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This paper investigates the squeezing properties of an atom laser without rotating-wave approximation in the

system of a binomial states field interacting with a two-level atomic Bose–Einstein condensate. It discusses the influences

of atomic eigenfrequency, the interaction intensity between the optical field and atoms，parameter of the binomial states

field and virtual photon field on the squeezing properties. The results show that two quadrature components of an atom

laser can be squeezed periodically. The duration and the degree of squeezing an atom laser have something to do

with the atomic eigenfrequency and the parameter of the binomial states field, respectively. The collapse and revival

frequency of atom laser fluctuation depends on the interaction intensity between the optical field and atoms. The effect

of the virtual photon field deepens the depth of squeezing an atom laser.

Keywords: quantum optics, Bose–Einstein condensation, atom laser, virtual photon field
PACC: 4250, 3280

1. Introduction

Since the first observations of Bose–Einstein con-
densation (BEC) in an atomic gas in 1995,[1,2] there
has been much interest in creating an atom laser and
exploring its novel properties. In 1997,[3] the MIT-
group first realized a pulsed atom laser, by using a
radio frequency (RF) pulse to transfer the initially
trapped condensate into the untrapped state. Later,
successive experimental achievements in the design
and amplification of the atom laser were obtained.[4−7]

These achievements aroused interest resulting in the-
oretical works about both the output coupling and
the properties of atom laser.[8,9] Moore et al pointed
out the possibility of realizing optical control on the
quantum statistics of the output matter wave in the
framework of nonlinear atomic optics.[10] In recent
years, a large amount of experimental and theoreti-
cal research have focused on the generation of BEC,
its unique features and the interaction between atomic
BEC and optical field have been carried out with great
interest, and a series of important results have been
achieved.[11−31] As is well known, the interaction be-
tween optical field and atoms plays an important role

in atomic cooling and the preparation and detection of
BEC. Thus a further study on the optical properties
of BEC not only is favorable to investigate the intrin-
sic characteristics of BEC but also provides effective
methods for its preparation and detection.

Quantum properties of the system of an optical
field interacting with atomic BEC have nearly been
studied with rotating-wave approximation recently.
However, a mass of research results shows that the
virtual photon process is actual during the interaction
between optical field and atoms, which changes the
quantum properties of the system and brings quan-
tum noise.[32] Thereby the research on the virtual pho-
ton process is of much theoretical and practical value,
which gradually attracts a lot of attention.

In this paper, the squeezing properties of an atom
laser are investigated without rotating-wave approxi-
mation in the system of the binomial states field inter-
acting with two-level atomic BEC. We gain the time
evolution of atom laser fluctuation via numerical cal-
culation and discuss the influences of atomic eigenfre-
quency, interaction intensity between the optical field
and atoms, parameter of the optical field and virtual
photon field on the squeezing properties of an atom
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laser.

2. Model and solution

Taking into account the system of the binomial
states field interacting with atomic BEC, for simplic-
ity, we shall assume that the atoms have two states,
|1〉 and |2〉, with the initial condensation occurring in
the trapped state |1〉. State |2〉, which has different
trapping properties and is typically unconfined by the
magnetic trap, is coupled to state |1〉 by a one-mode
optical field tuned near the |1〉 → |2〉 transition. The
interaction of the field may thus generate condensate
in the state |2〉, from an initial condensate which is en-
tirely in the state |1〉. The Hamiltonian of the system
can be written as (~ = 1)

H = ω0b
†
2b2 + ωaa†a

+ g′
(
ab1b

†
2 + a†b†1b2 + ab†1b2 + a†b1b

†
2

)
, (1)

in terms of the creation and annihilation operators,
b†1, b†2, b1 and b2, of bosonic atoms for the magnet-
ically trapped state |1〉 and the untrapped state |2〉
with level difference ω0. The a† and a are the creation
and annihilation operators of the optical field with fre-
quency ωa, and g′ is the interaction intensity between
the optical field and atoms. The nonlinear interac-
tion among the atoms as well as the quantized motion
of the atomic center of mass in the state trapped by
an inhomogeneous magnetic field has been ignored,[33]

which is the main simplification of our model.
We suppose that the initial state of the system is

theoretically described as

|ψ (0)〉 = |α〉1 ⊗ |Φ (0)〉s (2)

with |Φ (0)〉s = |0〉2 ⊗ |η, M〉. Here |α〉1 is a Glauber
coherent state of the operator b1 characterizing the
condensed atoms in the trapped state |1〉, namely,
b1 |α〉1 =

√
N0e−iθ |α〉1, where N0 is the average par-

ticle number of the trapped state |1〉. The state |0〉2
represents that the initial untrapped state |2〉 is a vac-
uum state since there is no occupying atoms in it.
The initial state of the input optical field is binomial

states[34]

|η, M〉 =
M∑

n=0

βM
n |n〉, (0 < η < 1,M > 0), (3)

where βM
n =

[
M !

n! (M − n)!
ηn(1− η)M−n

]1/2

, which is

the photon distributing function of the binomial states
field representing sub-Poisson distribution. The state
|n〉 denotes the Fock state of the optical field. The
{η, (1− η)} denote two possible outputing probabili-
ties of the Bernoulli experiment and M is the maxi-
mum photon number.

Here we only discuss the case of weak optical field.
In order to facilitate the solution of the dynamic equa-
tion for the system, the Bogoliubov’s approximation
is adopted. Namely, it is assumed that the atom num-
ber of BEC is so large at the initial time that the slow
change of the atom number in the ground state can be
neglected in the process of the interaction with the op-
tical field. So we can replace b1 and b†1 with

√
N0e−iθ

and
√

N0eiθ. For simplicity, we only consider the case
of resonance, namely, ωa = ω0 = ω, and replace b2, b†2
and g′

√
N0 with b, b† and g. Then, the Hamiltonian

of the system can be written as

H = ωb†b + ωa†a

+ g
(
ab† + a†b + ab + a†b†

)
. (4)

According to Eq.(4), the matrix format of the
Heisenberg equations on the operators b, a, b† and
a† is

i
∂

∂t




b (t)

a (t)

b† (t)

a† (t)




=




ω g 0 g

g ω g 0

0 −g −ω −g

−g 0 −g −ω







b (t)

a (t)

b† (t)

a† (t)




. (5)

By applying the technique of diagonalizing the co-
efficient matrix, we can obtain the exact solutions of
the coupling equations as follows:

b (t) = γ1b (0) + γ2b
† (0) + γ3a (0) + γ4a

† (0) ,

a (t) = γ1a (0) + γ2a
† (0) + γ3b (0) + γ4b

† (0) , (6)

where

γ1 =
1
2

(
cos (λ1t) + cos (λ2t)− i (ω − g)

λ1
sin (λ1t)− i (ω + g)

λ2
sin (λ2t)

)
,
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γ2 =
ig
2

(
sin (λ1t)

λ1
− sin (λ2t)

λ2

)
,

γ3 =
1
2

(
− cos (λ1t) + cos (λ2t) +

i (ω − g)
λ1

sin (λ1t)− i (ω + g)
λ2

sin (λ2t)
)

,

γ4 = − ig
2

(
sin (λ1t)

λ1
+

sin (λ2t)
λ2

)
,

λ1 =
√

ω2 − 2ωg, λ2 =
√

ω2 + 2ωg.

3. Squeezing of an atom laser

In order to investigate the squeezing properties
of an atom laser, we define its quadrature component
operators as

U1 =
1
2
(b + b†), (7)

U2 =
1
2i

(b− b†), (8)

where U1 and U2 satisfy

[U1, U2] =
i
2
, (9)

and the uncertainty relationship is

(∆U1)
2 (∆U2)

2 ≥ 1/16. (10)

For analysing the quantum fluctuation of the atom
laser, we introduce

Qi = (∆Ui)
2 − 1

4
, (i = 1, 2). (11)

Quantum noise of the i-th quatrature component will
be squeezed, if Qi < 0 (i = 1, 2). From Eqs.(2) and
(6), one can get

〈a (t)〉 = (γ1 + γ2) ξ1, (12)
〈
a2 (t)

〉
=

(
γ2
1 + γ2

2

)
ξ2 + γ1γ2 (2ηM + 1)

+ γ3γ4, (13)
〈
a† (t) a (t)

〉
= ηM

(
|γ1|2 + |γ2|2

)
+ ξ2 (γ∗1γ2 + γ1γ

∗
2 )

+ |γ2|2 + |γ4|2 , (14)

where

ξ1 =
M∑

n=0

M !ηn (1− η)M−n−1

n! (M − n)!

√
η (1− η) (M − n), ξ2 =

M∑
n=0

M !ηn+1 (1− η)M−n−1

n! (M − n)!

√
(M − n) (M − n− 1).

According to Eqs.(11)–(14), we have the results:

Q1 =
1
4




−ξ2

1 (γ1 + γ∗1 + γ2 + γ∗2 )2 + ξ2

[
(γ1 + γ∗2 )2 + (γ∗1 + γ2)

2
]

+ 2ηM×
(γ1 + γ∗2 ) (γ∗1 + γ2) + γ1γ2 + γ∗1γ∗2 + γ3γ4 + γ∗3γ∗4 + 2γ2γ

∗
2 + 2γ4γ

∗
4



 , (15)

Q2 = −1
4




−ξ2

1 (γ1 − γ∗1 + γ2 − γ∗2 )2 + ξ2

[
(γ1 − γ∗2 )2 + (γ∗1 − γ2)

2
]

+ 2ηM×
(γ1 − γ∗2 ) (γ2 − γ∗1 ) + γ1γ2 + γ∗1γ∗2 + γ3γ4 + γ∗3γ∗4 − 2γ2γ

∗
2 − 2γ4γ

∗
4



 . (16)

Because the inherent laws of Q1, Q2 are difficult to find from Eqs.(15) and (16), we analyze the squeezing
properties of an atom laser via numerical calculation. We only give the time evolution curve of Q1, as shown in
Fig.1, for the relationship of Q1 and Q2 is symmetrical.
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Fig.1. The time evolution of Q1 with (a) ω = 1.0, g = 0.1, η = 0.1; (b) ω = 1.4, g = 0.1, η = 0.1; (c) ω = 1.0, g = 0.12,

η = 0.1; (d) ω = 1.0, g = 0.1, η = 0.2.

From Fig.1 we can find that Q1 varies periodi-
cally with time and the quadrature component U1 is
squeezed periodically without rotating-wave approxi-
mation. There are two modes of oscillation in Fig.1.
One is quantum Rabi oscillation, which is generated
from atomic frequent emission and absorption of pho-
tons. The other is the collapse and revival effect,
which appears with the interaction between the opti-
cal field and atoms. The former changes quickly. From
Figs.1(a) and 1(b), we can find that the larger the
atomic eigenfrequency is, the bigger the quantum Rabi
oscillation frequency turns, while the collapse and re-
vival frequency is invariable. The collapse and revival
frequency varies in the same direction with the inter-
action intensity g between the optical field and atoms
from Figs.1 (a) and 1(c). By comparing Fig.1(d) with
Fig.1(a), we can easily find that the bigger the dis-
tributing parameter of the binomial states field η is,
the deeper the squeezing degree of U1 turns.

In order to fully illuminate the influence of the
virtual photon field on the squeezing properties of
an atom laser in the system of the binomial states
field interacting with atomic BEC, we get the coun-
terpart QRW1 of Q1 with rotating-wave approximation
by the same method of calculating Q1 and obtain the
time evolution curve of Q1 and ∆Q (= Q1 −QRW1)

with the same parameter via numerical calculation,
as shown in Fig.2.
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Fig.2. (a) The time evolution of Q1 with ω = 1.0,

g = 0.01, η = 0.1. (b) The time evolution of ∆Q with

ω = 1.4, g = 0.01, η = 0.1. (c) The time evolution of ∆Q

with ω = 1.0, g = 0.02, η = 0.1. (d) The time evolution

of Q1 (solid line) and QRW1 (dashed line) with ω = 1.0,

g = 0.1, η = 0.1.

By comparing Fig.2(b) with Fig.2(a), it can be
found that the effect of the virtual photon field is a
little oscillation superposing on the Rabi oscillation
of QRW1, which resembles collapse and revival oscilla-
tion. The reason is that the coherence of the virtual

photon process and actual photon process in the sys-
tem of the optical field interact with atomic BEC. By
comparing Fig.2(b) with Fig.2(c), we can find that
when the parameter g turns larger, the virtual photon
effect becomes enhanced. So rotating-wave approxi-
mation cannot be applied in the system of strong op-
tical field interacting with atomic BEC. It is shown
that the degree of squeezing an atom laser strength-
ens without rotating-wave approximation in Fig.2(d).

4. Conclusion

In this paper, we study the squeezing properties
of an atom laser by considering the virtual photon
field in the system of the binomial states field inter-
acting with two-level atomic BEC. The results show
that two quadrature components of an atom laser can
be squeezed periodically. The Rabi frequency of an
atom laser is determined by atomic eigenfrequency,
whereas the collapse and revival frequency of atom
laser fluctuation are determined by the interaction in-
tensity between the optical field and atoms. When
the distributing parameter of the binomial states field
turns bigger, the depth of squeezing an atom laser
deepens distinctly. The effect of the virtual photon
field is a little oscillation superposing on the Rabi os-
cillation of an atom laser with rotating-wave approxi-
mation, which deepens the depth of squeezing an atom
laser.
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