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This paper addresses the control problem of a class of complex dynamical networks with each node being a Lur’e

system whose nonlinearity satisfies a sector condition, by applying local feedback injections to a small fraction of the

nodes. The pinning control problem is reformulated in the framework of the absolute stability theory. It is shown that

the global stability of the controlled network can be reduced to the test of a set of linear matrix inequalities, which

in turn guarantee the absolute stability of the corresponding Lur’e systems whose dimensions are the same as that

of a single node. A circle-type criterion in the frequency domain is further presented for checking the stability of the

controlled network graphically. Finally, a network of Chua’s oscillators is provided as a simulation example to illustrate

the effectiveness of the theoretical results.
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1. Introduction

Complex dynamical networks have received in-
creasing attention from various scientific communities
in recent years, see Refs.[1]-[6] and references therein.
The main reason is that many physical systems can
be characterized by various complex network models,
in which nodes are the elements of the system and the
edges represent the interactions among them. Typical
examples include the Internet, the World Wide Web,
metabolic networks, scientific citation webs, and so
forth.[7]

Traditionally, complex dynamics have been stud-
ied in the framework of random graph theory, intro-
duced by Erdés and Rényi.l® This model has domi-
nated the research of complex networks for nearly half
a century. The past few years have witnessed dra-
matic advances in this direction. Watts and Strogatz
introduced the so-called small-world network model to
represent the transition from a regular network to a
random one.®! Such networks exhibit a high degree of
clustering along with a short average distance between
nodes. Another even more important discovery is the
scale-free network model, introduced by Barabési and
Albert, of which the connectivity distribution has a
power-law form.?) A distinctive feature of scale-free

networks is that most nodes have very few connec-
tions while a small number of nodes have many con-
nections, leading to the interesting “robust yet fragile”

characteristic.[10]

Recently, a large body of literature has focused
on the research of dynamics and control problems of
complex dynamical networks. The synchronization
phenomenon in both small-world networks and scale-
free networks is investigated in Refs.[11]-[17], and the
synchronization of the general complex dynamical net-
work with coupling delays is considered in Refs.[18]-
[20]. The control problem of scale-free networks is in-
vestigated by applying local feedback injections only
to a small fraction of nodes in Ref.[21], and the pinning
control strategy is further used to study the stability
of general complex networks with or without coupling
delays in Refs.[1] and [22]-[25]. The controllability of
complex networks via pinning is addressed in Ref.[26].
The synchronizabililty of complex dynamical networks
is completely analyzed through a graph and control
theoretic viewpoint in Refs.[27]-[29]. In these studies,
a common approach is to linearize the nonlinear dy-
namical nodes around the network synchronized state,
thereby obtaining some local results.

Lur’e systems refer to such systems that consist
of a linear dynamical system and a nonlinear feedback
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loop satisfying a sector condition, which have many
engineering applications.!3% Several chaotic and hy-
perchaotic systems, including Chua’s circuit, n-scroll
circuits, coupled Chua’s circuits and others, can be
represented by the Lur’e form. The master-slave syn-
chronization scheme for Lur’e systems is examined in
Refs.[31]-[33]. The stabilization of a class of dynam-
ical complex networks with each node being a Lur’e
system is addressed by a decentralized approach in
Ref.[34]. Therefore, to study the synchronization and
control problems of Lur’e systems is of significant im-
portance.

This paper concerns the pinning control problem
of a class of complex dynamical networks with each
node being a Lur’e system. The pinning control prob-
lem is reformulated in the framework of the absolute
stability theory, consequently it is reduced to the test
of a set of linear matrix inequalities (LMIs), which
guarantee the absolute stability of the corresponding
Lur’e systems whose dimensions are the same as that
of a single node. A circle-type criterion in the fre-
quency domain is further presented, in virtue of which
the stability of the controlled network can be checked
graphically. A network of Chua’s oscillators is pro-
vided as an application example to illustrate the effec-
tiveness of the theoretical results. The novelty of this
paper is two-fold. First, no linearization techniques
are employed, thus the conditions for stability derived
in this paper are global. Second, the pinning control
strategy proposed here has more degrees of freedom
to choose controlled nodes, thus more desirable, com-
pared to other control methods, e.g., the decentralized
approach used in Ref.[34].

The rest of this paper is organized as follows. In
Section 2, a dynamical network with each node be-
ing a Lur’e system is proposed. The main results are
presented in Section 3. A network of Chua’s oscilla-
tors is provided as a simulation example in Section 4.
Section 5 concludes the paper.

2. Dynamical network model

Consider a complex network which consists of N
linearly and diffusively coupled identical nodes, with
each node being an n-dimensional Lur’e system:

N
i; = Az, + Bf(Cwy(t)) + CZ G ['(xj — i),
=1

i
i=1,2,... N, (1)

,rin]T € R™ is the state
matrices A € R™ " B €
O € Rm*n ) f(Cay(t)) =
s fm(Crnzi (1)) is a nonlinear func-

where x; = [z4,...
variable of node 1,
R m O = [C],..
[f1(Crzi(t)), - ..

tion satisfying the sector conditions on [0, §x]:

0< 7@(1;{)):?(@) <ok, fr(0)=0,
Vb#£a€eR, k=1,2,... ,m. (2)

In network (1), the constant ¢ > 0 represents the
coupling strength, I" = (7;;)nxn is the inner linking
matrix, in which if some 7;; # 0, then it means two
coupled nodes are linked through their i-th and j-th
state variables, 7,7 = 1,2,... ,N. The coupling ma-
trix G = (Gy;)nxn stands for the coupling config-
uration of the network, with entries defined as fol-
lows: If there is a connection between node i and
node j (¢ # j), then G;; = Gj; = 1; otherwise,
Gi; = Gj; = 0(i # j). The diagonal elements of
the coupling matrix are defined by the diffusive rela-

tionship:
N
Gi=—>» Gij, i=12,...,N. (3)
j=1
i
Under this condition, network (1) can be rewritten as
N
j=1
i=1,2,...,N. (4)

Clearly, the rows of the coupling matrix G have
zero sum, which implies that zero is an eigenvalue of
G, and the corresponding eigenvector is all one vec-
tor 17. Assume, hereafter, that the network has no
isolate clusters, i.e., the network is connected. Then,
the coupling matrix G is symmetric and irreducible.
In this case, it can be shown that zero is a simple
eigenvalue of G and all the other eigenvalues of G are

strictly negative.[3%]

3. The main results
Suppose that one wants to stabilize network (4)
onto a homogeneous state defined by

T =To=...=xTN=2X, t— 00, (5)

where T is a solution of a single node, namely,
z(t) = Az + Bf(Cxz). (6)

To achieve the control goal (5), one applies the
pinning control strategy on a small fraction 6 (0 <
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d < 1) of the nodes in the dynamical network (4).
Without loss of generality, one can rearrange, if neces-
sary, the order of the nodes in the dynamical network
(4) such that nodes 1,2,... ,q, in the rearranged net-
work are selected to pin, where ¢ = [§N] stands for
the smaller but nearest integer to the real number 0V.
Then, the controlled network can be described as

N
Jj=1

—cdil'(x; —T), i=1,2,...,q,

N
T; = Ax; + Bf(Cxi(t)) + cZGijij,
j=1
i=q+1,q+2,...,N, (7)
where di > 0 for kK = 1,2,...
gains.
Let e;(t) = 2;(t) —Z,i =1,... , N. Then, one can
obtain the error dynamics from Eqs.(7) as follows:

,q, are the feedback

N
éi = Aei + BQS(CGHE) +CZGierj - cdifej,

j=1
1=1,2,...,q,
N
& = A€7;+B¢(O€i;i‘) —|—CZ Gijfej,
j=1
i=q+1,q+2,...,N, (8)

where ¢(Ce;;z) = [¢1(Cre;;2), ..., dm(Cmes; )™ =
f(Ce+ Cz) — f(CZ), with ¢ (Cre;; T) satisfying the
sector conditions on [0, §x]:

0< ok (Crai; T) < 6,
Ck.”L'i
6r(0)=0, k=1,2,...,m. ()

Define the following matrix D = diag(dy,ds,
...,dy),inwhichd; =0ifj € {¢g+1,¢g+2,... ,N}.
By letting e(t) = [e1(t)T,... ,exn(®)T]T, &((Iy ®
Cle;z) = [p(Cer; )T, ..., ¢(Cen;7)T]T, one can
write the error dynamics in a compact form, as

é=(INn®A+cG® e
+ (Un®B)?((In ® C)e; T), (10)

(A + C)\iF)TQZ' + QZ(A + C)\ZF)
BTQi + MAC

where A is defined in Lemma 1.

where ® denotes the Kronecker product, Iy means an
N x N identity matrix, G = G — D. Hence, the abso-
lute stability problem of controlled network (7) for all
the nonlinear functions satisfying the sector conditions
(2) is transferred to the absolute stability problem of
the error system (8) for all the nonlinear functions
satisfying the sector conditions (9).

Before moving forward, one introduces the follow-
ing preliminary lemmas, which will be useful for future
analysis.

Lemma 1.0 (6) is

stable about zero for every function f(s) =
[f1(8),-- s fn(s)]T satisfying  fi(Cys)(fi(Crs) —
0;Crs) < 0,5 = 1,...,m, if there exist matrices
P =Pr > 0and T = diag(r1,... ,7m) > 0 such
that the following LMI holds:

System absolutely

ATP+PA PB+CTAT

" <0, (11)
B*P+TAC 2T

where A = diag(d1,...,0m).

Lemma 2.3 Suppose M = (M;j)nxn is an ir-
reducible and symmetric matrix satisfying M;; > 0, if
i # j, and Z;vzl M;; =0,fori=1,2,...,N, diagonal
matrix R = diag(ry,re,...,rn) > 0 with at least one
r; >0, for i =1,2,...,N. Then, all the eigenvalues
of M — R are negative.

Clearly, G = G — D is a matrix satisfying Lemma
2, therefore it is negative-definite. From Lemma 1, one
obtains the following result for the absolute stability
of the controlled network (7).

Theorem 1 Let 0 > X\ > A > ... 22,1 <1<
N, be the distinct eigenvalues of G. Then, the con-
trolled network (7) is absolutely stable about zero for
all nonlinear functions satisfying the sector conditions
(2), if there exist matrices M = diag(ma, ...
0and Q; > 0,i = 1,...
LMIs:

M) >
, [, satisfying the following

QB+ CTAM

0, i=1,...,1 (12)
—2M

Proof From Lemma 1, the error system (10) is absolutely stable about zero for all nonlinear functions

satisfying the sector conditions (9), if there exist a diagonal matrix M = diag(m,, ..

. ,Mmy,) and a symmetrical
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matrix @ > 0 such that

(IN®@A+cGRNTQ+QUIN®A+cGaT) 0]

QT

<0, (13)
—Iy ®2M

where 2 = Q(Iy ® B) + (Iy ® CT)(Iy ® A)(Iy ® M). Let U be a unitary matrix such that UTGU =

A= diag(/\l, ",)\1, .
~——

p1 Pi b1

,)\i,",)\i,... ,/\l,",)\l)7 where )\i,i = 1,...
N—— N——

,1, are all the distinct eigenvalues of G with

multiplicity p; such that 22:1 p; = N. Take X = diag(U ® I,,,U ® I,;,). Then, multiplying (13) to the left by

X7 and to the right by X gives

IN®A+cA@DN)TQ+QUN®@A+cA®T 2
(IN®@A+cA® )Q:‘FQ(N@ +cAdel) <0, (14)
nT —In ®2M
\
where Q = (UT @ I,)Q(U ® I,),2 = Q(Ix ® in which the nonlinear function v(Cz) =

B) + Iy ® CTAM. Clearly, in inequality (14), all
There-
fore, if there exist diagonal matrices M and @;,i =

the matrices except Q are block-diagonal.

1,...,1, and satisty inequality (12), then such M and
diag(Qh ) Qla R aQia ) Qi7 s 7Ql7 ) Ql) SatiSfy in-
———— ——— —_———

P1 pPi pi
equality (14) also.

Remark 1 When the number of nodes N is large,
the absolute stability of system (10) about zero for all
nonlinear functions satisfying the sector conditions (9)
is very hard to test directly. Theorem 1 avoids this dif-
ficulty by reducing the absolute stability problem of
system (10) to the test of a set of LMIs with the ex-
istence of a common matrix M. The number of LMIs
in inequality (12) to be verified is equal to the num-
ber of distinct eigenvalues of the coupling matrix G,
sometimes much less than N. Note that the LMIs in
expression (12) can guarantee the absolute stability of

the following Lur’e systems:
T; = (A + C/\ip)l‘i + Bw(Ca:Z), i=1,...,1, (15)

|

(A+C)\1F)TQ1 +Q1(A+C)\1F)

BTQ, + MAC

where A is defined in Lemma 1.

[V1(Cr21), .. s Y (Cro1)]T, with 9 (Cray) satisfy-
ing the following sector conditions:
0 S M S 6k7
Ck:l?l
Yp(0) =0, k=1,2,... ,m. (16)

Clearly, the Lur’e networks in Eq.(15) are of the same
dimension as that of a single node in Eq.(6).

The criterion given in Theorem 1 for the absolute
stability of the controlled network (7) can be further
refined for some special inner linking matrix I, as fol-
lows.

Corollary 1 Let I' = diag(ry, ...
stant 0 — 1 matrix with r;, = 1 for some 1 < i <

,Tn) be a con-

n, which means that the coupled nodes are linked
through their i-th state variables. Then, network (7) is
absolutely stable about zero for all the nonlinear func-
tions satisfying the sector conditions (2), if there exist
matrices M = diag(mq,... ,my) > 0 and Q1 > 0

such that

Proof The LMIs in expression (12) can be rewritten as

ATQi + QA QB+ CTAM
BTQ;+ MAC — —2M

B+C0TAM
@ <0, (17)
oM
2eMT'Q; 0
Al'Q 0, i=1,... 1 (18)
0 0

Clearly, the second term on the left-hand side of expression (18) is semi-negative-definite. Therefore, if there
exist matrices 1 > 0 and M > 0 such that expression (17) holds, then such @7 and M satisfy the LMIs in
expression (12) for 1 =2,... L.



2180 Zhang Qing-Zhen et al Vol. 18

The criterion for the stability of the controlled network (7) provided in Theorem 1 is in the time domain. In
what follows, some criteria in the frequency domain are derived. The following lemma, known as the Kalman—
Yakubovich—Popov (KYP) lemma, establishes the equivalence between the matrix inequalities and the frequency

inequalities.

Lemma 3 (KYP lemma)B” Given A € R™" B € R™™, and symmetric M € R®+m)x(4+m) - with
det(jwl — A) # 0 for all w € R, and (A, B) controllable, the following two statements are equivalent:

(i)

(jwl — A)~'B

(ii) There exists a matrix P = PT such that

ATP+ PA PB

0. (20)
BTP 0

The corresponding equivalent for strict inequalities
holds even if (A, B) is not controllable.

Define G;(s) = C(sI,, — A — e\ ')~ B, and de-
note by Re{G;(jw)} the real part of G;(jw) and by
Im{G;(jw)} the imaginary part of G;(jw). The fol-
lowing results present frequency-domain interpreta-
tions of Theorem 1 and Corollary 1, respectively.

Theorem 2 (MIMO circle-type criterion) The
controlled network (7) is absolutely stable about zero
for all nonlinear functions satisfying the sector condi-

tions (2), if A+eXI',i =1,...,1, are stable, and there

exists a diagonal matrix M = diag(mq,... ,my,) >0

such that the following inequalities hold:
Re{MAG;(jw) —2M} < 0,
i=1,...,l, VweR, (21)

where A is defined in Lemma 1.
Proof The LMIs in expression (12) can be recast

as
AT i+ Z/_l B
@i+ QiAQ +¥<0, i=1,...,1,(22)
BTQ;
where
_ 0 CTAM
A=A+c\T, V= . (23)
MAC —2M

In light of Lemma 3, the inequalities in expression (22)
are equivalent to

*

(jwl — A)~'B (jwI — A)~'B
I 1
VweR, (24)

(jwl — A)~'B
1 1

<0, YweRU{oo}. (19)

which after some calculations leads to the theorem.
Corollary 2 Let I' = diag(rq, ...
stant 0 — 1 matrix with r; = 1 for some 1 < i < n.

,Tn) be a con-

Then, network (7) is absolutely stable about zero for
all nonlinear functions satisfying the sector conditions
(2), if A+ cA\I is stable and there exists a diago-
nal matrix M = diag(mq,...,mm) > 0 such that the

following inequality holds:

Re{MAG:(jw) —2M} <0, YweR, (25)

where A is defined in Lemma 1.

The conditions given in Theorem 2 and Corol-
lary 2 for the absolute stability of network (7) will
be referred to as multi-input multi-output (MIMO)
circle-type criteria.

For each node being a single-input single-output
(SISO) Lur’e system, the conditions given in Theo-
rem 2 and Corollary 2 can be tested graphically. Let
M =~ and A = § in expression (21), so that expres-
sion (21) becomes

Re{G;(jw)} =671 <0,

i=1,...,1, VweER, (26)

which is equivalent to that all the Nyquist plots of
G;(jw),i = 1,... 1, lie in the left half-plane of the
vertical line defined by Re{s} = 6~!. The Nyquist
plot is a plot of Re{G;(jw)} versus Im{G;(jw)} with
w as a parameter varying from —oo to co. The above
discussions are summarized in the following corollary.

Theorem 3 (SISO circle-type criterion) The
controlled network (7) with each node being an SISO
Lur’e system is absolutely stable about zero for all
nonlinear functions satisfying the sector conditions
(2), if A+ cA\I,i =1,...,1, are stable and all the
Nyquist plots of G;(jw),i = 1,...,l, lie in the left
half-plane of the vertical line defined by Re{s} = 6.
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Similarly, one can immediately obtain the follow-
ing result, corresponding to Corollary 2.

Corollary 3 The controlled network (7), with
each node being an SISO Lur’e system and inner link-
ing matrix I" defined in Corollary 1, is absolutely sta-
ble about zero for all nonlinear functions satisfying the
sector conditions (2), if A 4 ¢\ I, is stable and the
Nyquist plot of Gy (jw) lies in the left half-plane of the
vertical line defined by Re{s} = 0~1.

4. Simulation examples

In this section, a network of Chua’s oscillators,
which are special Lur’e systems, is provided to illus-
trate the theoretic results.

The dimensionless state equations of a Chua’s os-
cillator are given by

&1 = a(—z1 + 2 — f(x1)),
Ty =1 — T2 + T3,
i3 = — By — yI3, (27)

where f(x1) is the piecewise-linear characteristic of
Chua’s diode, described as,

f(z1)

1
= mix1 + §(m2 - ml)(|x1 + 1| — |.131 — ll) (28)

One can rewrite Egs.(27) in the Lur’e form as

& = Ar + Byp(Cx) (29)
where
ER —a(mi+1) a 0
Tr = o 5 A = 1 _]. 1 9
EZ 0 —B =
_—a(mg —my)
B = 0 ce=[1o00], (30)
0

and the nonlinear function ¢(Cz) = %(\xl +1]— |z —
1]) satisfies the sector condition on [0, 1].

Taking parameters a = 9, § = 14, v = 0.01,
my = —0.714, my = —1.14, Chua’s oscillator (27)
generates a double-scroll attractor,®8! as depicted in
Fig.1.

T2

1

Fig.1. Attractor of Chua’s oscillator (27) in the zi1—z2
plane, where o = 9, 8 = 14, v = 0.01, m; = —0.714,
mo = —1.14.

In this case, the Chua’s oscillator (27) has three
unstable equilibrium points:

51 = [1.49324,0.00107, —1.49217]",
Sy = [-1.49324,-0.00107, 1.49217] ",
S3 = [0,0,0]". (31)

For simplicity, one considers below the pinning
control problem of 200 Chua’s oscillators coupled by
a B-A scale-free network. Suppose the inner coupling
matrix as I' = diag(1,1,1). One wants to stabilize the
dynamical network onto the equilibrium point z = Sy,
by applying local linear feedback injections to a small
fraction of the nodes. The state equations of the con-
trolled network are

8
T; = Az + Bnp(C’xl) + CZ Glj T; — cdi(xi — .f),
J=1
i=1,...,1,

8
j=1
i=141,...,200. (32)

Consider here two different pinning control
schemes, i.e., specifically pinning scheme and ran-
domly pinning scheme. In the first case, the dynami-
cal network (32) will be controlled by specifically pin-
ning 4 “biggest” nodes, which have 41, 34, 35 and
32 degrees, respectively. Choose the feedback gain
in (32) as d = 10. In this case, the largest eigen-
values of G is Ay = —0.1464. Hence, in virtue of
the circle-type criterion (Corollary 3), the minimum
coupling strength guaranteeing the global stability of
the controlled network (32) is ¢ = 15.06. This re-
sult can also be derived from Corollary 1 by using
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the LMI Toolbox of Matlab.39 In the second case,
network (32) will be controlled by randomly pinning
4 nodes with the same feedback gain d = 10. The
minimum coupling strength ¢ in this case turns to
¢ = 35.22. Figure 2 depicts the Nyquist plots of
G1(jw) = C(jwl — A — A\ I)~!B for both the cases,
when ¢ = 15.06. Figure 3 visualizes the state variables
of node 4,7 =1,...,200, in network (32) for both the
specifically and randomly pinning schemes when the
coupling strength takes the value ¢ = 36.

It can be observed that a much larger value of
the coupling strength c¢ is required to stabilize the
whole network on the homogeneous state S; in the
randomly pinning scheme than that of the specifically
pinning scheme, as depicted in Figs.2 and 3. This es-
sentially results from the heterogenous nature of scale-

,200,5=1,2,3

free networks, i.e., most nodes have very few connec-
tions while a small number of nodes have many con-

nections.
Nyquist diagram
L ' ! j ! j ' _I speci‘ﬁcally‘ pin 4‘node.s
1.5 P —‘~.;\_~: randomly pin 4 nodes
1of 7
B : \
. I
" !
2 057 !
] !
> L
& 0 1
R !
¥ —05¢ Y
HE ol /
—-1.0¢t TN : e
N T
15t T
0 0.4 0.8 1.2 1.6
Real axis

Fig.2. The Nyquist plots of G1(jw) with ¢ = 15.06 for
both the specifically and randomly pinning schemes.

1.0 1.5 2.0

t
(b)

Fig.3. State variables of network (32) with ¢ = 36, d = 10. (a) Specifically pin 4 “largest” nodes; (b) randomly

pin 4 nodes.

5. Conclusions

In this paper, the pinning control problem of a
class of complex dynamical networks with each node
being a Lur’e system is investigated. The pinning con-
trol problem is reformulated in the framework of the
absolute stability theory. The stability of the con-
trolled network is consequently reduced to the test of
a set of LMIs guaranteeing the absolute stability of the
corresponding Lur’e systems whose dimensions are the

same as that of a single node. A circle-type criterion
in the frequency domain is further presented for check-
ing the stability of the controlled network graphically.
One desirable characteristic of the results derived in
this paper is that no linearization techniques are em-
ployed, thus the conditions for stability are global.
Another prominent feature is that the pinning control
strategy applied here requires much fewer controllers
to be designed, thus is less costly, compared to other
control methods, such as the decentralized approach.
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