Vol 18 No 5, May 2009
1674-1056,/2009/18(05) /2024-06

Chinese Physics B

© 2009 Chin. Phys. Soc.
and IOP Publishing Ltd

Thermal effect and energy-level transition

rule for a mesoscopic LC circuit with
inductance—capacitance coupling®

Su Jie(# 7%), Wang Ji-Suo( E4k4H)T,
Liang Bao-Long(2E ), and Zhang Xiao-Yan(5KHeH#E)

School of Physics Science and Information Engineering, Liaocheng University, Shandong 252059, China

(Received 28 August 2008; revised manuscript received 18 November 2008)

This paper reports that the mesoscopic inductance and capacitance coupling LC circuit is quantized by means of

the canonical quantization method. Using the ‘invariant eigen-operator’ method, it deduces the energy-level transition

rule when the system is disturbed by an external electromagnetic field. At the same time, the quantum fluctuations for

the system at finite temperature are examined by virtue of the generalized Hellmann—Feynman theorem.
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1. Introduction

With the dramatic development of nanometer
techniques and microelectronics, research work on
mesoscopic physics has attracted more and more at-
tention. Louisell is the pioneer who quantized the sin-
gle LC circuit by denoting the charge as the general-
ized coordinate and the electric current as the gener-
alized momentum.[!l From then on, the quantum ef-
fects of mesoscopic circuit were investigated widely
by more and more physicists and distinct progress

[2—10]

has been made, due to its potential application

in electronics and optoelectronic devices. For it is
inevitable that practical mesoscopic circuits are dis-
turbed by outside circumstance, e.g., radiated by the
external electromagnetic field, transitions between dif-
ferent energy-levels of the system can occur. Thus,
the energy-level transition rule!] of the circuit system
should be considered so as to obtain energy-level in-
formation. On the other hand, owing to the existence
of dissipation and finite environmental temperature,
it is necessary to consider the temperature influence

on quantum effects of the mesoscopic circuit.['2—16]

In this paper, we shall investigate the meso-
scopic inductance and capacitance coupling LC cir-
cuit from the following two respects: the energy-level
transition rule by the ‘invariant eigen-operator’ (IEO)

method,'” and quantum fluctuations at finite tem-
perature by the generalized Hellmann—Feynman theo-
rem (HFT).['8] The procedures are as follows: Firstly,
we introduce the IEO method and the generalized
HFT. Secondly, we give the diagonalized Hamilto-
nian operator of this system. Thirdly, we discuss
the energy-level transition rule with the IEO method
when the system is affected by the external environ-
ment. Finally, we investigate the quantum fluctua-
tions of the system at finite temperature by virtue of

the generalized HFT.

2. The TEO method and the gen-
eralized HFT

For convenience of context, we introduce the IEO
method'” and the generalized HFT['8! respectively in
this section.

2.1. The TEO method!”

In the Heisenberg picture, the time evolution of
operator O satisfies the equation of motion

d

which plays the same important role in quantum me-
chanics as the Schrodinger equation. However, it can
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hardly be directly employed to derive the energy-level
formulas, since Eq.(1) has no direct relation with the
wave functions or eigenvectors. If the operator Oe
(the subscript e means ‘eigen’) satisfies the following
eigenvector-like equation:

d\? . R
ih— e — e ) 2
(1 dt) O O A>0 (2)

the operator O, is ‘invariant’ under the action of

a2
(iha) . Using Eq.(1) we obtain

(ih%)QOe = [[0e, 1], H] = AO.. (3)

From Eq.(3) we can judge that v/X is one of the en-
d .
ergy eigenvalues. Because we have known ih& — H,

a\’ .
<1ha) — H2, Eq.(3) can be viewed as a par-

allel equation with the energy eigenvector equation
ﬂ2w = E?1. Thus, once the operator O, is found,
some information about energy eigenvalues can be ob-
tained.

2.2. The generalized HFT!'®l

Suppose that the Hamiltonian of a parameterized
system is 7:[(/\), which possesses a series of normalized

AE(\)

_ lz efﬁE"(A)En(/\)

eigenstates 1, (\) with eigenvalues E,,()),

Clearly, both 1, (\) and E,(\) are A-dependent. Us-
ing the HFT, we have

oE,
OA

= (Wl S ). o)

When v,,()) is not a pure state, we have to deal with
the problem with density operator instead. Let p be
the density operator of the state,

p=>e ) (Wl (6)

where 3 = (KT)7!, k is the Boltzmann constant and
T represents temperature. In this case the ensemble

(here the subscript e denotes
e

average energy <7:((/\)>

ensemble average) is

(o), - g

I
[es]l
Sk

where Z(\) = Trp. Differentiating Eq.(7) with respect
to the parameter A, we obtain

5.0 OB ()
semomon )

n n

= ﬁ {Zﬂ:e‘ﬁEm[—ﬁEﬂ(A) +BEN) + 1]} : 8)
Then substituting Eq.(5) into Eq.(8) we obtain
O(HM)  am( f 0N
= e = <[1+6E(A)—6H<A>] o > 9)
This, namely, is the generalized HFT.['8) When () is independent of 3, Eq.(9) can be rewritten as
T = wesmon (T2) <o |- () (752 o0
) IH(N)
ey
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3. The quantization of the meso-
scopic inductance and capaci-

tance coupling LC circuit

The mesoscopic inductance and capacitance cou-
pling LC circuit is shown in Fig.1, which consists
of three inductors and three capacitors, where L;
(j = 1,2) is the self-inductance coefficient of the jth
inductor, C; the capacitance of the jth capacitor. C,
L are the coupling capacitance and the coupling in-
ductance respectively. Provided that the circuit is ex-
cited by an instant impulse source, we define charge
g; of the jth (j = 1,
coordinate, the potential energy of the system is

2) subcircuit as the generalized

lgf 143 (1 — q2)?
=_-21 4 -1 A YA 11
vV 2CI+ + (11)

1
20, 2 C.

and, correspondingly, the generalized kinetic energy is

1
T =-L1g; +

1_ . 1. ) ..
5 EquS + §L((J1 —@2)* + Mdiga, (12)

where M = K+/L1L2(0 < K < 1) is the mutual in-

ductance coefficient between L; and L. Then the
classical Lagrangian of the system is

g GG

= (Lj +L)q <q?

RS { + ;¢ G

+(M = L)j12 + qlch (13)
C
L2 % Ll
- c. CL ==
L

Fig.1. The mesoscopic inductance and capacitance
coupling LC circuit.

From Eq.(13), the generalized momenta conjugated to
q1 and g2 can be deduced respectively,

0 ) .
PL= 5= (L1 + L)g1 + (M — L)go,
q1

b= 5o = (La+ D+ O - Dds. (19

So, we obtain the classical Hamiltonian of the system

2
H = ijdj - L

2
— L 2 Ci+Ce 4
_22_:[ @, +0" oo Y
. (M — L)pip2 4192
V(I +L)(La+ L) Cc’

where v = [(L1+L)(La+L)— (M —L)?|/[(L1+L)(L2+
L)]. According to the standard canonical quantization

(15)

principle, a pair of canonical conjugate quantities g;
and p; corresponds to a couple of Hermitian opera-
tors ¢; and p;, which satisfy the commutation relation
[(jjvﬁj]
of the system is

N L,
H:§Z[(L+L) *

Jj=1

= ih. Consequently, the Hamiltonian operator

Cj + C. 2
c,C.

(M -L)pp2 1@
Y(L1+ L)L+ L) Cc

(16)

In order to diagonalize the Hamiltonian operator 7:(,

we introduce a unitary operator[lg]

R o0 A B
UZ// dgi1dgo n >< n ,
—o0 cD q2 g2
(17)

where A, B, C and D are real and satisfy the relation

AD - BC =1, o > = |¢1) |g2) is the two mode
q2
coordinate eigenstate. In Fock space, |g;) is expressed
as
N (M) ) 1/4
a7 = (252

mjwj o

X exp (— T

2mjw; g 0

(18)
Here we have assigned
BT o B\ o
A= (—) cos—, B= (—) sin —,
« 2 «@ 2
; ;
C = <%> sin%, D= <%) cos§,
tan = 2(M — L)y/aB[(L1 + L)§ — (L2 + L)a] ',
(19)
_L1+L C1+ C. _L2+L
Wherea—M_L c andﬁ—M_L
C2+Cc

o By means of the following transformation
2
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relations:[*9]
U'qU = Agy + Bée,
U™'qU = Cq1 + D,
Uy U = — Cpo,
U~'pU = —Bpy + Aps, (20)
we have
H = U"HU
[P I o 1 9.0 1 252
= 2—mlp1 + 2—7n2p2 + 5Mwids + 5 M2w2 s, (21)
where
1 1 9 9
— = ~[(Li + L)B* + (L2 + L)D
mia ")/
+2(M — L)BD],
1 1
— = — (L1 + L)A? + (Ly + L)C?
ma Y
+2(M — L)AO]
1 Cy + C. Cy + C, 2
2 = = C0? - ZAC
“1 mi |: 010 CQCC Cc
1 [Cy+C C1+C 2
2 2 c 2 1 c
= —|——B = “°p?_ =BD
w2 mao |: OQOC + Clcc CC :|
(22)

Introducing the bosonic creation and annihilation op-

erators d} and a;

At m;wsj . i .
T\ 2 {% " mjwjpj} ’
R mjwj R i R
=/ - : 23
a; oh |:QJ mjwij:| ) ( )

where, based on the commutation relation [§;,p;] =

ih, we find that the annihilation operator a; and

creation operator d} satisfy [dj,dg] = 0j1, (65,4 =
[al,a]] = 0, (j,1 = 1,2). Substituting Eq.(23) into

Eq.(21) we have

1 1
H hwl (a a1+2>+hw2 <a2a2+2)
= H) + H. (24)

It is obvious that, after the unitary transformation,
the quantized mesoscopic system can be considered as
two independent quantum mechanical harmonic os-
cillators. m; and w; are respectively the generalized
mass and oscillating frequency of the jth oscillator.
Therefore, the complicated system is equivalent to a
two mode non-coupling radiation field.

4. The

rule

energy-level transition

For a dynamical system, generally, it will remain
in a certain stationary state so long as it is not dis-
turbed by outside factors. The transitions between
two states are restricted by the matrix element of the
total electric displacement D in the Heisenberg picture
for the system. Only when the matrix element refer-
ring to these two states is non-vanishing, the transi-
tions are likely to occur. As is explained by Dirac,'!]
for a series of energy eigenstates |£) of a dynamical
system, there exists a relationship about the matrix
elements of D,

>R

(€1DIE") gr(€") =0
or

IDlé”Zfr g-(¢") =0, (25)

where f,, g, are functions of the £ only. Equation (25)
shows that the relation » . f,(£')g-(¢”) = 0 must exist
in order that (¢/| D |€”) may not vanish. Consequently,
one can obtain the selection rules of energy-level tran-
sitions which connect with the component of D.

Because it is difficult to construct an electric dis-
placement vector operator of the coupling system, in-
spired by such a property that unitary transformation
can not alter the eigenvalues of the operator, we will
fulfill the work by employing the Hamiltonian opera-
tor after the unitary transformation.

From [a;,4]] = &;1, [aj,a) = [al,a]] = 0 (j,1 =
1,2), we have
[djv,’:(/] = [djv,’:(;'] = hwjd )
[al, 7] = [a}, ] = hw;al (26)

which imply that the IEOs of the system are
Ocj = aj, Ol =adl. (28)

J

Suppose |b) and |c) are two arbitrary eigenstates of the
operator H’ with eigenvalues Ej, and E,, from Eq.(27)

we have

{(Eb E.)?
{(Eb B - h%ﬂ (clal by =0. (29

— 123 (el a; ) =0,
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The electric displacement vector operator??) can be
constructed as

D; = ¢;E;

' o 1/2
AT
J

X [djuj (rj)e u; (rj)e e“it| | (30)

7iwjt_d1‘_ »f(
J

where u; (r;) is the vector mode functions which cor-
respond to the frequency wj, and ¢; is the dielectric
constant. Thus, using Eqs.(29) and (30), we deduce

[(Eb E.)?

Just as Eqgs.(25) and (31) reveal that (c|D; |b) = 0
unless (Ey — E.)? — h2w 2 =0, ie,
transitions only possibly ex1st in the two states whose

— h*w?| (c| Dj |b) = 0. (31)

the energy-level

energy-level difference satisfies the selection rules

Ey — E. = £hw. (32)
As mentioned above, the eigenvalues of the system
cannot change along with a unitary transformation,
as a result Eq.(32) also gives the selection rules be-
tween |¢1) = U [b) and [ts)
nal coupling circuit system. If the transition happens,

= Ule) for the origi-

the system should absorb or emit a phonon with a
finite frequency, which equals w; or we. In a word,
the energy-level transition rules can be obtained indi-
rectly when the system is interfered with by outside

circumstance.

5. The thermal effect of the sys-

tem

From the Eq.(7), we can know that the diagonal-
ization of the Hamiltonian operator does not alter the
ensemble average energy. So we have

(30, = (), = (), () 9

For a single quantum harmonic oscillator, the ensem-

ble average energy had been known as!*®l

Substituting Eq.(34) into Eq.(33), we obtain
<7:l>0 =E= %ceth ﬁh;l + % oth fhws

Because H has nothing to do with 3, using the

(1=12). (39

. (35)

Eq.(10), we obtain the integral form of the general-

ized HFT,
OH 9 -
5<m> :/dﬁﬁE' (36)

Substituting Eqgs.(16) and (35) into Eq.(36) we obtain

6<§f> -6(3it) - [wgE @D

where we have assigned Ay = 1/[y(L; + L)]. Then it
follows,

2 9
2y = d8E
(= 5o, | 408
mlhwng
2

\ e

hw hw
22 o2 cothﬁ2 2. (38)

because of (¢;), = (pj), = 0 (j = 1,2), the fluctua-

tions of pq is

\ e

p e (39)

Similarly, when we assign Ao = 1/[v(Lay + L)], A3 =
(C1 + C.)/(C1CL), and Ay = (Co + C.)/(C2C), the
quantum fluctuations of the system are as follows:

mlhwl

((8p2)?), = TB2 coth

Bhwy
2

+ szhwz A? coth

h Bhwr

2m1w1

Bhwa
2 o)

A? coth

B?co

Bhws

41
2m2w2 2 ’ ( )
h C? coth phen

2m1w1

D? coth

phws (42)
2m2w2 2
Note that coth(Shw,/2) is a monotone increasing func-
tion which is always greater than 1 when 7' > 0. If the
temperature is very low, coth(8hw,;/2) — 1, the fluc-
tuations contain the Planck constant A visibly, and
the quantum noise plays a major role; in contrast,
coth(Bhw;/2) — 2/(Bhw,), the Planck constant van-
ishes, the classical noise becomes dominant. On the
other hand, from Eqgs.(39)—(42) we can see that, be-
sides the parameters of the circuit components, the
fluctuations also depend on the environmental tem-
perature, and this increases with the increase of tem-
perature. Therefore, taking the temperature into con-
sideration may be helpful to the design of low noise

mesoscopic circuits.
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6. Conclusion

In summary, for the mesoscopic inductance and
capacitance coupling LC circuit, we obtain the quan-
tized Hamiltonian by introducing a unitary operator.
The energy-level transition rule of the system is de-
duced by the IEO method, and it is found that the
transitions can only possibly exist in the two states
whose energy-level difference satisfies the restrictive

relations Fy — E. = +hw; (j = 1,2). In addition, by
virtue of the generalized HFT, the thermal effects of
the circuit are investigated. It is found that both the
circuit cell parameters and the environmental temper-
ature should be taken into account in designing prac-
tical circuits. The above conclusions will be construc-
tive to enrich the theoretical research on mesoscopic

circuits.
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