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This paper proposes a symmetry ensemble model for the magnetic dynamics caused by spin transfer torque in

nanoscale pseudo-spin-valves, in which individual spin moments in the free layer are considered as subsystems to form

a spinor ensemble. The magnetization dynamics equation of the ensemble was developed. By analytically investigating

the equation, many magnetization dynamics properties excited by polarized current reported in experiments, such as

double spin wave modes and the abrupt frequency jump, can be successfully explained. It is pointed out that an external

field is not necessary for spin wave emitting (SWE) and a novel perpendicular configuration structure can provide much

higher SWE efficiency in zero magnetic field.
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1. Introduction

The spin wave emitting (SWE) effect,[1−4] caused

by spin polarized current passing through a nanoscale

magnetic multilayer structure, has been the cause

of much effort devoted to the current induced mag-

netic switching (CIMS) effect[5−10] recently, because

it can be applied in new devices, for example, mi-

crowave sources. The spin transfer torque (STT) in

the nanoscale magnetic multilayer excites the spin dy-

namics and generates a stable radio frequency sig-

nal arising from differential resistance of the magnetic

multilayer that could not be achieved with a magnetic

field alone.[11,12] In typical pseudo-spin-valve (PSV)

structures where the free layer and the fixed layer are

initially collinearly magnetized, the steady precession

requires a large external magnetic field and the emit-

ting microwave power is small, which is not suitable

for practical applications. Experimentally, it has re-

cently been shown that a pillar-shaped PSV with the

magnetization of the fixed layer being pinned perpen-

dicularly to the easy axis of the free layer shows much

higher SWE efficiency in zero external field.[13]

In the present paper, we develop a symmetry en-

semble model based on quantum thoughts to investi-

gate the magnetization dynamics properties of STT

devices, which provides a method different from ex-

isting macroscopic models. Most of the macrospin[1,4]

models and all of the micromagnetic models[2,3] for

SWE rely on numerical simulation currently, whereas

we focus on analytic solutions, which allow us to un-

derstand the underlying physical mechanism and find

out the influence of various parameters on device per-

formance. The model can successfully describe many

magnetization dynamics properties excited by polar-

ized current, such as the dependence of the excitation

frequency on current, double spin wave modes and the

abrupt frequency jump. Particularly, the low emitting

efficiency and the dependence on high external field in

collinear PSV were explained. The noncollinear con-

figuration generates nonzero transverse spin accumu-

lation which is necessary to SWE. We predicted that

the optimal SWE efficiency would be achieved in zero
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external field by adopting the perpendicular magneti-

zation configuration of the fixed and free layer.

2. Model description

We consider a PSV structure consisting of a fixed

magnetic (thick) layer, a nonmagnetic spacer layer and

a free magnetic (thin) layer. The y − z plane is the

easy plane for magnetization and the z axis is the easy

axis in the free layer. The current is reckoned positive

when electrons flow from the free layer to the fixed

layer (from +x to −x).

In our model, we considered the individual spin

moments in the free layer as subsystems to form a

quantum system or a spinor ensemble. The magne-

tization components of the subsystems are certain in

the longitudinal direction (easy axis); however, they

are random in the transverse plane (perpendicular to

easy axis). For simplicity, let each subsystem in pre-

cession has the spin moment µB (Bohr magnetron)

with equal cone angle θ, but different azimuth angle

ϕ. The magnetization of the system is denoted by

m. The modulus square m2
s (= m2

x + m2
y + m2

z) of

the spinor ensemble is assumed to be constant. Ini-

tially, for the system including thousands of such sub-

systems, the transverse magnetization components of

the subsystems can be assumed to symmetrically dis-

tribute in the space and their mean value is zero, i.e.,

the transverse magnetization component of the system

is zero, which is the reason why the theory was called

the symmetry ensemble model. When a spin polarized

current passes through the free layer and the magne-

tization directions between the fixed and free layers

are noncollinear, the symmetry may be broken and

the transverse magnetization component of the sys-

tem is not zero any more. The oscillation of transverse

component will result in a change of the longitudinal

component and produces CIMS or SWE.

Although the free layer is considered as a sin-

gle homogeneous magnet in our model, its magnetiza-

tion is not regarded as a single vector which can take

arbitrary direction in space. However, according to

macrospin models, the magnetization of the free layer

is a classical vector with direction and magnitude.

This is the most important difference between sym-

metry ensemble model and macrospin models.[1,4,7,8]

The magnetic dynamic equation of the ensem-

ble can be obtained by summation of the modified

Landau–Lifshitz–Gilbert (LLG) equations of all the

subsystems.

V
dm

dt
=

d

dt

∑

i
mi

= −
∑

i

[

γmi × Heff − αmi ×
dmi

dt

]

+ Γ I,

Heff =Happ + Han + Hd

=Happ + βmz ẑ − 4πmxx̂, (1)

where Heff , Happ, Han and Hd are the effective field,

external magnetic field along ẑ direction, anisotropy

field in which β represents its intensity, and demagne-

tization field, respectively, α and γ are the Gilbert

damping constant and gyromagnetic ratio, respec-

tively, mi represents a spin moment with index i and

Σ i involves all of the spins in the free layer.

The second term on the left of Eq.(1) is the STT

caused by spin accumulation in the free layer, which is

the difference between the spin currents flowing into

and out of the free layer. Therefore, the STT can be

expressed as,

Γ I = −
γ~

2V
∆ηIM̂ , (2)

where M̂ is the unit vector of fixed layer magnetiza-

tion, I is the electric current and ∆η is the difference

between spin current polarizations at the injection

and extraction interfaces of the free layer. According

to the spin transport equations for the two-current

model[14] and the continuous conditions of spin cur-

rents and the difference of the chemical potentials for

the spin majority and minority at the two interfaces,

the spin current polarization at the injection interface

approximately equals (η1 + η2)/2, while at the extrac-

tion interface it equals η2/2, where η1 and η2 are the

spin polarization factors of the fixed layer and free

layer, respectively.[15] Thus, ∆η approximately equals

to η1/2. Fortunately, ∆η is nearly independent of the

free layer’s magnetization, which significantly simpli-

fies the treatment for the problem.

The SWE and CIMS effects are both caused by

STT in similar magnetic configurations, so it is natu-

rally necessary to figure out the relation between SWE

and CIMS. The angle between M̂ and ẑ denoted by

θ0, satisfies cos θ0 = M̂ · ẑ. For simplicity, we suppose

that the transverse component of the STT is within

the film plane and along y direction. Therefore, it can

be decomposed into two orthogonal components:
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Γ⊥ =
γ~η1

4V
I sin θ0ŷ,

Γ|| =
γ~η1

4V
I cos θ0ẑ. (3)

These two orthogonal components play different roles.

The longitudinal component acts as a negative damp-

ing counteracting Gilbert damping and results in a

metastable state of the free layer. As the longitu-

dinal damping is overcome, the CIMS effect occurs.

The transverse component generates an oscillation of

transverse magnetization of the free layer. Because

the modulus square m2
s is constant, the magnitude

of the longitudinal magnetization changes with time

synchronously, which leads to the SWE effect. The

details will be described in the next section.

3. Equation of solutions

The first-order approximation of the LLG equa-

tion is

V
dm

dt
= −

∑

i
[γmi × (Heff + HI)

− γαm̂i × (mi × Heff)]

−
γ~η1I

4
M̂ , (4)

where the current induced effective field HI comes

from the damping Γstt related to STT

Γ stt = η1αγ
~I

4V
m̂ × M̂ = −γm × HI, (5)

i.e.

HI = −η1α
~I

4V ms
M̂ . (6)

Compared with the precession term of LLG equation,

we can conveniently take the current induced damping

torque Eq.(5) as a part of contribution to the effec-

tive field because the electric current is a macroscopic

physical quantity and independent of the free layer

magnetization m.

In order to discover the movements of transverse

and longitudinal components, the analytical solution

of Eq.(4) is helpful. The free layer magnetization m is

decomposed into the longitudinal (parallel to ẑ) and

transverse (perpendicular to ẑ) components denoted

by mz and mϕ, respectively. The transverse compo-

nent is defined as mϕ = mx + imy. After summation

over all spins i in Eq.(4), the equation of the longitu-

dinal component is

dmz

dt
=

γα~η1I sin θ0 < mϕ >

4V ms

+ γα (Heff + 2πmz)ms

(

m2
ϕ

m2
s

)

−
γ~η1I cos θ0

4V
, (7)

where < mϕ > is the average of the subsystems’ trans-

verse components with respect to the azimuthal angle

ϕ.

For the initial state without the polarized current,

< mϕ > is zero according to the symmetry ensemble

model. When the transverse spin accumulation breaks

the symmetry of the system, the average transverse

magnetization is not zero any more, but the term with

ϕ can still be neglected since the damping constant is

very small (0.01–0.05). In a steady state, we can es-

timate the critical electric current by setting the time

derivative to be zero.

The dynamic equations of transverse components

are

dmx

dt
= − γHzmy −

γαmzBz

ms
mx,

dmy

dt
=γBzmx −

γαmzHz

ms
my −

γ~η1I sin θ0

4V
,

(8)

where Bz = Hz + 4πmz. The terms involving α in

Eq.(8) could be neglected and the equations were sim-

plified as

dm̃ϕ

dt
= iω0 (m̃ϕ − m0) , ω0 = γ (HzBz)

1/2 , (9)

where ω0 is the precession frequency. The initial con-

ditions

m̃ϕ|t=0 = 0 and dm̃ϕ/dt|t=0 = γ~η1I sin θ0/4V

lead to the solution

m̃ϕ =m0 [1 − exp (iω0t)]

=m0exp (iω0t) sin (ω0t/2) , (10)

where m0 = γ~η1I sin θ0/4ω0V , m̃ϕ = m̃x + imy and

m̃x = (Bz/Heff)
1/2

mx. To recover mϕ, the transverse

component solution is rewritten as

mϕ =mx + imy

=m0

[(

Hz

Bz

)1/2

(1 − cosϕ) − i sinϕ

]

.

(11)



No. 5 Symmetry ensemble theory of the spin wave emitting effect driven by . . . 2009

4. Results and discussions

4.1. Precession trajectory

Under normal temperature, the trajectory of the

system is an ellipse tangent to y-axis and the preces-

sion axis (in the x − z plane) tilts to x-axis when the

current passes through the structure in which the mag-

netizations of the free and fixed layers are noncollinear

(see Fig.1(a)). In general, the precession trajectories

projected onto the x − y plane are ellipses as shown

in Fig.1(b). mϕ has a circle trajectory if Hz = Bz ,

corresponding to very big applied field. Furthermore,

the mean value of mϕ is m0(Hz/Bz)
1/2 along x axis,

which should generate a precession torque that tenta-

tively balances the transverse STT caused by the spin

current.

Fig.1. (a) The precession trajectory with precession axis (dashed arrow line) tilting to the x-axis. (b)

The precession trajectories projected onto the x − y plane.

The transverse magnetization of the system is

zero when the initial magnetizations of the free and

fixed layer are collinear, i.e., θ0 = 0. This collinear

configuration presents zero transverse spin accumu-

lation and the unsynchronized precession electrons

have symmetrical distribution with respect to the az-

imuthal angle ϕ. Although every subsystem is precess-

ing with frequency ω0, the cone angle of the preces-

sion and the magnetoresistance remain constant, i.e.,

the microwave signal never appears. Therefore, the

SWE appears only when those two requirements, the

noncollinear configuration and the existence of spin

current, are satisfied.

In early experiments, the initial noncollinear an-

gle θ0 is so small that the magnetization oscillation

is rather weak and the SWE effect is not obvious in

low external field. The transverse spin accumulation

reaches the maximum if the magnetization of the free

layer is perpendicular to that of the fixed layer, so this

new perpendicular configuration has optimal SWE ef-

ficiency even without the external field. This has been

experimentally demonstrated recently.[13]

4.2. Precession frequency

The quantitative relation between precession fre-

quency and current is obtained by fitting Hz, Bz and

HI into the frequency formula for the cylindrical mag-

netic body. The frequency formula[16] is

ω2
0 = γ2(Hz + HI + 4πmz)(Hz + HI). (12)

The current induced effective field

HI = −η1α
~I

4V ms
M̂

with the opposite direction of Hz reduces the fre-

quency, but this term could be neglected due to the

very small damping constant. The frequency formula

is reduced to

ω2
0 = γ2 (Happ + βmz + 4πmz) (Happ + βmz) . (13)

The precession frequency mainly depends on the mag-

netic field and monotonously increases with the in-

crease of Happ in small angle precession, and it de-

creases with the increase of electric current in the

large angle precession because the current reduces mz,

which is consistent with experiments.[6]
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4.3.Double spin wave modes

According to experimental reports,[3,11] there are

two coexisting spin wave modes with different fre-

quencies and amplitudes. A frequency jump is

observed[3,11] when the oscillation intensities of the

two modes vary with current and external field. These

phenomena can be illustrated by the extremum anal-

ysis of the magnetization oscillation intensity as fol-

lows. From Eq.(11), the oscillation intensity of the

transverse component is

|mx|
2

+ |my|
2

=m2
0

[

Hz

Bz
(1 − cosϕ)

2
+ sin2 ϕ

]

∝
Hz

Bz
(1 − cosϕ)

2
+ sin2 ϕ.

(14)

By setting the derivative of Eq.(14) to zero, the ex-

trema are determined by sinϕ = 0 and cosϕ =

Hz/(Hz−Bz). The latter equation is useable if Hz/Bz

is assumed to be less than 1/2.

When the current is less than the critical value

and the external field is small, Bz is far larger than

Hz and thus the majority of the contribution to

the transverse oscillation amplitude is from my. If

0 < Hz/Bz < 1/2 is satisfied, the minimum points

are ϕ = 0 or π for sinϕ = 0, while two max-

imum points are around ϕ = π/2 and 3π/2 for

cosϕ = Hz/(Hz − Bz). The magnetoresistance os-

cillation frequency is 2ω0 because mz changes twice

in one precession cycle. This is called the high fre-

quency SWE mode. When Hz/Bz > 1/2, corre-

sponding to very high Happ, the magnetization oscil-

lation intensity has only one minimum point ϕ = 0

and one maximum point ϕ = π. The majority of

the contribution to the transverse oscillation ampli-

tude is from mx and the magnetoresistance oscil-

lation frequency is ω0. This is called the low fre-

quency SWE mode. As shown in Fig.2, the bold

Fig.2. The normalized oscillation intensity (the bold line

is the threshold line).

line is the threshold line that divides the two oscil-

lation modes. The SWE frequency changes and it is

nearly doubled or halved when the threshold line is

crossed. This is called the universal frequency jump

in SWE.[3]

4.4.Comparison with experiment re-

sults

According to Eq.(8), for the metastable state

of the free layer, the dependence of the current

on Mz or cone angle θ could be expressed as

I = 2eα[2h + (2β + 1) cos θ]V sin2 θµ0m
2
s/η1~ in

SI units, here h = Happ/Ms. The critical current

is approximately Ic ∼ 4eα(Hz + 2πmz)V ms/η1~,

which is consistent with published reports.[9] The

precession frequency could be expressed as ω2
0 =

ωγ2µ0m
2
s [h + (β + 1) cos θ](h + β cos θ). The tran-

sition condition of the spin wave mode from high

frequency to low frequency is Bz/µ0Hz < 2 or

h > cos θ/(1 − β). The parameters used in the sim-

ulation are µ0Ms = 0.61T, α = 0.035, β = 0.1,

γ = 1.9 × 1011/T · s, h = 0.5, V = 2 × 10−23 m3,

η1 = 0.3. Figure 3 gives the curves of frequency ver-

sus current and the ratio between spin wave oscillation

amplitudes of high frequency mode and low frequency

mode. The critical switching current is 2.75mA. The

SWE frequency falls with the increase of current I,

and the mode transition point of the amplitudes ap-

pears at It = 2.54mA or cone angle 56◦, thereafter, in-

stead of high frequency mode, the low frequency mode

becomes dominative for SWE. The simulation results

Fig.3. The spin wave frequency versus current I for

high (solid line) and low (dashed line) frequency modes.

The solid circles represent the experimental data extracted

from Ref.[11] with permission. The dash dot line is the

critical current. The dotted line shows the ratio of spin

wave oscillation amplitudes for high frequency mode over

low frequency mode. The dash dot dot line is the transfor-

mation current (It) corresponding to the frequency jump;

the amplitude of high frequency is larger than that of low

frequency if the current is lower than It, and vice versa.
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are consistent with the experimental data extracted

from Ref.[11]. When the current is beyond 5.5mA

(twice of Ic), the SWE disappears in experiments[11]

(Fig.3 did not show), because the current is much

higher than the critical current; the magnetization of

the free layer is reversed and reaches saturation so that

the resistance does not change any more.

5. Conclusions

A symmetry ensemble model was proposed for the

magnetic dynamics in nanoscale magnetic multilayers.

The modified LLG equation was analytically investi-

gated. The model successfully described many mag-

netization dynamics properties excited by STT. The

critical switching current obtained from the model is

consistent with published reports.[9] According to the

model, the SWE frequency is correlative with the mag-

netic field and spin current. The external field tends

to increase the frequency, but the action of the spin

current is rather adverse. Two oscillation modes, one

in the x direction and the other in the y direction, co-

exist and play as the main mode under different condi-

tions. The main mode is the y (x) direction oscillation

with frequency 2ω0 (ω0) if Hz/Bz is less (larger) than

1/2. An abrupt frequency jump will occur near the

threshold 1/2 of Hz/Bz by controlling the current.

The noncollinear configuration generates nonzero

transverse spin accumulation and it is necessary for

SWE. We predicted that the optimal SWE efficiency

can be achieved by adopting the perpendicular mag-

netization configuration of the fixed and free layer.
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