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We construct four linear composite operators for a two-particle system and give common eigenvectors of those

operators. The technique of integration within an ordered product (IWOP) of operators is employed to prove that those

common eigenvectors are complete and orthonormal. Therefore, a new two-mode intermediate momentum-coordinate

representation which involves quantum entanglement for a two-particle system is proposed and applied to some two-

body dynamic problems. Moreover, the pure-state density matrix |£1,£2) - p ¢ p(€1,&2| is a Radon transform of Wigner

operator.
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1. Introduction

The representation theory and its transformation
have been proved to be very useful in studying quan-
tum mechanics, quantum optics and quantum statis-
tics. As Dirac pointed out, “When one has a par-
ticular problem to work out in quantum mechanics,
one can minimize the labour by using a representa-
tion in which the representatives of the more impor-
tant abstract quantities occurring in that problem are
as simple as possible”.l!l The authors of Refs.[2]-[15]
studied the representation theory and their applica-
tions widely. Those studies have led to the great
development of representation theory. But to our
knowledge, the intermediate momentum-coordinate
representation for a two-particle system has not been
constructed. In the present paper, we employ the
technique of integration within an ordered product
(IWOP) of operators!'®'7] to make the proposition of
a new intermediate momentum-coordinate represen-

tation |£1,&2) p With quantum entanglement.

We construct four linear composite operators for

a two-particle system as follows:

X1 = Ay + Bpo, Xy = Ala + By,
Py =Ciy+ Dpy and P, =Ciy + Dpy, (1)
where A,B,C and D are all real. Obviously,

[X1,X5] = 0 and [Py, P,] = 0. For guaranteeing
[Xi,ﬁj] =16;j, (i,j = 1,2), the condition

AD - BC =1 (2)

is required. We are challenged to search for the com-
mon eigenvectors |£1,§2>07D of P, and P5. By using
the IWOP technique, we show that \51,§2>07D makes
a complete representation and solves some two-body
dynamic problems.

2. Common eigenvectors of P,
and 132

We begin with introducing the two-mode Fock

space spanned by |n1,n2) = |00), where

Vi '77,2'
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[, d;] = 4,5, |00) is the ground state, a; and &;r are creation and annihilation operators, respectively, which are

related to Z; and p; by

Zi=(a;+al)/V2 and p; = (a; —a))/iv2.

(3)

We shall prove that the common eigenvectors {1, &2) , are given in two-mode Fock space by

_ 1 5 | 42 V2 oo ot
€1,&2)cp = NCZEYD)] exp {—W(& +&) + m(lDﬁl + C&)ay
V2 .+ (ibal+cab)?  (Cal +iDab)? | AC+ BD
Tery pr (00 +iDR)E; - 2(C2+D?)  2(C?+D?) ' C24D? 5152} 007, (4)

where & and & are the eigenvalues of P, and ]52, respectively, and AD — BC' = 1. In fact, performing the

operator G; on &1, &) p and using the formulael'8! :

V2(iD€ + C&,) — (C2? — D?)al —i2CDal

—= f(ai,al) : = [ai,: f(as,a}) :] and a; |00) = 0, we have

i
i

a1 l1,82) 0. p =

and

d2 |£1a €2>C,D =

Expressions (1), (3) and (5) lead to

02+D2 ‘fl»§2>C’D
iD _ 2 D2 ~T s DWL
\/i(cgl +1 52) 02(3 D2 )a’2 120 a) |£1’ €2>C7D . (5)
P, &1,82)cp =& €1, &)ops (i=1,2). (6)

Thus we know that |1, &) p is the eigenvector of Py and P,.

We now examine whether [£1,&2) . f, satisfies a complete relation. By using the IWOP technique and the

ordering form of the two-mode vacuum state projector

100) (00| = : exp{—ala, —abas} :, (7)
where the symbol : : denotes the normal product, we can easily perform the following integration
| adgiagle colénél
1 o 2 | ¢2 SHD(at — &) + C(al + a
= // d&des - exp{ _ f; 522 + f[l (al Zl) . (a2 0'2)]51
m(C?+D?) J)_ (C? + D?) (C% + D?)
N V2[C(@al + @) +iD(ah — a)] - (iDa] + Ca)®  (Cal +iDal)?
(C? + D?) 2(C? + D?) 2(C? 4+ D?)
(—iDay + Caz)?  (Cay —iDag)? 4. N
TR Dn a0y @)= iew(0hi=1, ®)
\
where we have used the mathematical formula  which means the overlap
oo —aw2+ﬁwd _ / ﬁ2/4a R ( ) 0. F
e x=+/T/ae , Re () > 0. From
J-o c,p(€1, &l 161, 62) 0 p = 0(&§1 — €1)d(§5 — &2),  (10)

expression (6), we can also calculate

c,n(€1, & Pi &, &2)ep
= ol &l 161 &) e p

= &ion(&, &l )ep, 1=1,2

(9)

thereby indicating that |7, &2) c.p is orthonormal.
We perform the Fourier transform

\/% [m dé1 €1, &2) ¢, p exp(iuy)
= |q1 = —B& — Du) ® |[p2 = A&s + Cu), (11)
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where
1 a ¢ a2
lq1) = 174 &P <—2 +V2qal — TN 0)
and
1 P} . s i G2
Ip2) = Y7y exp (‘2 + 1\[2]92@2 + T 10),

are the first-mode coordinate eigenstate and the
second-mode momentum eigenstate, respectively. By
taking the inverse Fourier transform of expression
(11), we obtain

&1,82) 0 p

= \/%/700 du exp(—iuéy)|q1
= —B& — Du) ® |py = A& + Cu), (12)

which is the Schmidt decomposition of £, &2) . f, and
confirms that [§1,&2) o p itself is an entangled state.

Furthermore, from expressions (1)—(5), it is easy
to derive X;’s and X5’s representatives in ¢ p (&1, &2
basis as follows:

s .0 .
c,n(é, &l Xi = 15760’D<§1’€2|’ (1=12). (13)

In particular, when A = 1, B =0, C = 0 and
D =1, the [&,§2) ¢ p evolves into a two-mode coor-
dinate eigenstate

|p17p2>
1 . . . .
=7 exp {_z(p? +p3) + V2] +iv2pri

+%(&{2 + a;Q)} 100) . (14)

|

When A = 0, B = -1, C =1 and D = 0, the
€1, €2) 0. p evolves into a two-mode momentum eigen-
state

1
|z1, 22) = 72 exp {—Q(xf + xg) + \/imldi

1
+V2wq0h — 5(&{2 + ag"’)} 00).  (15)

From expressions (8), (10), (14) and (15), we see
that &4, §2>c, p is qualified to make up a new interme-
diate momentum-coordinate representation involving
quantum entanglement.

3. Simultaneously squeezing uni-

tary transformation for X; and

A

P;

Squeezed states and squeezing operators have
been an important topic in quantum optics since the
1970s.
arises: if we simultaneously make classical transfor-

Now an interesting question thus naturally

mation & — k1§ and & — kKo in state |1, &),
what is the corresponding squeezing operator? For
this purpose we construct the following ket-bra inte-
gration:

U — // d€1d§2m|ﬂlgl7 I{2€2> <€17§2|a (16)

where k1 and k5 are two independent positive num-
bers. The unitarity of U can be obtained from expres-
sion (10) by calculating

00" = rims / - [ A61dExd€]de] matr, maa) (1, Ea €1, €0) (1) iath)

= KR1Rk2 / .. / dgldgz |I€1£1, /43252> <I{1£1,I€2£Q| = exp{O} =1= UTU (17)

Using expression (6) and the IWOP technique, we can obtain

UPU' = fﬁ@/---/_ dé1d€ade]deh [m1&r, kaba) (€1, Ea| PrIEL, €) (K11, Rab))l

= Ki1K2 / . [ d&1d&dE1dE) [ki&, ko) £10(&1 — £1)0(& — &2) (K11, k2]

_|_
V2 iv2

iz / / €1d€1dEs K161, Rata) (W11, Kol

D(&l CALI)} :Hl—ljf)17 (18)
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where we have used the mathematical formula
S emor By :51 /g e/ Re (@) > 0.

Similarly, we have

UPQUTZHQ_IF)Q, UXlﬁTZIile
and UXQUT = KJQXQ. (19)
Comparing expression (18) with expression (19), we
see that U is indeed an operator simultaneously
squeezing Xl, Xg, Pl and Pg. In particular, when
A=1,B=0,C=0and D=1, U is reduced into a
usual two-mode squeezing operator

o0
S = // dp1dpa/K1k2 |k1p1, K2p2) (P1, P2|
— 00

4. Solving the dynamic prob-
lem of two-mode harmonic
with

momentum coupling by means

oscillators coordinate-

of &1, &2) ¢ p representation

The Hamiltonian of two-mode harmonic oscilla-

tors with coordinate-momentum coupling reads

-2 -2
2 b1 D3 1 2.2, 1 2.2 I
— —MiwiT] + =MawsL5 — AT1P2

H = —
2m1 + 2m2 + 2 2
n2 2 )2 2
pi o, (mawsds) /IR S PO RN
= - — \&1po.
le + 2m2 + 2m2 * 2m1W1x1 P2

(22)

ot — ot & —
S8t =515=1, (20) This Hamiltonian involves a term describing a para-
metric down conversion process plus a Raman transi-
and its squeezing character of S is . . . .
tion process from the point of view of quantum optics.
A A . A oA . Without loss of generality, we suppose ws > w; and
leST = K121, SZL‘QST = KoT2, . . . o
A > 0. Choosing the squeezing coefficients k1 = 1 and
& & —1.4 & & —1.
Sp1ST = ki'pr and SpaST = ky e (21) K2 = \/ma/m1 in expression (20), we have
|
-9 - 2
&7 & i (Mmawala) mi o 1 2.2 mi . .
SHS' = —MiwiT] — Ay —2Z
2mq 2mq + 2m§p2 + g mo 1p2
~9 2 5
Mowa X b2
= + (mzoas) +(I32 mzwzfl)M ) (23)
2my 2my Mows 1
mq )\ml
2m3 2 /mimamaw
where M = A\ 2 ! % 22 || We can derive two characteristic values of matrix M and
. mi miwy
2,/ MaMaws 2m3w3

corresponding orthonormal characteristic functions as follows:

do
_1m1 a)12 w122 ma 22\ ? _ \ﬁ
V2
and
2 dy
PN A () e (Y _| v 25
= () ) ) (B ] el ) (%)
V2
where
= 1 1 — (wi/w2)?
VL= (W1 /w2)?]2 + (ma/m) (20 /ws)?
and

1 — (w1/w2)?

" \/1 ’ VI = (W1/w2)2]2 + (ma/my) (2N w2)?
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Letting T' = (81 B2), it is easy to see that 7" is a unitary matrix. We construct the following transformations:

A d2 dl A
p P, NGENG) P,
LC Y R [ EVE AR ' (26)
MoWoX9 mQWQXQ -1 é mQWQXQ
V2 V2
and
R dy dy R
P. NGIENG] P
b2 —T 2 A _ 2 2 2 (27)
. —dy do
oW X1 mQUJQXl - = TI’LQ(.UQXl
2 V2
The inverse transformations of expressions (26) and (27) are
> dy dy X~ A —dimaws dy
Xi=—F8+—pP2, PP=—F20+— 28
1 \/5 1 \@m2w2p2 1 ﬂ 2 ﬂpl ( )
and d d d
- - —dimaw
X, — 2 5 1Maw2 B+ 2 (29)

l'2+ P1, P2: —=D2,
\[ \fmng \/5 \/E

i.e. we have chosen A = dy/v/2, B = di/v/2maws, C = —dymows/v/2 and D = dy/+/2 to satisfy condition (2).
From expressions (26), (27) and (23), the Hamiltonian can be written as

2m1 2m1

. P2 X5)? . . (P2 1 .
SHST = —L + (mawoXo) + A1 P5 + Ag(maws X1)? = Z ( — + Mz‘Qiin2> ) (30)

where

H1 =my, 2 =w

1 2\? 22\ °
2 w5 mq w2

Sandwiching Eq.(30) between ¢ p(&1,&2| and S |E), we obtain the Schrodinger equation in the ¢ p(&1,&2| rep-

I
Hl\)‘l\')gl\)
+
—_
|
g
7 N
HL\D‘MN
|
—
N—
(V)
+
213
7 N\
g8
SN—
7N
EIE
SN—
[N~}

resentation
2

Ecp(€,&|S|E)y =Y { —&cpl&,&|S|E) - fh% 65200@1752\ S |E>} : (32)
i=1
where |E) denotes the eigenstate of H. Thus we can directly write down the eigenvalue and eigenfunction of

Eq.(32) as

i=1
2

D<£1a §2‘ S |En1n2> = H {NnL exp(—a?ﬁ?/?)Hm (O‘igi)}7

i=1

(ai = 1/5/.}/1.9“ NnL = Oél/(\/?TQT“’nl') ny, Ny = 0, 1,2, .. ) 5 (33)

where we have recovered the Planck constant .
To obtain the eigenfunction in (p;, p2| representation, we calculate the overlap

d2z,d?
(p1,p2 | §1.82)c p = // % (p1,p2| |2122) (z122] |€1, &2)

i Dpips + A& — p1&a — p2&a
{2 2 b (34)

= (27hC) 1 ex
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d?z,d2
where we have used the over-completeness of two-mode coherent state / / M |z122) (z122] = 1 and the
w2
mathematical formula
dQZ 2 2 2 1 *C§77+§29+772f
—exp{(z +&z+n2" + fz +gz*}: exp{ ,
/ ™ i 2 —4fg (2 —4fg
and recovered the Planck constant A. Then we have
o0
1,218 Buina) = [[ 1082 01,22l 161.82)c, 560,218 B
—0o0
N, N, i AB + DC(hais)? a?p? + a3p3
- ! 2 eXp{ 2 ( ! 22) P1p2— 21 L 272 2 'Fnlnz(plap2)
A2 + (Chalaz)Q h A + (CFLCHOQ) 2[14 (Chalag) ]
_ V2N, Ny, {i 1 dida(pypaf s — m2w2)p1p2
VA3 + (dymaws /v 91#292) hmaws  d3p pa 25 + dim3ws
1 2 RP
+ : Fn n ) ) 35

[d2N1M2~Ql~QZ+d2 ](alpl 052])2)} 1 2(p1 pQ) ( )

where we have used the mathematical formula,
n1+ns2 5 9
Hy, (C1)Hn, (C2) = prrn exp{2Gity — 11 + 20t — 3}
to=0
The function F,,,,(p1,p2) is defined as
Fn1n2 (p17p2)
4A0h041052

(12 +t2) +1i

gmtn2 2A A2 (CFLOQOQ)
= o ex p{ 71 (Chayas )2 (anpity + aopats) — A2+ (Charas)?
— im(mmtz + a2p2t1) _&.L(

A2 + (ChOletg)Z A2 + (Cha1a2)2

A2 + (Cha1a2)2 1t2

oapits + azpztz)} =0 (36)

to=0

Using expression (20) and (p1,p2 | p1,p5) = 6(p1 — p1)d(p2 — p3), we have

<p1,p2| En1n2>
= <p1,]32| S'TS’|‘E7117“L2>

= k12 (K1p1, Kapal S | Enyns)
VFE1k2Np, Ny, { i AB+ DC(hajas)? a?(k1p1)? + a2 (kap2)?
= 52 O e 5 K1k2p1pP2— 5 B
A? 4 (Cha1a2)2 h A2+ (Chalag) 2[A + (CthOég) }

_ (W) 1/4 anan exp {_IAB + DC(ha1a2)2p1 @172 _ Oé%p% + a%p%mZ/ml }
mq \/AQ + (BCha1a2)2 h A2+ (Ch@lOZQ)Q \/ mo 2[A2 + (OthOtg)Q}

m
XF’IL1YL2 (pl; 2p2) . (37)
V m1

In particular, when A = 0, then A=1, B=0,C =0, D = 1, u1 = my, pz = m3/my, 1 = wy, o = wy,
ar = y/1/kmywy, and as = \/my/hkmws. From Egs.(33), (36) and (37), we can obtain

2
1
En1n2 = Z (nz + 2>hwl7

=1

} “Foin, (/‘61]91, /‘62272)

<p17p2| E7L1n2 H {N eXP 2p12/2) m( ;pi)}v

(a; =/1/hm;w;, N, = al/(Vr2ring!),  ny,ng =0, 1,2,...) , (38)

which is just the case of two-mode quantum harmonic oscillator system without coupling.
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5. Radon transform of Wigner operator

Given a density matrix p, one constructs the corresponding Wigner function as Tr[A(x, p)s], where A(z,p)

is the Wigner operator. The Wigner operator A(z,p) is the integral transformation kernel that transforms a

classical function h(z,p) into a quantum operator H (i, p),[192% i.e.

//00 dzdph(z,p)A(z,p) = ﬁ(i,ﬁ% (39)

where
1 (e}
Az, p) = ype) // dudv - expliu(z — &) + iv(p — p)], (h=1). (40)
Using the normal ordered product of the one-mode vacuum projector |0) (0] = : exp[—afa] : and the IWOP

technique and performing the integration over u for expression (40), we have

> dv | v v
A — [ Wi ,> < 2 41
@p = [ grerlos 2y (o3, (41)
which is the expression of A(x,p) in |z) representation of the coordinate Z.
Similarly, by performing the integration over v for expression (40), we have
e = [ St o= 2) (p+ (42
yP) = e p D) p 1k
which is the expression of A(z,p) in |p) representation of the momentum p, then we can obtain
Te[A(w, p) Az’ p')] = (2m) " o(x — 2")o(p — p'). (43)
Generalizing expressions (42) and (43) from one-mode case to two-mode case, we have
Az [T )= /oo Meirlmﬁmzw _n — %> < 4 “ 4 U2 (44)
1,P1;T2,P2 - A2 b1 2 y D2 2 b1 2 » D2 2|
Tr[A(z1, p1; 22, p2) A, Pi; 2, ph)] = (2m) 728 (21 — )8 (w2 — 25)6(p1 — p})(p2 — pb).- (45)
So we know that the classical function of a quantum operator H (Z1,P1; Ta, Po) is
h(x1,p1; T2, p2) = Am*Tr[A(1, p1; w2, p2) H (31, pr: d2, po)]- (46)

Using expressions (34) and (46), we can obtain the corresponding Weyl classical function of [£1,£2) ¢ p o.plé1, &2

4 Tr[|§17§2>c,p C,D<§1a§2\ A(z1,p1;72,p2)]

* ix irou u U U U
= // dugdug e HT212 o (&) ol ip — ?l,m - 32> <p1 + 717292 + ?2 1€1,62)c.p

= §(& — Cxa — Dp1)6(&2 — Cxy — Dps). (47)
Comparing expressions (39), (46) with Eq.(47), we have
&1, &2)c.p c.plér, el = //jo dzidzedpidp2d(&1 — Cra — Dp1)d(€2 — Cx1 — Dp2)A(z1, p1; 72, p2)
= /dT1dT25(fl —6¢-711)0(& — ¢ - r2) A(ry,72), (48)
where ry = (x2,p1), 72 = (21,p2) and ¢ = (C, D). Expression (48) indicates that a transform of Wigner

operator can be defined and the kernel of the transform is composed of delta functions for a group (£1, &2, C, D).
This transform is referred to as the Radon transform!?!l in mathematical theory. Expression (48) means that
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the Radon transform of Wigner operator is just the pure-state density matrix |£1,£2)c p o p(&1, &2, so it is
necessary to introduce the common eigenvector [£1,&2) - , of CZa + Dpy and CZy + Dps. It then leads to

2 oo
(] 517§2>C,D’ = // dzydp1dradped(§1 — Cra — Dp1)d(€2 — Cx1 — Dp2)W (21,p1;72,p2), (49)

where |¢)) is a quantum state, and W (x1,p1;22,p2) = ¢,p (&1, 2| Ax1, p1; 22, P2) \51,£2>C’D is the Wigner func-
tion, from which it follows that [£1,82)c p ¢ p(€1:€2] is the Radon transform of the Wigner operator. So the
Radon transform of the Wigner function is the square module of the wave function of |¢) in the ¢ p (&1, &2]
representation, which represents a probability and is called margin distribution.

6. Summary

In the present paper, we have found a new intermediate momentum-coordinate representation |£1,&2) c.p
with quantum entanglement in two-mode Fock space, which possesses orthonormal and completeness rela-
tions and provides a new approach to solving some dynamic problems of a two-body system with momentum-
coordinate coupling. Moreover, the pure-state density matrix [£1,82)c p ¢ p(€1: €2/ is a Radon transform of the
Wigner operator. The IWOP technique plays an essential role in our derivations.
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