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Using the general tortoise coordinate transformation, we research the fermion tunneling of the Vaidya–Bonner de

Sitter black hole via a semi-classical method and finally obtain the right surface gravity, Hawking temperature and

tunneling rate near the event horizon and cosmical horizon.
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1. Introduction

Due to Hawking’s research on quantum theory
near the event horizon of black holes,[1,2] most theory
physicists believe that the Hawking radiation could
be created near the horizon of a black hole. Recently,
Hawking radiation from several black holes has been
studied, and several methods which can prove the
Hawking radiation have been developed. The Hawk-
ing radiation theory could be related to the quantum
gravity theory, so that the study of Hawking radia-
tion is very interesting.[3−13] There are two equivalent
viewpoints that can explain the origin of Hawking ra-
diation. Due to the quantum vacuum fluctuation near
the horizon of black holes, the positive-negative par-
ticles could be created or annihilated, and the nega-
tive energy particles could cross the black hole horizon
since there is a negative energy orbit inside the black
hole. Meanwhile, the positive energy particles can-
not cross the horizon, but radiate to infinite finally.
On the one hand, we can study the phenomenon from
another point of view. The virtual particles inside
black holes cross the horizon and become real parti-
cles, and it is no other than the Hawking radiation.
The second viewpoint may be regarded as the the-
ory base of tunneling phenomenon near the horizon.
Recently, the semi-classical approximation tunneling
method has been used to research Hawking radiation
in scalar field theory. A semi-classical approximate

method to study fermion tunneling of several black
holes has been suggested in Refs.[14]–[20].

On the other hand, research on Hawking radi-
ation from non-stationary black holes is very diffi-
cult. The case of non-stationary black holes is very
different from the case of stationary ones. An ex-
cellent way to study the Hawking radiation via gen-
eral tortoise coordinate transformation has been de-
veloped in Refs.[21]–[23]. In general tortoise coordi-
nates, the scalar field equation can be simply in the
wave equation form, and Zhao Zheng et al have used
the Damour–Ruffini method to obtain the Hawking
temperature and the surface gravity of non-stationary
black holes.

2. General tortoise coordinate

transformation in Vaidya–

Bonner de Sitter spacetime

In this paper, we generalize the method in
Vaidya–Bonner de Sitter spacetime. In the Dirac field,
we introduce the general coordinate transformation
and then obtain the tunneling rate and the Hawk-
ing temperature of the Vaidya–Bonner de Sitter black
hole via the Dirac equation.

The metric of the Vaidya–Bonner de Sitter black
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hole is

ds2 = −
(

1− 2M (v)
r

+
Q (v)2

r2
− χ2r2

)
dv2

+ 2drdv + r2
(
dθ2 + sin2 θdφ2

)
, (1)

so the inverse metric is

∂2
s =

(
1− 2M (v)

r
+
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r2
− χ2r2

)
∂2

r

+ 2∂r∂v + r−2
(
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φ

)
. (2)

Before researching the tunneling radiation near the
event horizon of the black hole, we introduce the gen-
eral tortoise coordinate transformation as follows:

r∗ = r +
1
2κ

ln (r − rH (v)) (3)

with
v∗ = v − vH,

where κ is the surface gravity and rH (v) is event hori-
zon, so the inverse metric in tortoise coordinate is

(
∂
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)2
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∂
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(
∂

∂v
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∂
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)
+ r−2
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∂
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(
∂
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)2
)

(4)

and

f =

(
1− 2M (v)

r
+

Q (v)2

r2
− χ2r2

)

×
(

1 +
1

2κ (r − rH)

)2

− ṙH

κ (r − rH)

(
1 +

1
2κ (r − rH)

)
(5)

with
g = 1 +

1
2κ (r − rH)

. (6)

In expression (5), ṙH = ∂rH/∂v. Therefore the Dirac
equation may be written as

iγµDµΨ +
m

~
Ψ = 0, (7)

where
Dµ = ∂µ + Γµ − i eAµ/~ (8)

and

Γµ = −Γαβ
µ

8
[
γα,γβ

]
. (9)

In the spacetime At = −Q/r, and the γµ matrixes
must satisfy the relation

{
γα,γβ

}
= 2gαβI. (10)

In Eq.(10), gαβ is the component of adverse metric.
Considering the Vaidya–Bonner de Sitter spacetime
in general tortoise coordinate, the γµ matrixes are

γr∗ =
√

fγa =
√

f




0 0 1 0

0 0 0 −1

1 0 0 0

0 −1 0 0




, (11)

γv∗ =
g√
f

γb =
g√
f




i 0 1 0

0 i 0 −1

1 0 − i 0

0 −1 0 − i




, (12)

γθ =
1
r
γc =

1
r


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0 0 1 0

0 1 0 0
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
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, (13)

and

γφ =
1

r sin θ
γd =

1
r sin θ




0 0 0 − i

0 0 i 0

0 − i 0 0

i 0 0 0




. (14)

From the γµ matrixes, we obtain the Dirac equation

i
√

fγaDv∗Ψ + i
g√
f

γbDr∗Ψ + i
γc

r
DθΨ

+ i
γd

r sin θ
DφΨ +

m

~
Ψ = 0. (15)

In the semi-classical approximation, we can obtain the
conclusive expression in the approximate method

Dµ ≈ ∂µ − i eAµ/~. (16)

The conclusive expression will be used when the re-
search on the tunneling equations is carried out, and
we have applied the conclusive expression to Eq.(15).
Considering the Dirac equation in the tortoise coordi-
nate as expressed in the following form:

i
√

fγaDv∗Ψ + i
√

fγbDr∗Ψ + G = 0, (17)

where G is the non-radial term of the Dirac equation,
we can obtain the formula
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1 =
f

g
= lim

r→rH(vH)
v→vH

(
r2 − 2M (v) r + Q (v)2 − χ2r4

)
(2κ (r − rH) + 1)− 2rṙH

2κr2 (r − rH)
. (18)

Via the L’Hospital’s rule, we can obtain the surface
gravity of the black hole as

κ =
(1− 2ṙH) rH − 2χ2r3

H −M

χ2r4
H + 2MrH −Q2

. (19)

Next, we study the tunneling rate of the Vaidya–
Bonner de Sitter black hole.

3. Fermion tunneling of the

Vaidya–Bonner de Sitter black

hole

In fact, we can write the solutions of Eq.(15) as

Ψ↑ =




A

0

B

0




e
i
~S↑ , (20)

for the spin-up case, and

Ψ↓ =




0

C

0

D


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e
i
~S↓ (21)

for the spin-down case.
To start with, we consider the spin-up case. Sub-

stituting expression (20) into Eq.(15), and dividing
it by the exponential term and then multiplying the
resulting equation by ~, we can obtain the Dirac equa-
tion as

√
fB

∂S↑
∂r∗

+
√

f (iA + B)
(

∂S↑
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− eAt

)
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(22)
B

r

(
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+ i
sin θ

∂S↑
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)
= 0, (23)

√
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(
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)
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(24)
and

A

r

(
∂S↑
∂θ

+ i
sin θ

∂S↑
∂ϕ

)
= 0. (25)

From these equations, we can see that expression (16)
holds true in the approximate method. Equations
(23) and (25) describe the non-radial behaviour of the
fermions near the horizon. As for the radial behaviour,
we use Eqs.(22) and (24) to research the fermion tun-
neling from the event horizon of the Vaidya–Bonner
de Sitter black hole.

In fact, the radical equations can be written as
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√
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)
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
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B


 = 0. (26)

It can be easily seen that if and only if the determinant of the coefficient matrix vanishes, the equation
does have a non-trivial solution for A and B, so we have

∣∣∣∣∣∣∣∣∣
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(
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namely (
∂S↑
∂r∗

)2

+ 2
∂S↑
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(
∂S↑
∂v∗

− eAt

)
− m2

f
= 0. (28)
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On the other hand, assume the function ρ↑ = Ce
i S↑
~

such that it satisfies the following equation

∂2ρ↑
∂r2∗

+ 2
∂2ρ↑

∂r∗∂v∗
− i 2eAt

∂ρ↑
∂r∗

= 0. (29)

Near the event horizon rH of the Vaidya black hole,
f−1 → 0, and equation (28) is an approximate equa-
tion in which the ~ order term is ignored, so the equa-
tion, near the horizon, is equivalent to Eq.(29). Solv-
ing Eq.(29) yields the solutions

ρ↑in = e
− iωv∗
~ (30)

for the ingoing case and

ρ↑out = exp
[
− iωv∗ − 2 i (ω − ω0) r∗

~

]
(31)

for the outcoming case, where ω0 = −eAt (rH) =
eQ/rH. In any case, the following relation holds true

∂S↑
∂v∗

= −ω. (32)

Of course, because equations (28) and (29) are equiv-
alent in the approximate method, using the Damour–
Ruffini method yields the tunneling rate

Γ = exp
(−2π (ω − ω0)

κ

)
. (33)

However, we are to research the Hawking radiation via
tunneling theory. From Eqs.(28) and (32), we obtain

∂S↑
∂r

=
[
1 +

1
2κ (r − rH)

]
∂S↑
∂r∗

=
[2κ (r − rH) + 1]

[
(ω − ω0)±

√
(ω − ω0)

2 −m2f−1

]

2κ (r − rH)
. (34)

Via the Wentzel–Kramer–Brillouin (WKB) approximation, we consider the particle tunneling behaviour from
inside to outside the event horizon. From Eq.(34), we can obtain the imaginary part of the action as

Im S↑ = Im S↑+ − Im S↑− =
π (ω − ω0)

κ
=

π (ω − ω0)
(
χ2r4

H + 2MrH −Q2
)

(1− 2ṙH) rH − 2χ2r3
H −M

, (35)

where S↑+ is part of the outcoming solution, and S↑−
is part of the ingoing solution. So the tunneling rate
of the Vaidya–Bonner de Sitter black hole is

Γ = e−2ImS↑ = exp
(−2π (ω − ω0)

κ

)
, (36)

and the Hawking temperature is

TH =
κ

2π
=

(1− 2ṙH) rH − 2χ2r3
H −M

2π (χ2r4
H + 2MrH −Q2)

. (37)

In a similar way, we can study the Hawking ra-
diation for the spin-down case. The Hawking tem-
perature and the tunneling rate are uniform for the
spin-up case. Similarly, we can obtain the tunneling
rate and the Hawking temperature near the cosmical
horizon rC as

Γ = exp
(− (ω − ω′0)

TC

)
(38)

and

TC =
κ

2π
=

(1− 2ṙC) rC − 2χ2r3
C −M

2π (χ2r4
C + 2MrC −Q2)

(39)

respectively, where ω′0 = eQ/rC. Obviously, the re-
sults are right, so our new method of studying Fermion
tunneling is reasonable.

4. Conclusion

We introduced the general tortoise coordinate
transformation into the research on fermion tunneling
of the Vaidya–Bonner de Sitter black hole, so that the
tunneling rate and the Hawking temperature near the
event horizon can be obtained. Expressions (36)–(39)
show that the tunneling spectrum is purely thermal,
which means the information of the black hole should
lose finally due to the Hawking radiation. However,
in our study, the change of background spacetime and
the self-gravitation interaction are ignored. With the
effects above taken into account, the conclusion of the
problem of the information loss in Vaidya–Bonner de
Sitter spacetime could be another story.
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