency.
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1. Introduction

Dielectric-loaded (DL) waveguide structures have
been studied for many years.[1−3] Recently, for future
high gradient microwave generation devices, there has
been some interest in rectangular DL waveguides.[4]

As shown in Fig.1, a rectangular DL waveguide is
composed of a metallic rectangular waveguide (inner
dimensions: w× 2b) with two dielectric slabs (dimen-
sions: w × (b − a)), separately, at the top and the
bottom of the waveguide. The dielectric reduces the
phase speed of electromagnetic (EM) waves such that
the EM waves can synchronize with charged particles
for efficient interaction between them. The region be-
tween the two slabs provides a rectangular vacuum
channel for the beam. The LSM11 mode is often cho-
sen as the operating mode since it has the strongest
interaction with an on-axis beam. By changing the
height and the slab thickness of the waveguide, and
the permittivity of the dielectric, the structure can be
tuned so that the phase speed is set to be the particle
speed at the desired frequency. In Fig.1, a particle
bunch traveling through the waveguide is shown. The
EM field excited behind the beam can be extracted
from the structure by using an appropriate coupler.
Compared with the circular DL

Fig.1. Transverse (a) and longitudinal (b) cross-sectional

views of the rectangular DL waveguide with an electron bunch

traversing inside the structure and EM fields exiting.

waveguide, this structure is attractive because of the
following aspects:

(i) Tuning: the operating frequency of the rect-
angular waveguide can be easily adjusted by moving
the metallic side walls inwards/outwards, if clearance
is provided between each dielectric slab and the adja-
cent side wall;

(ii) Stored energy: at a certain frequency for
a given gradient the rectangular waveguide can store
more energy than a cylindrical one, thus beam loading
can be reduced;

(iii) Focusing: in the beam channel, the EM field
is not uniform transversely, so there exist transverse
forces on a relativistic beam, which is able to provide
a focusing force that acts on the beam, serving as a
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magnetic quadruple, while the beam is being acceler-
ated or decelerated.

In the present paper, we report on the design for
a 7.8 GHz power generation device using a rectangular
DL waveguide, in which power generated by a drive
beam, either a single bunch or a bunch train, is trans-
mitted through an output coupler to standard waveg-
uide. The remainder of the present paper is organized
as follows. In Section 2 two methods to calculate the
EM field excited by a bunched beam are introduced,
and the calculation of EM pulse length is discussed in
detail. In Section 3 the design of the rectangular DL
waveguide and the design of an efficient wide-band
output coupler are shown. Finally, the conclusions
drawn from the present study are given in Section 4.

2. Theoretical calculation of EM

field excited by electron beam

In this section, we will give two kinds of meth-
ods to calculate the EM field excited by a bunch rel-
ativistic electron beam. Meanwhile, using the second
method we will deduce the calculating formula of EM
pulse length.

2.1.Method I

This method is based on the field theory.
The EM field, which is excited by a bunched rel-

ativistic electron beam, can be expressed as a sum
of an infinite series over all modes, where each term
is a function only of the structural parameter (R/Q)
for a corresponding mode,[5] with R being the shunt
impedance per unit length and Q being the quality fac-
tor. The summation is an infinite series and it can be
truncated by taking the integral over the finite bunch
length of the drive beam. The longitudinal E-field
amplitude, E0, excited by a charged particle beam
traveling on axis can be easily obtained as follows:[6]

E0i = 2kliq =
qωi

2

(
R

Q

)

(x0,y0)i

(1)

where the subscript i indicates the ith mode; kl is
a normalized loss factor, ω is the angular frequency,
(R/Q)(x0,y0)

is calculated at the beam particle instan-
taneous position (x0, y0), and q is the electron charge.
The mode selection for longitudinal E-field calcula-
tion is based on the relation between system response
and signal excitation,[4] and in the present paper the

LSM11 mode is selected. Adopt a Gaussian longitu-
dinal beam shape (with bunch length σz and charge
q), then the longitudinal E-field Ez(z) at distance z

behind the drive beam will be given by[4]

Ez(z) =
1√

2π · σz

∫ z

−∞

∞∑

i=1

E0i cos[(βz)i(z − z′)]

× exp
(
− z′2

2σ2
z

)
dz′, (2)

where βz is the longitudinal propagation constant of
the ith mode, and ω/βz = c on the assumption that the
mode is synchronous with an ultra-relativistic beam.

2.2.Method II

For each mode in the structure, the longitudinal
E-field amplitude E0 and the stored energy per unit
length U are related to each other through the nor-
malized shunt impedance R/Q as follows:

[
R

Q

]
=

E2
0

ωU
. (3)

The R/Q of each mode can be calculated with stan-
dard EM codes such as CST Microwave Studio. The
traveling wave power Pw is related to E0 through

Pw =
E2

0

2α0R
, (4)

where α0 = ω/2Qvg is the field attenuation per unit
length, and vg is the group speed.

We consider a charged particle beam (the drive
bunch) traveling down the axis of a DL waveguide of
length L, and the drive bunch will excite the EM field
that carries a traveling wave power Pw into the modes
of the structure. In the present paper, the drive bunch
(or drive bunch train) is considered ultra relativistic
(the particle speed equals c, the speed of light in free
space).

Let a drive bunch traveling along the z+ direction
enter the decelerator of length L at moment t = 0 and
location z = 0 (Fig.2(a)). At time t when the bunch
is still inside the decelerator (Fig.2(b)), the head of
the EM pulse (moving at c) is located at z = ct, while
the tail of the EM pulse (moving at vg) is located at
z = vgt. When the bunch (and the head of the EM
pulse) reaches the downstream end (z = L) of the de-
celerator (Fig.2(c)) the time is t = L/c and the tail
of the EM pulse has reached the position z = vgL/c.
At this moment the generated EM pulse would begin
to be extracted by an output coupler (not shown) at
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z = L, but in this heuristic description we imagine
the EM packet propagating out of the end of the de-
celerator (Fig.2(d)) at time t = L/vg. The duration
of the EM pulse is the difference between the moment
when the bunch reaches the exit (t = L/c) and the
moment when the tail of the EM pulse reaches the
exit (t = L/vg). Therefore, the EM pulse duration for
single-bunch excitation is given by

τs = L(1− ug)/vg, (5)

where ug = vg/c, now we come to consider the field
build-up process due to bunch-train excitation. If a
second bunch reaches the exit after the first bunch but
before the tail of the first EM pulse, then there will be
a region where the EM pulses of the two bunches over-
lap. To create constructive interference (in-phase su-
perposition) of the excited EM fields, the frequency of
the excited EM mode (f0) is chosen to be a harmonic
of the bunch frequency 1/Tb, for a train of bunches
evenly spaced in time by Tb.

Fig.2. EM pulse due to a single drive bunch, showing a

single bunch and excited EM pulse inside the decelerator

region 0 ≤ z ≤ L. Panel (a) is for the bunch entering

the decelerator (t = 0), panel (b) for the bunch and the

EM pulse existing inside the decelerator where the head

and the tail of the EM pulse travel at different speeds

(0 < t < L/c), panel (c) for the bunch reaching the exit

of the decelerator (t = L/c) , and panel (d) for the tail of

the EM pulse exiting from the decelerator (t = L/vg).

The build-up in time of the longitudinal E-field
amplitude due to a bunch train (E0t) at the exit of the
decelerator (z = L) is shown in Fig.3. (Note: this is
the field that would be observed by an antenna located
at z = L and we have now redefined the time such that
t = 0 corresponds to the moment when the first bunch
arrives at z = L.) The EM pulse excited by the indi-
vidual bunch is labeled with a corresponding number,
and the increase of amplitude of the net field (E0t) is

due to superposition. The time structure of the EM
pulse (at z = L) excited by the bunch train consists of
a rise-time, a flat-top, and a fall-time, all of which are
determined by the overlap of individual single-bunch
EM pulse. The rise-time is determined by the number
of bunches whose EM pulses overlap with the first EM
pulse and is equal to ceiling (τs/Tb)−1. For example,
if the single-bunch pulse length is τs = 2.4 ns and the
bunches are spaced with Tb = 0.769 ns, then there
will be ceiling (τs/Tb)− 1 = 3 trailing bunches whose
EM pulses overlap with the first EM pulse. In general,
the number of EM pulses that overlap at the exit of
the decelerator is N = ceiling(τs/Tb). From Fig.3, it
can be seen for a long bunch train with n ≥ N , the
rise-time tr can be written as

tr = (N − 1)× Tb. (6)

Similarly, the fall-time is

tf = tr. (7)

Fig.3. EM pulse due to a drive bunch train and longi-

tudinal E-field amplitude experienced at the exit of the

decelerator with bunch train excitation (pulses excited by

different bunches are labeled with different numbers).

The steady-state (flat-top) duration of the EM
pulse is simply the total length duration minus the
rise-time and the fall-time, i.e.

τt = (n− 1)× Tb + τs − 2tr. (8)

Note that for a very long train (n À N) the pulse
length is simply τt ≈ nTb.

In this Subsection, we will provide power expres-
sions for the traveling wave excited by a single drive
bunch, and a train of drive bunches.

2.2.1. Bunch train drive

When a charged particle bunch (drive bunch)
passes through the decelerator, it will excite an EM
field, which carries a traveling wave (TW) power Pw.
Let the direction of the TW be along the z axis, the
entrance of the decelerator be at z = 0, and its exit
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be at z = L. In the absence of an external power
source, all the power comes from the EM field excited
by the drive bunch. For each mode, the power de-
creases along the length of the structure, which can
be written as

dPw

dz
= −2α0Pw. (9)

In the presence of an infinitely long charged particle
bunch train with bunch spacing Tb and bunch charge
q, a second term representing the power increment per
unit length must be added to Eq.(9),[5] thus

dPw

dz
= −2α0Pw +

qE0

Tb
, (10)

where all the particles are assumed to experience the
same decelerator gradient E0, which means that the
bunch length is short compared with the mode wave-
length, i.e. σz ¿ λRF, so that all particles within the
bunch experience the same EM phase.

For nonzero bunch length, the particles within a
bunch experience different deceleration gradients, less
than or equal to the on-crest gradient E0, and there-
fore a bunch form factor Φ is added to Eq.(10), thus

dPw

dz
=

qE0

Tb
Φ − 2α0Pw, (11)

where for an ultrarelativistic bunch, Φ is expressed
as[7]

Φ =
1
q

∫ +∞

−∞
f(z)e−jβzzdz, (12)

where f(z) is the spatial charge distribution for one
bunch. In other words, Φ is just the Fourier transform
of the charge distribution function f(z). For sim-
plicity, we have dropped the explicit βz dependence
(Φ(z) = Φ) since the above equations are applied
to each mode individually. It is straightforward to
show that for a Gaussian spatial bunch distribution
f(z) = q

/
σz

√
2π · exp

(−z2
/
2σ2

z

)
, with root-mean-

square (RMS) length σz, the form factor is given by

Φ = exp[−(βzσz)2/2]. (13)

Following the derivation by Whittum,[7] for a constant
impedance structure (R = constant), we first elimi-
nate Pw from Eq.(11) by using expression (4). Substi-
tuting expression (4) into Eq.(11) we can obtain

d
dz

(
E2

0

2α0R

)
=

qΦE0

Tb
− E2

0

R
, (14)

dE0

dz
+ α0E0 =

qΦα0R

Tb
, (15)

d
dz

(E0eα0z) =
qΦα0R

Tb
eα0z, (16)

and

E0(z) = e−α0z

[
E0(0) +

qΦα0R

Tb

∫ z

0

eα0τdτ

]
. (17)

We can further simplify this expression by realizing
that the bunch must travel some distance before los-
ing energy, and assume that E0(0) = 0. Therefore,
expression (17) can be rewritten as

E0(z) =
qR

Tb
(1− e−α0z)Φ. (18)

At the exit of the decelerator (z = L), the longitudinal
E-field amplitude is

E0(L) =
qR

Tb
(1− e−α0L)Φ. (19)

Finally, substituting expression (19) into expression
(4), one can obtain the power level at the end of the
deceleration waveguide as

Pt = q2 βz

4ug

[
R

Q

](
1− e−α0L

α0Tb

)2

Φ2. (20)

Furthermore, when the decelerator is lossless (α0 = 0),
expression (20) can be modified into

Pt = q2 βz

4ug

[
R

Q

](
L

Tb

)2

Φ2. (21)

2.2.2. Single drive bunch

The power level generated by a single bunch can
be obtained by modifying expression (21) if we ar-
range for the net EM pulse to be constant. This can
be done by changing the decelerator length L, such
that the single-bunch pulse duration τs is exactly the
same as the bunch spacing Tb. In this case, the in-
dividual EM pulses exit from the decelerator, stacked
one after another without overlap or a gap between
them, according to the illustration in Fig.3. There-
fore, the power level calculated from expression (21)
will be the same as that excited by a single bunch.
In other words, by replacing Tb with τs in expression
(21), we can obtain the power level at the exit of a
lossless decelerator, excited by a single bunch, as

Ps = q2 βzug

4

[
R

Q

](
c

1− ug

)2

Φ2,

(0 ≤ t ≤ τs). (22)

For a loss (α0 6= 0) structure, expression (22) can be
modified into

Ps = q2 βzug

4

[
R

Q

](
c

1− ug

)2

Φ2e−2α0vgt,

(0 ≤ t ≤ τs), (23)
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where t = 0 is the moment when the bunch exits from
the decelerator, i.e. the moment when the head of the
excited EM pulse exits from the decelerator.

3. Design of the power generation

device using DL waveguide

This power generation device consists of two
parts: a deceleration waveguide and an output cou-
pler. In this section first we give the design of the de-
celeration waveguide, by performing a CST MAFIA
simulation of power generation; then we present the
design of the output coupler, whose role is to extract
the generated power out of the structure as efficiently
as possible.

3.1.Design of deceleration waveguide

In the deceleration waveguide shown in Fig.1, the
LSM11 mode has the strongest interaction with an on-
axis beam, therefore it is chosen as the deceleration
mode, whose complete solution is given in Ref.[4]. The
frequency of the mode at which it can be synchronous
with the beam, is chosen to be 7.8 GHz. The beam
channel dimensions are set according to the typical
transverse size of the flat driving beam, and other pa-
rameters are adjusted to move the synchronous fre-
quency to 7.8 GHz, where the calculation is performed
by using the Matlab. The EM pulse length is chosen
as the desired EM pulse length in single bunch exci-
tation, and the number of stacked EM pulses adopts
that in bunch train excitation. The final design is a
tradeoff among various constraints, and the parame-
ters are listed in Table 1.

We use the first method to calculate the excited
EM field gradient from Eq.(2). The longitudinal E-
field of LSM11 mode is shown in Fig.4. Here, an elec-
tron bunch with σz = 2 mm and q = 1 nC located at
x0 = 0 and y0 = 0 is traversing along the axis at the
speed of light in a rectangular DL waveguide. We can
easily find the amplitude of the longitudinal E-field
to be 0.117 MV/m. Meanwhile, according to the re-
lation between EM field and power flow, the excited
power at the downstream end of the structure can be
calculated from the gradient with the mode pattern,
and the calculated power is 1.83 kW. By using the
second method, the calculated amplitude of the lon-
gitudinal E-field is 0.120 MV/m, and the calculated
power is 2.12 kW. Apparently, the results obtained

from method I and method II are in agreement with
each other.

Table 1. Parameters for the rectangular DL waveguide.

RF frequency f 7.8 GHz

beam channel height 2a 6.0 mm

dielectric-loaded waveguide height 2b 12.0 mm

dielectric-loaded waveguide width w 28.4 mm

dielectric-loaded waveguide length L 80 mm

relative permittivity of the dielectric εr 10

relativistic group speed of RF mode vg 0.11

loss tangent of dielectric δd 5×10−4

wall quality factor Qw 4135

total quality factor Q 1348

“R over Q” per unit length [R/Q] 5.043 kΩ/m

Fig.4. Calculated longitudinal E-field by using the field

analysis method with a = 3 mm, b = 6 mm, w = 28.4 mm,

εr = 10, σz = 2 mm, and q = 1 nC.

In order to confirm the analytical result here, a
commercial EM simulation tool CST MAFIA is used
for the same structure, and the result is shown in
Fig.5, where the amplitude of the longitudinal E-field
is 0.119 MV, close to the value calculated from expres-
sion (2).

Fig.5. Simulated longitudinal E-field by using the MAFIA

code.

With the 100 nC single bunch excitation, the in-
duced gradient will be 11.71 MV/m, corresponding
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to 17.05 MW of power generated. If a bunch train
with a bunch frequency 1.3 GHz and 100 nC/bunch
is used as the driving beam, the excited gradient will
be 33.14 MV/m, corresponding to 160 MW of power
generated. In the bunch train excitation, at least four
bunches are needed for obtaining the above values of
gradient and power.

3.2.Design of the output coupler

An efficient output coupler is important for power
extraction. The length of the generated EM pulses
is expected to range from 10 to 50 ns, depending on
the length of the bunch train. Therefore, in order to
efficiently extract the generated power contained in
these short pulses, the bandwidth of the output cou-
pler needs to be well above 100 MHz. In this section,
the design for a wide band 7.8 GHz output coupler is
described.

Figure 6 shows the geometry and the dimensions
of the output coupler. This Y-shaped coupler has one
input port and two symmetric output ports. The in-
put port has the same cross-section as that of the DL
waveguide, and the two output ports are hollow rect-
angular waveguides. The coupler is able to convert
the LSM11 mode inside the DL waveguide into the
TE10 mode in the output waveguides. The dielectric
slabs are tapered around the output ports for smooth
transition. To minimize reflection, the angle between
the two branches and the length of the tapered sec-
tion are adjusted. The coupler has been simulated
and optimized with CST Microwave Studio, and the
S-parameters (where S stands for scattering) of the
final design are plotted in Fig.7. At 7.8 GHz, the S21

reaches –3.27 dB and the S31 reaches –3.22 dB. Both
transmission coefficients are close to the ideal value

Fig.6. CST microwave studio geometry of the LSM11-

TE10 coupler with the background material set to sat-

isfy the perfect electrical conductor boundary condition

(d = 33.9 mm, g = 20.0 mm, h = 16.2 mm, e = 7.0 mm,

p = 3.1 mm, r = 9.7 mm, u = 2.66 mm, v = 22.7 mm).

Fig.7. Simulated S-parameters of the output coupler.

–3 dB. Accordingly, the power coupling efficiency is
94%. The reflection coefficient S11 is –35 dB at
7.8 GHz, and it is less than –15 dB in a range from
7.7 to 8.0 GHz. The bandwidth of the coupler is good
enough for pulses with lengths on the order of 10 ns.

4. summary

In this paper, power generation using an elec-
tromagnetic mode in a rectangular structure with a
non-uniform deceleration gradient over the transverse
plane is discussed. The calculation of generated power
by an ultra-relativistic beam is described. We have
designed a 7.8 GHz power generation device based on
a rectangular DL waveguide, which is able to gener-
ate a 160 MW power from a train of electron bunches
with 100 nC charge per bunch. An output coupler
has also been designed to extract power to an output
waveguide, with a power coupling efficiency of 94% at
7.8 GHz. This power generation device shows its po-
tential application to a high charge rectangular beam
with large transverse beam size.
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