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We use the Monte Carlo method to study an antiferromagnetical Ising spin system on a centred honeycomb lattice,

which is composed of two kinds of 1/2 spin particles A and B. There exist two different bond energies JA−A and JA−B

in this lattice. Our study is focused on how the ratio of JA−B to JA−A influences the critical behaviour of this system

by analysing the physical quantities, such as the energy, the order parameter, the specific heat, susceptibility, etc each

as a function of temperature for a given ratio of JA−B to JA−A. Using these results together with the finite-size scaling

method, we obtain a phase diagram for the ratio JA−B / JA−A. This work is helpful for studying the phase transition

problem of crystals composed of compounds.
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1. Introduction

The Ising model on two dimensional lattices has

been interesting for a long time due to its concise

and significant role in studying various systems in

physics.[1−13] However, studies of this model have

been mainly focused on the lattice with unitary ex-

change energies between near neighbour particles. In

fact, there should be several different exchange ener-

gies on the crystal lattices built by compounds.[14−17]

The difference in exchange energy may have an influ-

ence on the critical behaviour of the system. Study

on this topic should be meaningful for obtaining more

information about phase transitions in crystals com-

posed of compounds. In the present paper we study

an antiferromagnetical Ising spin system on a two-

dimensional centred honeycomb lattice,[15] which is

composed of two kinds of Ising spin particles A and

B, and there exist two kinds of bonds, A–A and A–B,

with bond energies JA−A and JA−B respectively. The

A–A bonds construct the honeycomb lattice and the

A–B bonds construct the diamond lattice as shown in

Fig.1. In general, JA−A is not equal to JA−B. The ra-

tio JA−B/JA−A may have an influence on the physical

property of the system.

Fig.1. Centred Honeycomb Lattice, where A and B de-

note two kinds of parcels and (1), (2) and (3) represent

the three sublattices with solid line and dashed line rep-

resenting the A–A bond and A–B bond respectively.

Some studies have been done for spin models on

this lattice. Zhang et al
[16] studied the phase tran-

sition problem of the xy model on this lattice by
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using the mean-field theory. Diep et al
[17] studied

the anisotropic Ising model by using an exact solu-

tion method for this lattice, in which reentrance and

partial disorder problems were discussed. Using the

Monte Carlo method, we investigate the influence of

the ratio JA−B/JA−A, which varies in a large range, on

the critical behaviour of the antiferromagnetical Ising

spin system of this lattice. For this purpose we exam-

ine the pattern where the physical quantities such as

energy, order parameter, specific heat, etc change with

temperature for various values of JA−B/JA−A of the

system for several different sizes, and use the finite-

size scaling method[18] to obtain information in the

case of the thermodynamic limit. The remainder of

the present paper is organized as follows. We present

the system in Section 2. We study the cases where

JA−B < JA−A in Section 3 and JA−B > JA−A in Sec-

tion 4. In Section 5, we present phase diagrams for

JA−B/JA−A and summarize this study.

2. System

The Hamiltonian of the antiferromagnetical Ising

spin system on a two-dimensional centred honeycomb

lattice is written as

H = JA−A

∑

i,j∈A−A

σiσj + JA−B

∑

i,j∈A−B

σiσj ,

where σi = ±1 is an Ising spin of particles A or B oc-

cupying the lattice site i. JA−A is the exchange energy

between near neighbour A–A particles, JA−B is the ex-

change energy between near neighbour A–B particles.

We separate this lattice into three sublattices, (1), (2)

and (3) as shown in Fig.1. For the antiferromagnetical

case, JA−A ≥ 0, and JA−B ≥ 0. Let r = JA−B/JA−A.

When JA−A = JA−B, namely r = 1, this system is

an antiferromagnetical Ising model on a normal tri-

angular lattice with uniform near neighbour bonds,

for which there exists very severe frustration.[19] So

there is no phase transition at finite temperatures.

When JA−B = 0, that is r = 0, the energy of the

system is fully determined by the honeycomb lattice

constructed by A–A bonds. There are two long range

ordered ground states for this honeycomb lattice. So

there exists phase transition at finite temperatures in

this system. Baxter[20] obtained the transition tem-

perature T/ |JA−A| = 1.52 by using an exact solution

method while we obtained the same result by using

the Monte Carlo method. When JA−A = 0, which

means r → ∞, the energy of the system is fully de-

termined by the A–B bonds that are composed of a

diamond lattice as shown in Fig.2.

Fig.2. Arrangement of spin and interacting bonds on the

lattice, where JA−A = 0, and signs ‘+’ and ‘–’ denote ‘up’

spin state and ‘down’ spin state, respectively.

In that lattice, there are six nearest neighbour

bonds for sublattice (1), and there are three nearest

neighbour bonds for sublattices (2) and (3). For the

antiferromagnetical Ising model there is no frustra-

tion on this lattice. The ground state is long range

ordered. The degenerate degree of this ground state

is 2. The average ground state energy for one lattice

site is −2JA−B. Figure 2 shows one of the ground

states we obtained by using the Monte Carlo method.

The sign ‘+’ denotes the ‘up’ spin state and the sign

‘–’ denotes the ‘down’ spin state. There exists a finite

phase transition temperature for this system, which

is T/ |JA−B| = 2.3 obtained by our Monte Carlo sim-

ulation. When neither JA−A nor JA−B equals zero,

there still exists a phase transition in general for

this system, and the critical behaviour changes with

r = JA−B/JA−A. We examine the critical behaviour

of the system for r varying from 0.1 to 0.99 and then

from 1.01 to 90 by using the Monte Carlo method,

with keeping JA−A + 2JA−B = 3. Then by analysing

the information obtained and using the finite-size scal-

ing method we achieve the pattern where the critical

behaviour of this system changes with r. In the Monte

Carlo simulation the total number of lattices, N = L2,

where L ranges from 42 to 168 with periodic boundary

condition. We assume the system to reach equilibrium

after 105 Monte Carlo sweeps at each temperature,

and then we obtain an average value. The number

of Monte Carlo steps used for averaging varies from

8 × 104 to 4 × 105.
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3. Critical behaviour for r < 1

From r = JA−B/JA−A and JA−A + 2JA−B = 3,

one can obtain JA−A = 3/(2r + 1) and JA−B =

3r/(2r + 1). When 0 < r < 1, the spin arrange-

ment of the ground state for this system is shown

in Fig.3. The spins on sublattices (2) and (3)

Fig.3. One kind of ground state when r = 0.6, where

spins are randomly arranged on sublattice (1) and long

range ordered on sublattices (2) and (3), and solid lines

and dashed lines denote the A–A bond and A–B bond

respectively.

are ordered, while those on sublattice (1) are ran-

domly arranged; thus the system is partially disor-

dered. We denote this ground state by AFP. When

the temperature T → 0, |m1| = 0, |m2| = 1, and

|m3| = 1, where mα (α = 1, 2, 3) are average sin-

gle lattice site magnetizations for sublattices (1), (2)

and (3) respectively. We choose the order parameter

as m =
1

2
(|m1| + |m2| + |m3|). At low temperatures

m = 1, and for high temperatures m → 0 apart from

finite-size effects. Our calculation shows that there

is a critical temperature for both the energy and the

order parameter when 0 ≤ r ≤ 0.90, where the sys-

tem undergoes a phase transition; and there exists a

peak of the specific heat of the system near this criti-

cal temperature. Figures 4 and 5 show the energy and

the order parameter each as a function of temperature

respectively, for r = 0, 0.1, 0.2, . . . , 0.9 and 1. The

triangles and the crosses denote the curves for r = 0

and r = 1 respectively. Between the two curves the

critical temperature decreases as r increases. Figure 6

shows the curves for specific heat versus temperature

for r = 0, 0.1, 0.2, 0.9 and 1.

Fig.4. Temperature dependences of energy for r=0, 0.1,

0.2 . . . , 0.9, 1, where curves are arranged upwards as r

increases and triangles and the crosses are for r = 0 and

r = 1 respectively.

Fig.5. Temperature dependences of order parameter for

r = 0, 0.1, 0.2, . . . , 0.9, 1, where curves are arranged from

right to left as r increases and triangles and crosses are for

r = 0 and r = 1 respectively.

Fig.6. Fig.6. Temperature dependences of specific heat

for r = 0, 0.1, 0.2, . . . , 0.9, 1, where curves are arranged

from right to left as increases and triangles and crosses are

for r = 0 and r = 1 respectively.

We can find that the peaks of the curves shift

evenly toward low temperatures as r increases. Using



No. 5 Monte Carlo study of the antiferromagnetical Ising model on a centred honeycomb lattice 2051

the finite-size scaling method, such as the histogram

method, the analysing of the Binder cumulant of en-

ergy, etc, which we used in Ref.[21], we find that there

are no two peaks appearing in the histograms of the

energy and the order parameter, and there is a cross-

ing point of the Binder cumulants versus temperature

for different sizes of the lattice for each r. So, the

transition is continuous. The phase transition temper-

ature is at the crossing point of the Binder cumulants

of different sizes for each r. (We will show these tran-

sition temperatures in Section 5.) When 0.9 < r < 1,

the curves such as energy–T , m − T and cv − T are

distorted apparently. Figures 7 and 8 show the order

parameter and the specific heat each as a function of

temperature when r = 0.94, respectively. The order

parameter of ground state for this case is still 1 and of

the AFP type. We can see two small peaks to appear

on the specific curve.

Fig.7. Order parameter versus temperature when r = 0.94.

Fig.8. Curves for specific heat versus temperature, where

solid dots are for r = 0.94 and crosses are for r = 1.

The results obtained by using the finite-scaling

method show that no phase transition point is found,

which means that the system will go to the ground

state in multisteps when cooling down. In Figs.4–8

the value of L is 42, i.e. L = 42.

4. Critical behaviour for r > 1

When JA−A 6= 0 and JA−B > JA−A, that is,

r > 1, the arrangements of the spins on sublattices (1),

(2) and (3) for the ground state are still the same as

those shown in Fig.2. We denote this ground state by

AF. When T → 0, |m1| = |m2| = |m3| = 1. We choose

the order parameter as m =
1

3
(|m1| + |m2| + |m3|),

then when T → 0, m = 1 and m → 0 for high tem-

peratures. We calculate energies, order parameters,

specific heats, etc each as a function of temperature

for r = 1.01, 1.03, 1.05, 1.07 and r = 1.1, 1.2, . . . , 1.9

together with r = 2, 3, . . . , 90 by using the Monte

Carlo method. The results show that when r ≥ 1.1,

the system undergoes phase transition at finite tem-

peratures, and the phase transition temperature in-

creases with r, but it increases more and more slowly.

When r > 10, it increases with r very slowly. Figures

9 and 10 show the energy and the order parameter

each as a function of temperature respectively, with

r = 1, 2, 3, . . . , 10. The triangles and the crosses

denote the curves for JA−A = 0 (r → ∞) and r = 1

respectively. Between the two curves the critical tem-

perature increases as r increases. Figure 11 indicates

the specific heats each as a function of temperature.

Using the finite-size scaling method, we obtain the

same result as those in Section 3. So the phase transi-

tion is also continuous, and the critical temperatures

we obtained for different values of r are shown below

Fig.9. Temperature dependences of energy for r = 1,

2, 3, . . . , 10 and JA−A = 0, where curves are arranged

downwards as r increases and triangles and crosses are for

JA−A = 0 (r → ∞) and r = 1 respectively.
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Fig.10. Temperature dependences of order parameter for

r = 1, 2, 3, . . . , 10 with JA−A = 0, where curves are ar-

ranged from left to right as r increases and triangles and

crosses are for JA−A = 0 (r → ∞) and r = 1 respectively.

Fig.11. Temperature dependences of specific heat for

r = 1, 2, 3, . . . , 10 and JA−A = 0, where curves are

arranged from left to right as r increases and dotted line

and dash dotted lines are for JA−A = 0 (r → ∞) and

r = 1 respectively.

Fig.12. Specific heats versus temperature when r is very

close to 1, where dash dotted, solid and dotted lines are

for r = 1, 1.05 and 1.07 respectively.

in Fig.14 of Section 5. When r < 1.1, the curves are

distorted by the frustration effect. The cv − T curve

is very close to that in the case of r = 1 in a low tem-

perature area, and two peaks appear on the cv − T

curves, which do not change apparently as the size of

the lattice increases. Figure 12 shows the cv−T curves

when r = 1 (dash dotted line), 1.05 (solid line) and

1.07 (doted line) respectively. In Figs.9–12, the value

of L is 42, i.e. L = 42.

5. Summary

We have studied the phase transition of an antifer-

romegnetical Ising spin system on a two-dimensional

centred honeycomb lattice with two different values

of exchange energies JA−A and JA−B by using the

Monte Carlo method. Our study is focused on the

effect of r = JA−B/JA−A on the critical behaviour of

the system. The patterns where the quantities such

as energy, order parameter and specific heat change

each are a function of temperature for different values

of r in large ranges are obtained. Using the finite-

size scaling method, we find that there are no two

peaks appearing in the histograms for the energy and

the order parameter and there is a crossing point of

Binder cumulants of the order parameter each as a

function of T for different sizes, i.e. 0 ≤ r ≤ 0.9 and

r ≥ 1.1. Figure 13 is for r = 0.5 case, as an example,

from which it follows that the transition is continuous

and the critical temperature Tc = 2.02 ± 0.02. Using

this method we obtain the phase diagram as shown

in Fig.14. The errors come from the determination of

the crossing points. We find from the phase diagram

that there is no typical phase transition in the dash

line area. In this area, the system will lose its crystal

property, and the cooling process to the ground state

will become multistep and gradual.

Fig.13. Binder cumulants each as a function of T for size

L = 42, 63, 84, and 126 in the case r = 0.5, where curves

cross at Tc = 2.02.
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Fig.14. The phase diagram T −r, where no typical phase

transition occurs in the dashed line area.

For the system under study, the average energy of

the ground state of one lattice site, E0, changes with

r. The relationship is as follows: when r ≤ 1, E0 =

−3/(2r + 1); when r > 1, E0 = −3(2r − 1)/(2r + 1)

as shown in Fig.15. Using this relationship we can ob-

tain the T/E0 − r phase diagram as shown in Fig.16.

The results we obtained will be helpful for studying

the phase transition problems of systems composed of

compounds.

Fig.15. Average ground state energy of one lattice site versus r.

Fig.16. Phase diagram T/ |E0|−r, where no typical phase

transition occurs in the dashed line area.
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