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In this paper, the Lie symmetry algebra of the coupled Kadomtsev—Petviashvili (cKP) equation is obtained by the

classical Lie group method and this algebra is shown to have a Kac-Moody—Virasoro loop algebra structure. Then the

general symmetry groups of the cKP equation is also obtained by the symmetry group direct method which is proposed

by Lou et al. From the general symmetry groups, the Lie symmetry group can be recovered and a group of discrete

transformations can be derived simultaneously. Lastly, from a known simple solution of the cKP equation, we can easily

obtain two new solutions by the general symmetry groups.
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1. Introduction

The coupled Kadomtsev—Petviashvili (cKP)

equation first appeared in the paper of Jimbo and
Miwalll

(D —4D,D; + 3D2)7 - 7 = 2450,
(D2 42D, — 3D,D,)é - T = 0,
(D? +2D; +3D,D,)o - T =0, (1)

where the Hirota bilinear derivatives are defined by

" " 8 8 m a 8 n

orozois o= (55 50) (5~ a2)
o 9\
<8yl—ay2> f(z1,91,t1)

- g(x2, Y2, t2)
ti1=t2,x1=22,Y1=Y2 (2)

Equation (1) can be transformed into the fol-

lowing coupled nonlinear partial differential equations
(PDEs):

(dup — 120ty — Ugga)e — Uy + 12(v0) 4y = 0,

T
204 + 6uvy + Vg + 3Uay + 611/ uydz = 0,

20t + 6uby + Vppa — 30ay — 67 / uydz =0 (3)

by means of the dependent variable transformation
u=(In7)p, v=0oc/7, 0=5/T. (4)

Since then, the cKP equation has been recon-
structed several times by other specialists, from dif-
ferent points of view. Hietarinta obtained it in
his research of possible integrable equations.l? Hi-
rota and Ohta found it with the approach known as
Pfaffinization.l3] Adler et al also introduced it in the

context of random matrices.

Recently, the cKP equation has been the subject
of extensive studies. Kakei showed that the cKP hier-
archy can be reformulated as a reduced case of a two-
component KP hierarchy.”! Isojima et al presented
various solutions, especially spider-web solutions, for
the cKP equation.l7) Using the spin-representation
formulation, van de Leur constructed an elementary
Darboux transformation for the cKP hierarchy.®! Very
recently, Yang et al also constructed a different ele-
mentary Darboux transformation for the cKP equa-
tion by means of an elementary approach.!?!

The purpose of this paper is to study the cKP
equation from a group theoretical point of view. By
the classical Lie group approach,19='4 we obtain the
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Lie symmetry algebra of the cKP equation involving
four arbitrary functions of time ¢ and show that it
possesses a Kac-Moody—Virasoro (KMV) loop algebra
structure which is shared by the symmetry algebras
of some known integrable equations in (2+41) dimen-
sions such as the KP equation,™>='71 a new (2+1)-
dimensional bilinear model equation,[*¥! the usual
integrable DS equations,['”) the (241) dimensional
AKNS system, 2! the DLW equation and the extended
SDYM system.?! When restricting the four arbitrary
functions to some special forms, we reduce the cKP
equation to a (14+1)-dimensional PDE.

However it is difficult for us to obtain the general
symmetry group of the cKP equation by solving the
characteristic line equations. So we turn to the sym-
metry group direct method recently developed by Lou

1,[20-23] which is an effective and valid method to

et a
obtain general symmetry groups for some PDEs.[24:25]
Once the general symmetry group of a given system is
obtained by the symmetry group direct method, the
related Lie point symmetries can be obtained simply
by restricting the arbitrary functions or arbitrary con-
stants in infinitesimal forms. At the same time, the
related group of discrete transformations of the given
system can also be derived from the general symme-
try groups. Furthermore, by the general symmetry
groups and known simple solutions, one can easily ob-
tain some new solutions.

The rest of this article is organized as follows. In
Section 2, we obtain the Lie point symmetry trans-
formation group of the cKP equation by the standard
Lie approach, and reduce the cKP equation to (141)-
dimensional PDEs by restricting all arbitrary func-
tions to some special forms. In Section 3, we derive the
general symmetry groups of the cKP equation from
the symmetry group direct method and generate two
new solutions of the cKP equation from a simple one.
The last section is a short summary and discussion.

2. Lie symmetry and symmetry

reduction of the cKP equation

Firstly, we set u, = w, and substituting it to the
cKP equation (3), we can obtain

(duy — 12Uty — Ugpy)w — 3Wyy + 12(00) 4 = 0,
2v4 46UV, + Vpzg + Uy + Gvw = 0,
20; + 6UV; + Vggy — 3Uzy — 60W = 0,

Uy — wy = 0. (5)

We apply the standard infinitesimal procedure to find
the infinitesimals of x,y,t,u,v,0,w and hence the
symmetry group of Eq.(5). We write equation (5)
as Aq(z,y,t,u,v,0,w) =0, As(x,y,t,u,v,0,w) = 0,
As(z,y,t,u,v,0,w) =0, Ag(x,y,t,u,v,0,w) = 0. We
generally give the infinitesimal operator

V' =£0; +10y + 70+ $10u + $20, + 305+ ¢10w, (6)

where the coefficients &, 1, 7 and ¢1, ¢2, @3, P4 are
functions of z, y, ¢, u, v, ¥, w. According to the gen-
eral theory for symmetries of differential equations, to
find these functions we prolong the vector to fourth or-
der derivatives and require that the fourth prolonged
vector field annihilates Ay, Ay, Az, A4 on the solution
manifold of equation (5), respectively, namely

pr(4)V(Ai(x, Y, tyu, v, 0,w))

i=1,2,3.4,
(7)

where pr(¥V is the fourth prolongation of the vector

A; 207

field V. This condition provides us with quite a com-
plicated system of determining equations (a system
of linear partial differential equations) for the coef-
ficients. With the help of symbolic computation sys-
tem Maple, solving these huge numbers of determining
equations, we can get

1 2 2
E=Sfix + §ftt + 9ty + h(t),

3 3
2
n= gfty +g(t), T=f(1),
1 2 2 1 2
¢1 = —§ftt$ - 277fttty2 - §gtty - ght - guft;
4 3 2
P2 = 9 < —3fe + xfuy + ifﬂgt + §fttty3

9
+ guey® + 3hey — 4n(t)> v,

4

3 2
3 = 9 (l‘yftt + 579t + §fttty3 + g1y?

9
+ 3hy — 4n(t)> D,

4 2 2 4 2
P4 = _§Uftty — Sugt + §ftt — = @Y fir — —TGu

3 27 9
8 s 4, 4 1
_ _ _Zn S,
243ftttty 279ttty 9 tty+3nt w fi,

(8)

where f(t), g(t), h(t), n(t) are arbitrary functions of
time ¢ and the subscripts denote derivatives of t. We
find that the general element can be written as

V= 01(f) + 02(9) + 93(h) + 0u(n), 9)
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No. 6
where
1 2 2
_§ftt$ - ﬁffttt - guft
4 4 8
*gvft + §’U5ﬂyftt + gvygfttt
_ 4 1. 4
o1(f) = —§Ul’yftt - 8—1vy3fttt - gvft ’
2 4
——=Q2uy — 1) frr — =2y fies
98 27
—%ysftttt —wfi
2
ggtty
2 4 9
Vgt + —vguy
3 9
0'2(,9) = 2 )
—§5gtty2 - gf)xgt
2 2x 4
—Zug — = _ =
3 gt 9 gtt 27y Gttt
1
—=h
gl 0
4
gvyht —on(t)
)= | P | =]
—*’[)yht Un(t)
3
4 1
_§yhtt 3"

The nonzero commutators among the general element
are

[o1(f1),01(f2)] = o1(f1far — fafue),

(£l = o fon = 311 ).

o (F).a00] = o fa ~ 301 ).

[02(91),02(92)] = ;0'2(91921& - gzglt)- (10)

From Eq.(10), we can see that the general element of
the cKP equation possesses a KMV-type symmetry
algebra.

To obtain the similarity reductions and some ex-
act solution of the cKP equation, we have to solve the
characteristic line equations

dr_dy _dt_du_dv_dv_dw

3 noT  $1 P2 P3¢
When we restrict f(t) = g(t) = h(t) = n(t) = ¢ espe-
cially, one type of reduced equation can be obtained:

2
12(masmss — MissM1 + M3Mass + MaMsgs — M7,)

- g(smlss + Tmls'r‘) — Missss — 4mls - 3m4sr - 07

drma, — 3Masss + 8ma — 18mimas — IMmay,

— 18momy + 2smes = 0,

IMssr + 28mss + 18msgmy — 3mssss + 4rms,
- 18m1m33 = 0,

M1, — Mys = 0, (12)

where my, mg, ms, and my are functions of the inde-
pendent variables s and r, and

s=t"1/3 (:E +2y — §t>, r=1t"23(y—3t). (13)
Then by the same Lie symmetry method, we can fur-
ther reduce Eq.(12) to an ordinary differential equa-
tion. Due to the complexity of the reduction process,
we do not study it in this paper.

But when f(¢), g(t), h(t), n(t) keep arbitrary, it
is difficult for us to give out the general solutions of
Eq.(11). So we shall turn to the symmetry group di-
rect method recently developed by Lou et al for the
general symmetry groups of the cKP equation (5).

3. General symmetry groups of

the cKP equation

According to the symmetry group direct method
developed by Lou et al,?92! one can find that the
symmerty transformation should have the following
form:

uw=ay+ U +7nV +0V+p,W,
v = ay + BoU + 7V + 0,V + po W,
b =asz + BsU + 3V + 03V + psW,
w = ay + BaU + 71V + 04V + paW, (14)

where «, B, Vi, 0i, pi (i = 1,2,3,4), &, n, and T
are functions of {z,y,t} only, and U = U(¢,n, 1),
V=V(EnT),V=VEnT), W= W(En,T) sat-
isfy the cKP equation (5) but with new independent
variables {&,n, 7}, i.e.,

(4U; — 120U — Ugge)e — 3Wey +12(VV)ee = 0,
2V, + 6U Ve + Vege + 3Vey + 6VIW =0,

2V, 4+ 6UVe + Veee — 3Vey — 6VIW =0,

U, — We =0. (15)

Substituting Eq.(14) into Eq.(5) and eliminat-
ing all the terms including Ugeee, Veee, ‘7555 and
We by Eq.(15), one can obtain four polynomial dif-
ferential equations with respect to {U, V,V,W} and

their derivatives. Then collecting their coefficients
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of {U,V,W,®} and their derivatives, we can ob- Case 2
tain a huge number of nonlinear PDEs with re- 9 522 95
.
spect to differentiable functions: {«;, 8;, Vi, 0:, pi, (i = & =02y V3 + 3 2 1/1;y + 9 2y2/3tt + G,
1,2,3,4),6,1, 7}. K K
With the help of symbolic computation system = Tt y/62 G, T=7(0), pr=m,
Maple, after some thorough analyses and some quite o = 1mr 252347;;5“ g§2y§31“ 8 y? Ztt
tedious calculations, solving these huge numbers of de- 97 9 Ty 9 T 81 T
termining equations, we obtain two types of solutions. + 3 Y2 Teee 1 Gy _ 1 G1,
Case 1 27 3 527'1/3 9 527}4/3
By =162, Bu =227 ymie + 31G1482) ) (982),
1/3,, 203910y | 201y°Tu
§=0m Py — 311/3 9,273 + g2, v2 = G3exp (—473/3347” — 6TtG1t§2)x/(97t5/3)
Ty T4
2/3 2
n=—m"y/0 + g1, pa=-m, T=1(1), -5V 1205y7:Gre7i + 1805 GruyTy
1wz 261ym 8 y T, 1 gf 7/3
ay = 6% 9 1y5t/tflt ST yTQtt 6591:/3 — 4y THTt/ 09 + 4y TtttTt/ 09 — 9G1th/
t T i 17
10/3 11/3
_ 201yg1e gy Tt 1 got + 54G 9T, / )/ (627, / ))a (17)
9 2B 21 1 34,00
2 xélgltrﬁ 16 xyTtt 2 xd1g11t )
oy = § 5/3 81 7_2 - § 2/3 . 2 $(52G1{Ttt 2 .T(SQGltt 16 TYTy
' Tt METGT 5 TgT 2B 8l g
+@ym91t+ggugzt 21 4 gl t b ,
81735, 9 7 97 8177 4 0y G | 8 yrun | 20 yTu Gy,
27 2/3 243 7 | 81 .7/
224 3 Ttt 8 01y°Tg1ue 1 gat 3 ¢ 2
2187 77 21 58 3 4GY 1Gs  4yGa 8 oy*ruCu
¢ 8L 72 3Gy 9,35 21 3B
4 61y3T 32 37T 8 y1 ¢ T 02
n 1Y " Teeegie Y TetTeat YTergat 3 3 3
27 573 243 T2 ﬁ7_4/351 224 y'ryp 32 Y'TuTwe 8 yTttG2t
¢ s t 2187 77 A3 727 A3,
4 6192 g1em 8 YTier | 4 Ygou
Tar 2n 243 1 9,173, 4 0oy’ riGre 2GuGor | 27u
) 5 ‘ 21 5 9 7 97
8 gueginly 8 01y 191t 4 xyTi 5 o
T 97 ARy 2T 5 AT 8 GltGltfy 8 Yy riGuds | 4 xyT
¢ (16) 27 AR5, 2T B/ 21 1
7_4/3 5 5
O3 = 6;3529’(1’((4%/ YT + 67.Gre02)z/(97,"°)
= 7213161, By = 227 Py — 370g1:01) /(9746 2
B =17 /01,Bs = 227 "yTee — 3791601) /(97¢61), 81 y(— 1252yTttGltTt +1852G1tty7't

f2 = gzexp ((—4%2/33/7” + 6709101 )2/ (97, %)
2
81 y(— 1261yrttglt7't + 18(5lgmyrt
+ 4y 7375/351
7/3 11/3
Ol 0l ).

4/3

-
Y3 = 97;52 exp ((4T152/3y7tt - 6Tt91t51)37/(97'f/3)

- 4y27_ttt7_158/351 - 5492t7t10/3

9
— g U120t yTugu i + 997 7/

+ 1851g1tty7t3 + 4y Ttt’l't/ 01 — 4y TtttTtS/?’dl

_ 54921&7-10/3)/(7}11/351)) )

— 4272 %6y — 9G] + BAGH T,

+ 4y2TtttTt8/352)/(Tt11/352)> ,

where g1, 92,93, G1,G2,Gs and 7 are all arbitrary
functions of ¢, and the subscripts denote derivatives
of t and

=1, =1 (18)

We can arrive at the following final transforma-
tion group theorem of the cKP equation.

Theorem 1 If {U(z,y,t), V(z,y,t), V(w,y,t)7
W(z,y,t)} is a solution of the cKP equation (5), so
are {u1,v1,01, w1} and {ug,ve, Do, wa} with
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Type I

up = oy + AU n,7),

(%1 292V(§7Wa7)7

oy =3V (§n,7),

wy =g+ BU(E 0, 7) + paW(Em,7),  (19)

where Qaq, /6)17 927 V3, O4, 547 P4, 57 n, T are determined
by Eq.(16), and 1,02 are determined by Eq.(18).
Type I1

uz = ay + AU, 1),

v2 =V (&n,7),

By = 03V (¢,1,7),

wy = aq + LaU(&,n,7) + paW(&,m,7), (20)

where a1, 81, Ve, 03, aa, B4, pa, & 1, T are determined
by Eq.(17), and 41, d5 are determined by Eq.(18).
From theorem 1, it is easy to see that the sym-
metry group, Gexp, of the cKP equation is divided
into four sectors which can be considered as a prod-
uct of the discrete D group and the usual Lie point
symmetry group S which is related to transforma-
tions {u,v, 0, w} — {ug, vy, U3, we} with do = 1. That
means
Gxp=D®S, (21)

DE{I, Rl, R27 2}7 (22)

where I is the identity transformation, Ry, Ro and X
are as follows:

Ry : {z,y,t,u,v,0,w} — {61z, —cﬁy,t,é%muélf),w},

—1++/3i

=—

Ry : {z,y,t,u,v,0,w} — {daz, =03y, 1, 63u, v, 520, w},
—1—/3i

=—

YAz, y,tyu,0,0,w) — {x, —y, t,u,0,v, —w}.

0

d2

It should be mentioned that some other types of re-
flection transformation can be read off from Eq.(21).

From Theorem 1, the Lie point symmetries (6),
(8) and (9) of cKP equation (5) can be reproduced by

restricting
T:t+6f(t)v G :Gg(t)v G2 :Gh(t),
Gs3=1+ €n(t), 6o =1, (23)
in {ug, va, U2, we}, where f(t), g(t), h(t) and n(t) are

all arbitrary functions of ¢, and € is an infinitesimal
parameter.

By means of Theorem 1, we can obtain many
kinds of group-invariant solutions starting from some
simple solutions for the cKP equation. For example,
one soliton solution has been obtained for the cKP
equation (15) in Ref.[6].

U=2(nQ)e, V=0/¢, V=56/¢, (24)

where

Op; = pi + P70 + pi,
Oy = i€ +ain+ a7, (i=1,2)
C=1+ aibi(p1 — p2)(q1 — g2)
(1 —q1)(p1 — q2)(p2 — 1) (P2 — ¢2)
X exp(0p, + Op, — 04y — 04,),
o =bi(q1 — g2)exp(—bq, —bg,),
6 = ai1(p1 — p2)exp(Op, — 0p,), (25)

here p; and ¢; (i = 1, 2) will represent arbitrary param-

eters which characterize the behaviour of the solitons;
ap and by are (equally arbitrary) parameters which
will play the role of the so-called phase constants for
the individual solitons (i.e. fixing the relative posi-
tions of the solitons). Because of the transformation
U, = W, the expression of w can be obtained:

W= 2/ CeenC? — CeeCnC — 2CeCenC + 2G2¢,
3

Substituting U, V,V,W into Eqs.(25) and (27)

for U(&,n,7), V(E,n,7), V(€,n,7) and W (&, n,7) into

Egs.(19) and (20), two new solutions can easily be ob-

tained for the cKP equation (5).

we do not list them in this paper.

de. (26)

For simplification,

4. Summary and discussion

In summary, we obtain the Lie symmetry algebra
of the coupled Kadomtsev—Petviashvili (cKP) involv-
ing four arbitrary functions of ¢ by the classical Lie
group approach and show that this algebra has a Kac—
Then the
cKP equation is reduced to four (1+1)-dimensional

Moody—Virasoro loop algebra structure.

PDEs by restricting four arbitrary functions to some
special forms. But we find it is difficult to obtain the
general symmetry groups of the cKP equation by solv-
ing the corresponding characteristic line equations. So
we turn to the symmetry group direct method devel-
oped by Lou et al and obtain the general symmetry
groups of the cKP equation by solving the determining
equations, a huge number of nonlinear PDEs. From
the general symmetry groups, the Lie symmetry group
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can be recovered and a group of discrete transforma-

tions can be obtained simultaneously. If we obtain a

solution of the cKP equation by other methods, we

can derive a type of new solution from the general

symmetry group transformation, and lastly we give

an example for that.
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