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There are both loss and dispersion characteristics for most dielectric media. In quantum theory the loss in

medium is generally described by Langevin force in the Langevin noise (LN) scheme by which the quantization of the

radiation field in various homogeneous absorbing dielectrics can be successfully actualized. However, it is invalid for the

anisotropic dispersion medium. This paper extends the LN theory to an anisotropic dispersion medium and presented

the quantization of the radiation field as well as the transformation relation between the homogeneous and anisotropic

dispersion media.
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1. Introduction

The electromagnetic radiations arising in various
dielectric media refer to many applied fields.[1,2] Es-
pecially, with the rapid growth of interest in quantum
optical experiments which take place inside the ma-
terial media, the quantization of the radiation field
in a nonlinear medium is important. In the early
quantization approaches the lossless dielectrics were
selected for convenience, in which the dielectric func-
tion was a constant[3] or a real function in space and
frequency.[4] According to Kramers–Kronig relations,
the loss in any dielectric medium with dispersion is
inevitable. Subsequently, three approaches have been
independently developed to deal with this problem.
Firstly, the dispersive and lossy dielectric medium
is represented by a collection of interacting matter
fields based on microscopy,[5] the radiated electromag-
netic field is treated by a fully canonical quantization
scheme.[6−10] In the second approach, the quantiza-
tion of the radiated electromagnetic field which prop-
agates in different dielectric geometries is carried out,
where the dielectric function of the homogeneous ab-
sorbing medium is treated as a known complex func-
tion and the loss is modeled by Langevin forces in
terms of noise current operators.[11−16] The realiza-
tion of quantization, in the last one, is to introduce a
set of auxiliary fields to replace noise current based on

the classical phenomenological Maxwell equations and
in detail introduce a set of constitutive permeabilities
to obtain a unitary time evolution canonical formal-
ism for a linear, nonconducting, absorptive, and dis-
persive medium.[17−19] The recent investigations show
that the intrinsic affiliation in these three approaches
becomes more and more lucid[20] and attracts the re-
searcher’s special interest because the really measured
values of the dielectric function can be directly applied
to the Langevin noise (LN) approach in the theoretical
description of quantized light in media.

The LN approach[12,14] is based on the consider-
ation of Langevin force dictated by fluctuation dissi-
pation theorem and all classical electromagnetic field
quantities are directly transferred into operators in or-
der to realize the quantization of classical Maxwell
equations. Recently, this approach has been used to
quantize the isotropic absorbing medium from one- to
three-dimensions[12,15] and applied to the calculation
of quantum optical processes in the isotropic dielectric
medium with various geometrical shapes. However, it
is well known that the most of the media in applied
fields are anisotropic dielectrics and the current the-
ory is still limited to the isotropic medium. Therefore,
many researchers pay attention to the development of
a theory for the anisotropic dielectric medium. Based
on LN theory, in this paper, we suggest a general
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approach to realize the quantization of the radiation
field in an anisotropic dispersive dielectric medium by
defining a modified new coefficient of the Langevin
force operator. The transformation relation between
the quantization methods for isotropic and anisotropic
dispersive media is also presented.[12,15]

2. Basic equations

In classical macroscopic electrodynamics, the
medium can be completely described by its dielectric
function. According to the Kramers–Kronig relation,
a dielectric that shows dispersion must inevitably be
lossy, so the dielectric function must be defined as a
complex function

ε(ω) = Re ε (ω) + i Im ε (ω) , (1)

where the real part Re ε (ω) indicates the dielectric
dispersion and the imaginary part Im ε (ω) shows the
absorption.

It is usually convenient to separate the electro-
magnetic field operators into the positive and negative
frequency components by Fourier transform

Ê(r, t)

=
1√
2π

∫ +∞

0

dω
[
Ê+(r, ω)e−iωt + Ê−(r, ω)eiωt

]
,

(2)

where the positive and negative frequency components
involve the annihilation and creation operators and
satisfy Maxwell’s equations, respectively

∇× Ê+(r, ω) = iωB̂+(r, ω), (3)

∇× B̂+(R, ω) = iωµ0D̂
+(r, ω) + µ0Ĵ

+(r, ω). (4)

By choosing the gauge, the scalar potential ϕ = 0, the
electric and magnetic field operators can be obtained

Ê+(r, ω) = i ωÂ+(r, ω), (5)

B̂+(r, ω) = ∇× Â+(r, ω). (6)

Combining Eqs.(3) and (4), one can present the posi-
tive frequency component of the electromagnetic field
as

∇× [∇× Â+(r, ω)]− iωµ0D̂
+(r, ω)

= µ0Ĵ
+(r, ω). (7)

By choosing the Coulomb gauge, only the transverse
component of the vector potential has a contribution.
Taking advantage of the transverse wave condition
∇ · Â+(r, ω) = 0, we can change Eq.(7) to

∇2Â+(r, ω)− iωµ0D̂
+(r, ω) = µ0Ĵ

+(r, ω), (8)

where ε(r, ω) is a scalar function, ε0(µ0) is the vacuum
electric (magnetic) permeability, and

D̂+(r, ω) = i ωε0ε(r, ω)Â+(r, ω). (9)

The negative frequency components can be obtained
by the Hermitian conjugates of the positive frequency
operators. Ĵ+(r, ω) represents the noise current op-
erator associated with the absorptive nature of the
medium.

Lagrangian mechanics determines that the gener-
alized momentum operator is conjugate to the vector
potential operator in the quantized field theory. In
the Coulomb gauge, the conjugate momentum of the
vector potential operator Â(r, ω) is −ε0Ê(r, ω), and
their canonical commutation relation is

[Âα(r, ω),−ε0Êβ(r′, ω)] = i ~δαβδ(r − r′), (10)

where indexes α, β = 1, 2, 3 represent the Cartesian
components x, y and z.

The field commutation relations are closely re-
lated to the commutation properties of the noise cur-
rent operator. The noise is assumed to be uncorrelated
at different frequencies, its commutation relation has
the form

[ĵ+
α (r, ω) , ĵ−β (r′, ω′)]

= α (r, ω) δαβδ (r − r′) δ (ω − ω′) , (11)

[ĵ+
α (r, ω) , ĵ+

β (r′, ω′)]

=
[
ĵ−α (r, ω) , ĵ−β (r′, ω′)

]
= 0, (12)

where

α(r, ω) = 2ε0~ω2Im ε(r, ω), (13)

in which α(r, ω) is determined by the condition that
equation (11) should be consistent with Eq.(10), which
is a scalar real function in the isotropic medium.[12] In
the next section we will modify the α(r, ω) expression
for extending the applicability of the LN approach to
the anisotropic medium.
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3. Field quantization in an aniso-

tropic medium

In the anisotropic medium, the displacement op-
erator has the more complicated tensor form, which is
expressed as

D̂α(r, ω) =
∑

εαβÊβ(r, ω), (14)

where the dielectric function εαβ is a tensor function.
In this paper all the repeated indexes do not imply a
summation over the Cartesian components x, y and
z, if necessary the summation will be represented by∑

.
Let us start with Eq.(7). By employing Eqs.(2),

(3) and (14), one can show that the positive frequency
component of the vector potential satisfies an equation
in the form

∑

β

[
k2δαβ − ω2

c2
εαβ (r, ω)

]
Â+

β (r, ω) =
1

c2ε0
Ĵ+

α (r, ω) , (15)

we consider the field quantization in an infinite homogeneous medium, in which the dielectric function has no
spatial dependence. We can take advantage of this feature to consider the Fourier transform

Â+ (r, ω) =
1

(2π)3/2

∫
d3kÂ+ (k, ω) eik·r. (16)

Using Eq.(16) for Â+ (r, ω) and Ĵ+ (r, ω), we find

∑

β

[
k2δαβ − ω2

c2
εαβ (ω)

]
Â+

β (k, ω) =
1

c2ε0
Ĵ+

α (k, ω) . (17)

We assume that non-diagonal elements of the dielectric tensor (εαβ , α 6= β) are very small, only the first-order
term is considered. Then three components of Â+ (k, ω) can be easily obtained,

Â+
1 (k, ω) =

T−1

ε0

{[
k2c2 − ω2ε22 (ω)

] [
k2c2 − ω2ε33 (ω)

]
Ĵ+

1 (k, ω)

+ ω2ε12 (ω)
[
k2c2 − ω2ε33 (ω)

]
Ĵ+

2 (k, ω)

+ω2ε13 (ω)
[
k2c2 − ω2ε22 (ω)

]
Ĵ+

3 (k, ω)
}

, (18)

Â+
2 (k, ω) =

T−1

ε0

{
ω2ε21 (ω)

[
k2c2 − ω2ε33 (ω)

]
Ĵ+

1 (k, ω)

+
[
k2c2 − ω2ε11 (ω)

] [
k2c2 − ω2ε33 (ω)

]
Ĵ+

2 (k, ω)

+ω2ε23 (ω)
[
k2c2 − ω2ε11 (ω)

]
Ĵ+

3 (k, ω)
}

, (19)

Â+
3 (k, ω) =

T−1

ε0

{
ω2ε31 (ω)

[
k2c2 − ω2ε22 (ω)

]
Ĵ+

1 (k, ω)

+ ω2ε32 (ω)
[
k2c2 − ω2ε11 (ω)

]
Ĵ+

2 (k, ω)

+
[
k2c2 − ω2ε11 (ω)

] [
k2c2 − ω2ε22 (ω)

]
Ĵ+

3 (k, ω)
}

, (20)

where

T =
[
k2c2 − ω2ε11 (ω)

] [
k2c2 − ω2ε22 (ω)

] [
k2c2 − ω2ε33 (ω)

]
. (21)

Taking into account the contribution of the negative frequency component, we can express the complete expres-
sion for the vector potential operator in the spatial coordinate as

Â (r, t) =
1

(2π)2

∫ +∞

0

dω

∫
d3k

{
Â+ (k, ω) exp[−i(ωt− k · r)] + H.c.

}
. (22)
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The electric field operators are obtained with the help of Eq.(5). We find

Ê (r, t) =
i

(2π)2

∫ +∞

0

dωω

∫
d3k

{
Â+ (k, ω) exp[−i(ωt− k · r)]−H.c.

}
. (23)

For the anisotropic medium, the field operators are still required to satisfy the equal-time canonical commutation
relation Eq.(10). Substituting Eqs.(18)–(20) into Eqs.(22) and (23), respectively, and using Eq.(10), we find

[
Â1 (r, t) ,−ε0Ê1 (r′, t)

]

=
i

(2π)2 ε0

{∫ +∞

−∞
dω

∫
d3kω

∣∣[k2c2 − ω2ε22 (ω)
] [

k2c2 − ω2ε33 (ω)
]∣∣2 T−2α1 eik·(r−r′)

+
∫ +∞

−∞
dω

∫
d3kω5

∣∣ε12 (ω)
[
k2c2 − ω2ε33 (ω)

]∣∣2 T−2α2 eik·(r−r′)

+
∫ +∞

−∞
dω

∫
d3kω5

∣∣ε13 (ω)
[
k2c2 − ω2ε22 (ω)

]∣∣2 T−2α3 eik·(r−r′)
}

, (24)

[
Â2 (r, t) ,−ε0Ê2 (r′, t)

]

=
i

(2π)2 ε0

{∫ +∞

−∞
dω

∫
d3kω5

∣∣ε21 (ω)
[
k2c2 − ω2ε33 (ω)

]∣∣2 T−2α1 eik·(r−r′)

+
∫ +∞

−∞
dω

∫
d3kω

∣∣[k2c2 − ω2ε11 (ω)
] [

k2c2 − ω2ε33 (ω)
]∣∣2 T−2α2 eik·(r−r′)

+
∫ +∞

−∞
dω

∫
d3kω5

∣∣ε23 (ω)
[
k2c2 − ω2ε11 (ω)

]∣∣2 T−2α3 eik·(r−r′), (25)

[
Â3 (r, t) ,−ε0Ê3 (r′, t)

]

=
i

(2π)2 ε0

{∫ +∞

−∞
dω

∫
d3kω5

∣∣ε31 (ω)
[
k2c2 − ω2ε22 (ω)

]∣∣2 T−2α1 eik·(r−r′)

+
∫ +∞

−∞
dω

∫
d3kω5

∣∣ε32 (ω)
[
k2c2 − ω2ε11 (ω)

]∣∣2 T−2α2 eik·(r−r′)

+
∫ +∞

−∞
dω

∫
d3kω

∣∣[k2c2 − ω2ε11 (ω)
] [

k2c2 − ω2ε22 (ω)
]∣∣2 T−2α3 eik·(r−r′)

}
, (26)

where coefficient αα is different from the one in Eq.(13). Its values are not the same in different directions.
According to the equal-time canonical commutation relation Eq.(10), all equations (24)–(26) equal i~δ (r − r′),
and taking advantage of

∫ +∞

−∞

ω3 Im ε (ω)
|k2c2 − ω2ε (ω)|2 = π, (27)

finally we find

αα = 2ε0~ω2 Im εαα (ω)


1−

ω4
∑
β

[
|εαβ (ω)|2 (1− δαβ)

]

|[k2c2 − ω2εαα (ω)]|2


 , (28)

this is the modified coefficient of the Langevin force operator in the anisotropic medium, which is more compli-
cated than that in the isotropic medium. We will discuss its property in the next section.
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4. Discussion

We extend the applicability of the LN
approach[12,15] to the anisotropic medium by mod-
ifying its coefficient. From Eq.(28), it can be easily
seen that the modified coefficient is not only related
with the dielectric function in its direction, but also
influenced by non-diagonal elements of the dielectric
tensor. For the isotropic medium, all the non-diagonal
elements of the dielectric tensor equal zero and the
diagonal elements are the same, then the dielectric
tensor can be described as

εαβ (ω) = ε (ω) δαβ . (29)

Substituting Eq.(29) into Eq.(28), we find

α1 = α2 = α3 = α = 2ε0~ω2 Im ε (ω) . (30)

Equation (30) reverts back to Eq.(13) when the mod-
ified coefficient is defined by the isotropic medium.
This explains the modified coefficient of quantization
for the isotropic medium which is a special case for the
anisotropic medium. By employing the new modified
coefficient, the LN approach can be directly used to
quantize the electromagnetic field in the anisotropic
medium.

In addition, it is obvious in Eq.(28), which is dif-
ferent from Eq.(13), that the modified coefficient of
the Langevin force operator depends on both real and
imaginary parts of the dielectric function. The mod-
ified coefficient of the Langevin force operator is dif-
ferent between strong and weak dispersion media, in
which the value of the modified coefficient is larger in
strong dispersion. Furthermore, the value of the mod-
ified coefficient in the anisotropic medium is smaller
than that in the isotropic medium.
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