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The Galilean invariance and the induced thermo-hydrodynamics of the lattice Boltzmann Bhatnagar–Gross–Krook

model are proposed together with their rigorous theoretical background. From the viewpoint of group invariance,

recovering the Galilean invariance for the isothermal lattice Boltzmann Bhatnagar–Gross–Krook equation (LBGKE)

induces a new natural thermal-dynamical system, which is compatible with the elementary statistical thermodynamics.
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1. Introduction

The lattice Boltzmann method (LBM) is a pow-
erful new approach to hydrodynamics, with applica-
tions ranging from large Reynolds number flows in
microscale porous media to multiphase flows.[1−4] In
spite of a large number of studies that have been
carried out to date, there are still several directions
where the lattice Boltzmann theory calls for substan-
tial progress and upgrades. For example, the correct
treatment of energy degrees of freedom in a lattice
still poses a number of basic questions. Furthermore,
full thermohydrodynamic LBM schemes represent a
standing challenge to the LBM research.[5] It is also
noted that another important problem related to the
LBM, recognized by many authors, is the problem of
Galilean invariance.[6−9] The present paper will be de-
voted to the invariance problem of the lattice Boltz-
mann equation, including the induced thermodynam-
ics of the LBM based on the well developed Lie group
analysis skills. It is hoped that the Lie symmetry anal-
ysis will throw some light upon this subject.

Symmetry has always played an important role
in mechanics, from fundamental formulations of ba-
sic principles to concrete applications.[10−12] Applica-
tions of symmetry groups to numerical analysis are
given an extensive treatment in Refs.[13] and [14].
For gas dynamics, Yanenko and Shokin[15] used the
first differential approximation to make a group anal-
ysis. The symmetries of difference equations were

studied much more early than differential equations.
Early work in this direction was done by Maeda.[16]

He studied only transformations acting on the depen-
dent variables. More recently a series of papers was
devoted to Lie point symmetries of differential differ-
ence equations, which can be found in Refs.[17]–[19].
The overall theme is called “continuous symmetries of
discrete equations”. As is well known, the dynamics
of most physical processes is described by differential
equations. Lie group theory provides a powerful tool
for obtaining exact analytical solutions of such equa-
tions, specially the most fundamental ones that are
usually nonlinear (the Einstein equations, the Yang–
Mills equations, the Navier–Stokes equations, ...). In
many cases, the symmetries of differential equations
are more important and better known than the equa-
tions themselves since these symmetries reflect funda-
mental physical laws. Thus, when we use the LBM,
otherwise modifying the dynamical equations, it is of
interest to preserve the original symmetries.

The remainder of the present paper is organized
as follows. A briefing of the theory of symmetries
of differential equations is given in Section 2. Sec-
tion 3 is devoted to the group calculation of the one-
dimensional gas dynamics and a complete develop-
ment of the application to the invariance of LBM: two
special cases of interest. Finally the conclusions drawn
from the present study are presented in Section 4.
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2. Invariance of lattice Bhatager–

Gross–Krook (LBGK) model

2.1. Symmetries of differential equations

All the problems that we will address here may be
described by a general system of n-th order nonlinear
differential equations

∆ν

(
x, u(n)

)
= 0, (1)

where ν = 1, . . . , l, x =
(
x1, . . . , xp

) ∈ X

are independent variables, u =
(
u1, . . . , uq

) ∈
U are dependent variables and ∆ν

(
x, u(n)

)
=(

∆1

(
x, u(n)

)
, . . . ,∆l

(
x, u(n)

))
is a smooth function

depending on x, u and the first, second, . . . , n-th
derivatives of u with respect to x1, . . . , xp. If we de-
fine a jet space X × U (n) as a space whose coordi-
nates are independent variables, dependent variables
and the first, second, . . . , n-th derivatives of depen-
dent variable U then ∆ is a smooth mapping

∆ : X × U (n) → Rl. (2)

Before studying the symmetries of difference
schemes, we briefly review the theory of the symme-
tries of differential equations. For all details, proofs
and further information we have referred to some ex-
cellent books on the subject, e.g. Refs.[10] and [11].
Here, we follow the style of Ref.[10], but just give a
briefing of the Lie symmetry by emphasizing the im-
portant points and significant results. In order to pro-
vide readers with a relatively quick and painless intro-
duction to the Lie symmetry theory, some important
concepts must be introduced.

The main tool in the theory of Lie groups and
transformation groups is the “infinitesimal transfor-
mation”. In order to present this, we need first to
develop the concept of a vector field on a manifold.
We begin with a discussion about tangent vectors.
Suppose that C is a smooth curve on manifold M ,
parameterized by

φ : I → M, (3)

where I is a subinterval of R. In local coordinates
x =

(
x1, ... , xp

)
, C is given by p smooth functions

φ (ε) =
(
φ1 (ε) , ... , φp (ε)

)
(4)

of real variable ε. At point x = φ (ε) of C the curve
has a tangent vector, namely the derivative

φ̇ =
dφ

dε
=

(
dφ1

dε
, ... ,

dφp

dε

)
. (5)

In order to distinguish between tangent vectors and
local coordinate expressions for a point on the mani-
fold, we adopt the notation

V =
dφ

dε
=

dφ1

dε
· ∂

∂x1
+ · · ·+ dφp

dε
· ∂

∂xp
(6)

for the tangent vector to C at x = φ (ε). The collec-
tion of all tangent vectors to all possible curves pass-
ing through a given point x in M is called the tangent
space to M at x and denoted by TM . A vector field
V on M assigns a tangent vector V ∈ TM to point
x ∈ M , with V varying smoothly from point to point.
In local coordinates, a vector field has the form

V = ξ1 (x) · ∂

∂x1
+ · · ·+ ξp (x) · ∂

∂xp
, (7)

where ξi (x) is a smooth function of x.
If V is a vector field, we denote the parameter-

ized maximal integral curve passing through x in M

by Ψ (ε, x) and call Ψ the flow generated by V . Thus
for point x in M , and ε in some interval Ix containing
0, Ψ (ε, x) will be a point on the integral curve pass-
ing through x in M . The flow of a vector field has the
basic properties

Ψ (δ,Ψ (ε, x)) = Ψ (δ + ε, x) , (8)

for all δ, ε ∈ R such that both sides of equation are
defined,

Ψ (0, x) = x, (9)

and

d
dε

Ψ (ε, x) = V (10)

for all values of ε in the region where they are defined.
The flow generated by a vector field is the same as a
local group action of the Lie group on the manifold
M , which is often called the one-parameter group of
transformations. The vector field V is called an in-
finitesimal generator of the action since by Taylor’s
theorem, in local coordinates

Ψ (ε, x) = x + εξ (x) + O
(
ε2

)
, (11)

where ξ =
(
ξ1, . . . , ξp

)
are the coefficients of V . The

orbits of the one-parameter group action are the max-
imal integral curves of the vector field V .

Definition 1 A symmetry group of Eq.(1) is the
one-parameter group of transformations, G, acting on
X × U such that if u = f(x) is an arbitrary solution
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of Eq.(1) and gε ∈ G then gε · f (x) is also a solution
of Eq.(1).

The infinitesimal generator of a symmetry group
is called an infinitesimal symmetry. To formulate the
condition for group G to become a symmetry group
we use infinitesimal generators. It is easy to obtain
infinitesimal generators. First we define a prolonga-
tion of a vector field. The symmetry group of a sys-
tem of differential equations is the largest local group
of transformations acting on the independent and de-
pendent variables of the system with the property that
it transforms solutions of the system into other solu-
tions. The main goal of the Lie symmetry theory is
to present a useful systematic computational method,
which can be used to explicitly determine the symme-
try group of any given system of differential equations.
The search for the symmetry algebra L of a system of
differential equations is best formulated in terms of
vector fields acting on the space X × U of indepen-
dent and dependent variables. The vector field tells us
how the variables x and u are transformed. We also
need to know how the derivatives like ux, uxx, . . . are
transformed. These can be given by the prolongation
of the vector field V . We have the following theorems.
(see Theorem 2.36, p.110, in Ref.[10])

Theorem 1. Let

V =
p∑

i=1

ξi (x, u) ∂xi +
q∑

a=1

ηa (x, u) ∂ua

be a vector defined on an open subset M ⊂ X × U .
The n-th prolongation of the vector field is the vector
field

pr(n)V = V +
q∑

a=1

∑

J

ηJ
a

(
x, u(n)

) ∂

∂ua
J

,

defined in the corresponding jet space M (n) ⊂ X ×
U (n), where the second summation is performed over
all (unordered) multi-indices J = (j1, j2, . . . , jk), with
1 ≤ jk ≤ p, 1 ≤ k ≤ n. The coefficient function φJ

a of
pr(n)V is given by the following formula:

ηJ
a

(
x, u(n)

)
= DJ

(
ηa −

p∑

i=1

ξiua
i

)
+

p∑

i=1

ξiua
J,i,

where ua
i = ∂ua/∂xi, ua

J,i = ∂ua
J/∂xi, and DJ is the

total derivative of η with respect to xj .
In the following analysis, we deal only with the

one-dimensional scalar differential equations, and the
functions treated in this paper are assumed to be dif-
ferentiable up to a necessary order. In the future anal-
ysis of the difference equation, we will deal with the

modified equation, which has the third prolongation
of the vector field. From the computational fluid dy-
namics (CFD), we know that the terms on the right-
hand side of the modified equation are written en-
tirely in terms of derivative with respect to x. So we
can consider only the terms of the spatial derivatives
in the following analysis. It is assumed that an n-th-
order system of differential equations, or, equivalently,
a subvariety of the jet space M (n) ⊂ X×U (n) is given.
A symmetry group of this system is defined as local
transformation G acting on M ⊂ X ×U which trans-
forms solutions of the system into other solutions. We
can deduce the important infinitesimal condition for
group G to become a symmetry group of a given sys-
tem of differential equations. The following theorem
(see Theorem 2.31, p.104, Ref.[10]) gives infinitesimal
condition for group G to become a symmetry group.

Theorem 2 Suppose that

∆ν

(
x, u(n)

)
= 0, ν = 1, 2, . . . , l,

is a system of differential equations of maximal rank
defined over M ⊂ X × U . If G is a local group of
transformation acting on M , and

pr(n)V
[
∆ν

(
x, u(n)

)]
= 0, ν = 1, 2, . . . , l,

when ∆ν

(
x, u(n)

)
= 0 for infinitesimal generator V of

G, then G is a symmetry group of the system.

In the following sections, we will use this theorem
to deduce explicitly the different infinitesimal condi-
tions for relevant problems. But we must keep in mind
that in all cases, though we deal only with the scalar
differential problem, we still use ∆ν to denote different
differential equations.

Theorem 1 tells us how to obtain an explicit ex-
pression of prolongation of the group, while theorem
2 provides us with an explicit expression of the invari-
ance. These theorems form the basis of our further
research. It should be pointed out that in the future
analysis of the difference equation, we will deal with
the modified equation, which has the second/third or-
der prolongation of the vector field. From the com-
putational fluid dynamics (CFD), we know that the
terms on the right-hand side of the modified equation
are written entirely in terms of spatial derivatives. So
we can consider only the terms of the spatial deriva-
tives in the following analysis.
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2.2. Invariance of one-dimensional gas

dynamics

Now we come to consider a system of equations
of gas dynamics in Eulerian coordinates in the case of
one space variable, given as

∂W

∂t
+

∂F

∂x
= 0, (12)

where

W =




ρ

ρu

ρE


 ,

F =




ρu

p + ρu2

up + ρuE


 ,

and
E = e +

1
2
u2,

u is the gas speed, p is the pressure, ρ is the density,
e is the specific internal energy. The equation of state
of gas has the form

e = e (p, ρ) . (13)

It is well known that the system of one-dimensional
gas equations admits a space of operators with the
basis

V1 = ∂t, (14)

V2 = ∂x, (15)

V3 = t∂x + ∂u, (16)

V4 = x∂x + t∂t, (17)

which represent, respectively, the following finite
transformations with preserving the system of equa-
tions:

(i) translation in time; (ii) translation in a space
coordinate; (iii) Galilean transformation; (v) similar-
ity transformation.

2.3.Galilean invariance of one-

dimensional LBM

The classical Chapman–Enskog expansions pro-
vide a natural bridge between the kinetic description
of gas dynamics as given by the Boltzmann equation
and that of continuum mechanics as given by the bal-
ance laws of mass, momentum, energy supplemented.
To start with, we present the detailed analysis on a

typical one-dimensional lattice Boltzmann equation
(LBE) the 1D3Px model.[3] In 1992, Qian et al [4] pro-
posed the LBGK model as an alternative to lattice
gases or the LBE, to obtain an efficient numerical
scheme for the simulation of fluid dynamics. With
an appropriately chosen equilibrium distribution, the
Navier–Stokes equation is obtained from the kinetic
BGK equation in the second-order of approximation.
The main idea could be presented as follows.

The requirement that the system of equations ad-
mits a space of operators with the basis leads to cer-
tain restrictions on the equivalent equation:

∆ν = 0,

pr(2)Vj [∆ν ] = 0, (18)

where ν = 1, 2, j = 1, 2, 3, 4, ∆ν represents the dif-
ferent Navier–Stokes–like equation derived from differ-
ent LBMs. For the Galilean transformation, we have
its first-order prolongation as follows:

pr(1)V = t
∂

∂x
+

∂

∂u
− ρx

∂

∂ρt
− ux

∂

∂ut
− px

∂

∂pt
. (19)

In this paper, the isothermal gas is considered. For
this case, the equation of state reads

p = c2
sρ, (20)

where the speed of sound, cs, is constant. Under this
consideration, we have the reduced form

pr(1)V = t
∂

∂x
+

∂

∂u
− 2ρx

∂

∂ρt
− ux

∂

∂ut
. (21)

In this paper, we only present the details of the
Galilean group analysis, for the others, one can de-
rive the corresponding results in the same way. Here,
the details of the analysis on the invariance of three
different LBM models are presented below.

(i) One-dimensional LBE the 1D3Px model:[3]

∆1 ≡ ρt + uρx + ρux, (22)

and

∆2 ≡ ρut + uρt +
(

1
3

+ u2

)
ρx + 2ρuux

− νρρx (ρux + uρx)

− ν (ρuxx + 2ρxux + uρxx) . (23)

The corresponding invariance equation reads:

νρxx = −νρρxρx − uρx. (24)

(ii) LBGK model:

∆1 ≡ ρt + uρx + ρux, (25)
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and

∆2 ≡ ρut + uρt + u2ρx + 2ρuux + c2
sρx

− 2ν [ρuxx + 2ρxux + uρxx] . (26)

The corresponding invariance equation reads:

2νρxx + uρx = 0. (27)

2.4.Why no invariance of Galilean

transformation in one-dimensional

LBM

From the theory of gas dynamics, we known that
for the Navier–Stokes shock there are some inherit-
ing constraints among the spatial derivatives, such as
ρx, ρxx, ρxxx and so on. Table 1 shows a comparison
between the group-invariant conditions for the first
case, obtained from the group theoretical solution and
from LBE, and we find some results in conflict with
each other.

Table 1. Analysis of group-invariant conditions for the

first case at shock upstream.

ρ ρx ρxx

theoretical solution > 0 < 0 < 0

LBE > 0 < 0 > 0

The signature of the second spatial derivative of
the group theory is not consistent with that obtained
from LBE. So, we could see that this is the result lack-
ing in the invariance of the Galilean transformation at
the upstream of shock.

Obviously, there is no conflict in the group-
invariant condition at the downstream of the shock,
the sign of the second spatial derivative obtained from
the group theory is the same as that obtained from the
LBE. So, we can see that this is the case where the
invariance of the Galilean transformation is preserved
at the downstream of shock (Table 2). These group
analysis results are consistent with the previous nu-
merical results from the LBE scheme:[3] LBE scheme
exhibits some momentum spikes and post-shock os-
cillations, meanwhile, the group-invariant condition is
broken in this zone.

Table 2. Analysis of group-invariant conditions for the

first case at shock downstream.

ρ ρx ρxx

theoretical solution > 0 < 0 > 0

LBE > 0 < 0 > 0

For the second case (LBGK model), one can de-
rive the corresponding results in the same way and
obtain the same results as those obtained from one-
dimensional BLE. These group analysis results are
in agreement with the previous numerical results ob-
tained from the LBGKE scheme:[5] LBGKE scheme
exhibits some momentum spikes and post-shock os-
cillations, meanwhile, the group-invariant condition
is broken in this zone. Numerical experiment shows
that among the three different methods: labeled LBE,
LBGK, and ELBM, only the ELBM is free from non-
physical oscillation (known as the Gibbs phenomenon
in numerical analysis), which is typical of a non-
entropic numerical scheme and often a portent of nu-
merical instability.

3. Lattice Boltzmann thermo-

hydrodynamics

3.1.Manifest Galilean covariance of

LBGK model

It will appear to be a logical step to develop
a microscopic approach to macroscopic phenomena
by modeling the microscopic dynamics by means of
a simplified description provided that the basic re-
quirements of fundamental physics, i.e. the conserva-
tion laws and the symmetry properties, are correctly
incorporated. The Galilean invariance is the basic
law of classic dynamics. It should be noted that a
physical LBM must inherit this symmetry. From the
above analysis, we have known that in order to recover
the Galilean invariance, which is not fully ensured in
LBGK-gas, one may change the definition of the equa-
tion of state of the LBGK-gas. At this stage, we can
set

c̄s = c̄s (ρ, u) . (28)

Then, the momentum equation can be rewritten as

ρut + uρt + u2ρx + 2ρuux

= −c̄2
sρx + 2ν [ρuxx + 2ρxux + uρxx] . (29)

The Galilean invariance condition becomes

2νρxx + uρx − 2c̄s
∂c̄s

∂u
ρx = 0. (30)

In order to obtain the non-oscillation solution of shock,
after some algebra, one finally obtains (The details
could be seen in the Appendix.)

c̄2
s = RT0 − ūu + λρu +

1
2
u2, (31)
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where

ρ (−∞, t) = ρ1, (32)

ρ (+∞, t) = ρ2, (33)

λ =
8ν

l
· 1
ρ1 − ρ2

, (34)

R is the constant of gas, T0 is the reference tempera-
ture, and

ū =
λ

2
(ρ1 + ρ2) . (35)

The equation of state reads

p = ρ ·
(

RT0 − ūu +
1
2
u2

)
+ ρ2 · (λu) . (36)

It should be pointed out that: according to the anal-
ysis presented in the Appendix, one can choose

l =
4ν

ρ1 − ρ2
. (37)

Thus
λ = 2. (38)

3.2. Equation of state of LBGK-gas

The experimental pv-isotherms may be fitted over
very large ranges of temperature and pressure, with a
power series relation

pv = RT +
∞∑

l=2

Bl (T )
vl−1

, (39)

which is called the Virial equation of state, where
T is the temperature and v is the volume.
The temperature-dependent functions Bl (T ) , l =
2, 3, . . ., are referred to as the second, third, . . . Virial
coefficients. The equation of state of the LBGK-gas
can be rewritten in terms of (p, v, T ) as follows:

pv = RT +
λu

v
, (40)

where R is the gas constant and

RT = RT0 − ūu +
1
2
u2. (41)

We now use the above expression to evaluate the equa-
tion of speed. The result then can be written in the
suggestive form as follows:

u2 − 2ūu + 2R (T0 − T ) = 0. (42)

Hence, we have

u = ū±
√

ū2 − 2RT0 + 2RT. (43)

The equation of state can be written as

pv = RT +
λ

v

(
ū±

√
2RT + ū2 − 2RT0

)
, (44)

where v = 1/ρ. In order to ensure obtaining the posi-
tive pressure, we set

ū2 − 2RT0 = 0, (45)

and
u = ū +

√
2RT. (46)

For the LBGK-gas, we have

B2 (T ) = λ ·
√

2
RT0

· T0

T
·
(

1 +
√

T

T0

)
, (47)

and
Bl (T ) = 0, l > 2. (48)

In the following thermodynamic calculation, we use

B (T ) ≡ B2 (T )
RT

=
(

2
RT0

)3/2

·
(

T0

T

)2

·
(

1 +
√

T

T0

)
. (49)

At this stage, the equation of state can be rewritten
as

p = ρRT + 2ρ2 ·
√

2
RT0

· T0

T
·
(

1 +
√

T

T0

)
, (50)

which is the basis of our further research of the ther-
modynamics of LBGK gas. We also note that the
basic relation in classical thermodynamics is the equa-
tion of state, where the temperature can be well de-
fined. However, it is not obvious how an explicit re-
lation can be obtained in the lattice gas. This is the
main trouble we faced in the previous development.
We can now appreciate why the definition of a ther-
modynamic temperature in lattice gases (and more
generally in discrete systems) in accordance with clas-
sical statistical thermodynamics is a delicate matter.

In this section, we present the closed condition
in the form of equation of state from the viewpoint
of Lie symmetry. Equation of state is the statement
about the nature of the material in question and re-
quires some notations from thermodynamics. Here
there is no attempt to provide a rigorous derivation
of the equation of state for lattice gases, such a task
is beyond the scope of the traditional LBM theory.
The thermal and the caloric equations of the thermo-
dynamics are related to each other. Both are neces-
sary for a complete thermodynamic description of a
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system. The choosing of a thermal equation of state
restricts the choice of a caloric equation of state but
does not determine it. Note that for the Euler equa-
tions, one only requires a caloric equation of state, un-
less temperature is needed for some other purposes, in
which case a thermal equation of state is to be given
explicitly. Thermodynamic consistency requires that
temperature, pressure and density changes be related
through the above equation in the entire evolution of
the flow.

3.3.Thermodynamic properties of

LBGK-gas

During the development of LBM, the definition
of a temperature in the LBM does not follow straight-
forwardly, and in fact it is a rather subtle matter to
establish the lattice gas thermodynamics. In classi-
cal statistical thermodynamics, temperature is intro-
duced via the canonical distribution function and the
state of equation as well. The basic relation in clas-
sical thermodynamics is the equation of state, where
the temperature could be well defined. However, it is
not obvious how an explicit relation can be obtained in
the LBGK model. In this paper, by using the invari-
ance condition, a new equation of state is obtained,
which might be analogous to the Virial expansion of
the classical statistical mechanics. The deviation of
the thermodynamic functions from the ideal values
may be written in terms of the equation of state or
the Virial coefficients. Here, we present expressions
for the various functions directly in terms of the equa-
tion of state and the Virial coefficients as follows:[20]

internal energy

Ũ − Ũ0 = −
∫ ∞

ṽ

{
T

(
∂p

∂T

)

ṽ

− p

}
dṽ, (51)

Ũ − Ũ0 = −RT

{
T

ṽ

dB

dT

}
; (52)

where Ũ denotes internal energy per mole, Ũ0 repre-
sents the correction quantity compared with isother-
mal LBGKE. These definitions are applicable for the
other thermodynamic functions presented in this sec-
tion.

enthalpy

H̃ − H̃0

= pṽ −RT −
∫ ∞

ṽ

{
T

(
∂p

∂T

)

ṽ

− p

}
dṽ, (53)

H̃ − H̃0

= RT

{
1
ṽ

[
B − T

dB

dT

]}
; (54)

entropy

S̃ − S̃0

= −R ln p + R ln
pṽ

RT
−

∫ ∞

ṽ

[(
∂p

∂T

)

ṽ

− R

ṽ

]
dṽ, (55)

S̃ − S̃0

= −R

{
ln p +

T

ṽ

dB

dT
+

B2

2ṽ2

}
; (56)

heat capacity at constant volume

C̃v − C̃0
v = −T

∫ ∞

ṽ

(
∂2p

∂T 2

)

ṽ

dṽ, (57)

C̃v − C̃0
v = −R

{
2T

ṽ

dB

dT
+

T 2

ṽ

d2B

dT 2

}
; (58)

heat capacity at constant pressure

C̃p − C̃0
p

= −R−
T

(
∂p

∂T

)2

ṽ(
∂p

∂ṽ

)

T

− T

∫ ∞

ṽ

(
∂2p

∂T 2

)

ṽ

dṽ, (59)

C̃p − C̃0
p

= −R

{
T 2

ṽ

d2B

dT 2
− 1

ṽ2

[(
B − T

dB

dT

)2
]}

; (60)

Joule–Thomson coefficient

µ

=
1

C̃p

[
T

(
∂ṽ

∂T

)

P

− ṽ

]
, (61)

µ

= − 1
C̃0

p

{
T

dB

dT
−B +

1
ṽ

[(
2B2 − T

dB

dT

)2
]}

; (62)

speed of sound

c2
0 = −γv2

M

(
∂p

∂ṽ

)

T

, (63)

c2
0 =

γ0RT

M

{
1 +

1
ṽ

[
2B + 2

(
γ0 − 1

)
T

dB

dT

+

(
γ0 − 1

)2

γ0
T 2 d2B

dT 2

]}
, (64)

in which γ = C̃p/C̃v.
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From the above expressions, we can see that the
theoretical expressions for the various functions are di-
rectly described in terms of the equation of state and
the Virial coefficients. However, it is a very difficult
task in the former theoretical development.

4. Conclusions

In the present paper, a rigorous systematic
method is established for the invariance analysis of
the typical LBGK model. The invariance, especially
Galilean invariance, has been an important issue in
lattice-based hydrodynamics models. The previous
models concentrated on the nonlinear advection term
and stressed that Galilean invariance was a basic re-
quirement for any physical model. In the present
paper, we consider this fundamental problem about
LBGK to study the high speed flows, from the view-
point of group invariance. The main results obtained
in this paper reveal that there seems to be some in-
herent connection between the Galilean invariance and
the natural thermal hydrodynamics. The equation of
state can be deduced from this symmetry analysis. Lie
symmetry consideration completes the description of
the LBGK model for isothermal Navier–Stokes equa-
tion as a self–contained kinetic theory admitting a
proper equation of state. The corresponding theory
for its thermo-hydrodynamics is naturally deduced,
which is compatible with the elementary statistical
thermodynamics. How to use these new findings to
improve the LBM for high speed flows will be seen in
our further publications.[21]

Appendix: Travelling wave solu-

tion of Burgers equation

In general, traveling wave solutions to a partial
differential equation arise as special group-invariant
solutions in which the group under consideration is
a translation group in the space of independent vari-
ables. Here we consider Burgers equation

W̄t + W̄W̄x = νW̄xx. (A1)

In terms of the invariant

y = x− ct, (A2)

the reduced equation is

−cW̄y + W̄W̄y − νW̄yy = 0. (A3)

The general solution can be written in terms of hyper-
bolic function as

W̄ (x, t)

=
W̄1 + W̄2

2
− W̄1 − W̄2

2
tanh

[
W̄1 − W̄2

4ν
· (x− ct)

]
,

(A4)

where

W̄ (−∞, t) = W̄1, (A5)

W̄ (+∞, t) = W̄2, (A6)

and

c =
W̄1 + W̄2

2
. (A7)

Acoording to the general solution of Burgers equation
(A1), we set

ρ (x, t) =
ρ1 + ρ2

2
− ρ1 − ρ2

2
tanh

[
1
l
· (x− ct)

]
,

(A8)

where

ρ (−∞, t) = ρ1, (A9)

and

ρ (+∞, t) = ρ2. (A10)

It is easy to prove that

ρxx

ρx
=

4
l (ρ1 − ρ2)

·
(

ρ− ρ1 + ρ2

2

)
. (A11)

The Galilean invariance condition becomes

∂

∂u

[
c̄2
s −

1
2
u2

]
= λ

(
ρ− ρ1 + ρ2

2

)
, (A12)

where
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λ =
8ν

l
· 1
ρ1 − ρ2

. (A13)

The general solution can be written as

c̄2
s = RT0 − ūu + λρu +

1
2
u2, (A14)

where R is the constant of gas, T0 is the reference
temperature, and

ū =
λ

2
(ρ1 + ρ2) . (A15)
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