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The spin–orbit interaction of the 5d electron needs to be taken into account to give the proper energy structure

for the 4fN−15d configuration of heavy lanthanide ions occupying a site with ligands forming an octahedron. This

paper derives theoretical results for the energy structure by treating the t2 orbitals as quasi p orbitals and then using

angular-momentum coupling techniques. An analytic expression for the electric dipole absorption line strengths between

4fN multiplets and 4fN−15d states is given in terms of various angular-momentum quantum numbers and re-coupling

coefficients. The result is then applied to interpret the excitation spectrum of Cs2NaYF6:Er3+. The high-spin and low-

spin states of Cs2NaYF6:Er3+ are discussed in terms of the wavefunctions obtained by using the developed theoretical

model.
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1. Introduction

Due to the need for new ultraviolet (UV) and

vacuum-ultra-violet (VUV) phosphors, scintillators,

and lasers, and the requirements for applications in

white light electric diodes, plasma display panels,

mercury-free fluorescent tubes etc., there have been

many studies in recent years, which aimed at extend-

ing the fundamental knowledge of the high-energy

4fN -4fN−15d transition (hereafter referred to as the f–

d transition) of lanthanide ions doped in crystals.[1−16]

The availability of UV and VUV synchrotron radia-

tion has been an important impetus in these studies.

The semi-empirical calculations of energy levels

for the 4fN configuration have been extended to the

4fN−15d configuration[3] and extensive calculations

have been carried out for trivalent lanthanide ions in

crystals, which give satisfactory agreement with ex-

perimental f–d spectra of lanthanide ions in YPO4,

CaF2 and LiYF4 hosts.[4,17] However, such calcula-

tions usually involve dozens of adjustable parameters

and predict hundreds or thousands of electronic tran-

sition lines to be convolved into several to a few dozen

broad bands. In comparison, there are very limited

(several to a few dozen at most) peaks in measured

absorption or excitation spectra. Hence, a simpli-

fied calculation (hereafter referred to as the simple

model) involving 2–3 adjustable parameters has been

developed by adopting various approximations, such

as omitting weak interactions.[18,19]

The simple model[18,19] ignored the 5d spin–orbit

interaction for simplicity, and has been applied to

those systems where the approximation is appropri-

ate. However, for heavy lanthanide ions in octahe-

dral six-fold coordination compounds, where the mea-

sured spectra involve the low-lying t2 component of

5d orbitals with orbital angular momentum not fully

quenched, the splitting caused by the 5d spin–orbit

interaction can be as much as a few thousand wave

numbers. Hence, it is necessary to include the 5d

spin–orbit interaction in this octahedral case.

In this work, we take the 5d spin–orbit interac-

tion into account in the simple model by treating t2

orbitals as equivalent p orbitals. The energy levels

and line strengths are derived by utilizing Racah–

Wigner algebra.[20] The theoretical developments are
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applied to interpret the f–d excitation spectrum of

Cs2NaYF6:Er3+ by referring to the Dieke diagram and

resorting to very limited numerical calculations.

2. Theory

2.1.Approximate Hamiltonian and en-

ergy level structure for the 4fN−15d

configuration

The Hamiltonian for the 4fN−15d configuration

can be written as

H(4f
N−1

5d) = HCoul(ff) +Hcf(d)

+Hso(f) +HCoul(fd)

+Hso(d) +Hcf(f). (1)

The first two terms (i.e., the Coulomb interaction

between 4f electrons and the crystal–field interac-

tion for the 5d electron) are the strongest interac-

tions. We shall denote the sum of these two terms

as H0. The eigenstate of H0 is the product of

the 4fN−1ηfSfLf spectral term of 4fN−1 configuration

with the 2
Γ d crystal–field component of 5d electron,

i.e., (4fN−1ηfSfLf ,
2
Γd), which forms a subspace. The

corresponding eigenvalue energy is the sum of the

term energy E0(4fN−1ηfSfLf) for 4fN−1ηfSfLf and

the crystal–field splitting energy ε(Γd) for 2
Γd, i.e.,

E0(4fN−1ηfSfLf ,
2
Γd) = E0(4fN−1ηfSfLf) + ε(Γd).

(2)

The third term Hso(f) of Eq.(1) is the spin–orbit inter-

action for 4f electrons. It can be approximated within

the ηfSfLf spectral term for 4fN−1 configuration as[21]

Hso(f) =
∑

i=1,...,N

ζ4fsi · li ≈ ληfSfLf
Sf · Lf . (3)

For the ηfSfLf with the largest possible Sf ,

ληfSfLf
= sign(8 −N)ζ4f/2Sf . (4)

The fourth term HCoul(fd) of Eq.(1) is the Coulomb

interaction between 4f and 5d electrons. In the sub-

space (4fN−1ηfSfLf ,
2
Γd), it can be approximated

as[18]

Hex(fd) = −JexSf · sd, (5)

where

Jex =
6

35
G1(fd) +

8

105
G3(fd)

+
20

231
G5(fd). (6)

The fifth termHso(d) of Eq.(1) was previously ignored

in the simple model[18,19] since it usually does not

cause splitting of Γd. However, Hso(d) can split t2

components of 5d orbitals and this is no longer neg-

ligible for heavy lanthanide ions due to the large ζ5d

value. It has been shown[22,23] that the t2 orbitals can

be treated as equivalent p orbitals, i.e.,

Hso(d) = ζ5dsd · 1d ≈ ζ5dsd · 1t2 = −ζ5dsd · 1p, (7)

where 1t2 is the truncation of the 1d angular-

momentum operator into the space of t2 orbitals, and

1p is the angular-momentum operator acting on the

space of p orbitals. We have used 1t2 = −1p
[23] in

the derivation. The last term Hcf(f) of Eq.(1) is the

crystal–field interaction felt by the 4f electrons. This

term is usually very weak and can only cause the split-

ting of smaller or comparable to the energy of an op-

tical phonon. Such splitting is seldom resolved exper-

imentally, and so Hcf(f) is ignored here.

Hence, for heavy lanthanide ions in octahedral

sites, we shall use the extended simple model[21] for

the higher energy 4fN−1(5deg) states and the following

effective Hamiltonian Heff [4fN−1(5dt2)] for the lower

energy 4fN−1(5dt2) states, i.e.,

Heff

[

4fN−1(5dt2g)
]

= H0 + ληfSfLf
Sf · Lf

− JexSf · sd − ζ5dsd · 1p. (8)

A (quasi-) total angular momentum can be defined as

Jtp = Sf + sd + Lf + 1p. (9)

It is straightforward to verify that Jtp has the prop-

erties of an angular momentum operator since it is

the sum of four independent angular momentum op-

erators. It is noted that Jtp is not the actual total

angular momentum operator for the 4fN−15d system.

It can be seen that Jtp commutes with Heff , and so

the quantum numbers (Jtp for the J
2
tp and Mtp for the

z-component (Jtp)z) may be used to characterize the

eigenstates of Heff .

Angular momentum operators Jf = Sf + Lf and

J = Jf + sd do not commute with Heff . Neverthe-

less, since J
2
f , J

2, J
2
tp and ((Jtp)z) mutually com-

mute, their quantum numbers may be used to classify

the basis for 4fN−1(5dt2). Here for heavy trivalent

lanthanide ion, such as Er3+, the strength of interac-

tions follows Hso(f) > Hex(fd) > Hso(d), so that the

coupling scheme ((SOSf

3 × SOLf

3 )× SOsd

3 )× SO
1p

3 may

be preferred. Without taking into account the mix-

ing of basis in the eigenstates, the eigenstate can be
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approximated as |[(4fN−1ηfSfLfJf , sd)J , lp]JtpMtp〉.

Following the same procedure of Ref.[21], we can give

its eigenvalue as

E
(∣

∣

∣

[

(4fN−1ηfSfLfJf , sd)J, lp

]

JtpMtp

〉)

=
[

E0

(

4fN−1ηfSfLf

)

+ ε(t2)
]

+
ληfSfLf

2
[Jf(Jf + 1) - Sf(Sf + 1) - Lf(Lf + 1)]

− Jex
Jf(Jf + 1) + Sf(Sf + 1) − Lf(Lf + 1)

2Jf(Jf + 1)

×
J(J + 1) − Jf(Jf + 1) − sd(sd + 1)

2

− ζ5d
J(J + 1) + 3/4 − Jf(Jf + 1)

2J(J + 1)

×
Jtp(Jtp + 1) − J(J + 1) − 2

2
. (10)

Here Jf = |Lf−Sf |, |Lf−Sf+1|, . . . , Lf+Sf is the quan-

tum number for J
2
f , J = Jf ± 1/2 (or only one value

1/2 when Jf = 0) is that for J
2, and Jtp = J−1, J and

J+1 ( or two values J and J+1 when J = 0 or 1/2) is

that for J
2
tp. The first to the fourth terms in Eq.(10)

are the contributions due to H0, Hso(f), Hex(fd) and

Hso(d), respectively. It is viable to improve the second

term of Eq.(10) by using more accurate splitting of

multiplets for the ion with 4fN−1 configuration given

in the Dieke diagram. In doing so, a proper scaling is

required by using a ratio of ζ4f for 4fN−15d configu-

ration (say, Er3+) against the value for the ion with

4fN−1 configuration (say, Ho3+). Hence, we use

E
(∣

∣

∣

[

(4fN−1ηfSfLfJf , sd)J, lp

]

JtpMtp

〉)

=ε(t2) + E(4fN−1ηfSfLfJf)

− Jex
Jf(Jf + 1) + Sf(Sf + 1) − Lf(Lf + 1)

2Jf(Jf + 1)

×
J(J + 1) − Jf(Jf + 1) − sd(sd + 1)

2

− ζ5d
J(J + 1) + 3/4 − Jf(Jf + 1)

2J(J + 1)

×
Jtp(Jtp + 1) − J(J + 1) − 2

2
. (11)

Here E(4fN−1ηfSfLfJf) is read off from the Dieke di-

agram and scaled up slightly, and ε(t2) is then esti-

mated from the 5d crystal–field splitting for Ce3+ in

the same host (by scaling down slightly due to the

reduction of crystal–field strength).

It is desirable to do a diagonalization of

Heff [4fN−1(5dt2)] in the subspace (4fN−1ηfSfLf ,
2Γd)

for more accurate energies. This requires the matrix

elements of Hex(fd) and Hso(d) between states

|ψ〉 =
∣

∣

∣

[

(4f
N−1

ηfSfLfJf , sd)J, lp

]

JtpMtp

〉

(12)

and

|ψ′〉 =
∣

∣

∣

[

(4fN−1ηfSfLfJ
′
f , sd)J ′, lp

]

JtpMtp

〉

. (13)

Those matrix elements can be derived by us-

ing Racah–Wigner algebra (here using explicitly

Eqs.(11.47), (11.20) and (11.39) in Ref.[20]). This is

complicated but straightforward. The resultant ma-

trix elements are

〈ψ|Hex(fd) |ψ′〉

=(−Jex)δJ,J′

× (−1)
Lf+Sf−J+1

2 ·
√

[Jf ][J ′
f ][Sf ]Sf(Sf + 1)

× ·

√

3

2
·







Jf sd J

sd J ′
f 1







·







Sf Lf Jf

J ′
f 1 Sf







, (14)

and

〈ψ|Hso(d) |ψ′〉

=(−ς5d) · 〈ψ| sd · lp |ψ
′〉

=δJf ,J
′

f
· ς5d · (−1)1+Jf+sd+J+J′+Jtp

× 3
√

[J ] [J ′]







J lp Jtp

lp J
′ 1













Jf sd J

1 J ′ sd







.

(15)

The symbol such as [J ] = 2J+1 is the dimension of the

space with angular momentum J . The curly brackets

{. . . } containing 6 angular-momentum quantum num-

bers are 6j symbols.[24]

Since the interactions are independent of Mtp,

and Jtp is a good quantum number, we need only con-

struct a small matrix for each Jtp (and an arbitrary

given abs(Mtp) ≤ Jtp) and do the diagonalization.

2.2.Relative line strengths for 4f-5d

transitions

The line strength for the electric dipole transition

involving isotropic radiation between energy levels of

4fN and 4fN−15d configurations can be written as

S [η′S′L′J ′ ↔ ((ηfSfLfJf , sd)J, lp)Jtp]

=
1

3

∑

M ′Mtpm

∣

∣

∣

〈

4fNη′S′L′J ′M ′
∣

∣D
1
m

∣

∣ ψ〉
∣

∣

∣

2

. (16)

The above treatment of t2 orbitals as quasi p or-

bitals, however, complicates the calculation of the line

strength. The simplification process of Eq.(16) makes

use overwhelmingly of group coupling and recoupling

techniques and will be presented elsewhere. Here we

shall give the final result only as:
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S =3N [Jf ][S
′][Jtp][J ][L′][J ′] ×

∣

∣

∣

〈

4fNη′S′L′ {
∣

∣

∣4fN−1ηfSfLf

〉∣

∣

∣

2

|〈4f |r| 5d〉|
2

×











Sf Lf Jf

J sd S′













3 Lf L
′

S′ J ′ J











2

×

J′+1
∑

Jt=|J′−1|






[Jt]











3 Jt Jtp

J 1 2













J 3 J ′

1 Jt 2











2





(17)

where 〈4f|r|5d〉 is a radial integral, and

〈4fNη′S′L′{|4fN−1ηfSfLf〉 is the coefficient of frac-

tional parentage given in Ref.[25]. Three angular

momentum selection rules |L′ − Lf | ≤3≤ L′ + Lf ,

|J ′ − J | ≤3≤ J ′ + J and |S′ − Sf | ≤1/2≤ S′ + Sf , can

be derived from the 6j symbols in Eq.(17).

3. Application to Er3+ in

Cs2NaYF6

The low-temperature f–d excitation spectrum of

the cubic elpasolite Cs2NaYF6 crystal doped with

Er3+ ion has been measured by Makhov et al.[26] We

choose this as an example for our investigation us-

ing the formulae in Section 2. Since the elpasolite

host Cs2NaYF6 provides a site of octahedral symme-

try for the heavy lanthanide ion Er3+ to reside in, the

component 2t2 of the 5d electron lies lower than the

other component 2e. As shown in the Fig.6 of Ref.[26]

and also Fig.1 here, the f–d excitation spectrum con-

tains seven broad bands with maxima at 162.4 nm (A),

155.5 nm (B), 147.2 nm (C), 145.5 nm (D), 135.8 nm

(E), 126.2 nm (F ) and 120.9 nm (G). The five bands

A to E are assigned to transitions to the levels with

the 5d electron falling in 2t2 orbitals. The other two

bands F and G are assigned to the transitions to the

levels with the 5d electron in 2e orbitals, since the

thus-assigned splitting between e and t2 levels is sim-

ilar to the splitting of ∼ 18.2 × 103 cm−1 for the 5d

orbitals of Ce3+ in a similar elpasolite Rb2NaYF6.
[27]

Fig.1. Assignments of the excitation spectrum of Er3+ in Cs2NaYF6 measured by Makhov et al. (Ref.[26]).

Note The calculations are described in detail in Section 3; the energy (in units of cm−1) for the A1 zero-phonon

line at 168.1 nm is set as 0 cm−1 in the energy axis for the sake of better displaying of splitting between observed

peaks.
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The position of the seven bands can be calcu-

lated by using the formulae in Section 2. We present

the energy schemes in Fig.2 by turning on the in-

teractions one by one following the order of strength

Hso(f) > Hex(fd) > Hso(d). By referring to the Dieke

diagram and scaling the energy values of the mul-

tiplets for 4f10 configuration up slightly (or alterna-

tively, a free-ion calculation using about 1.06 times

of the electrostatic and spin–orbit parameter values

listed in Table 3 of Ref.[28], with 1.06 being the Er3+

ratio from ab initio calculation),[29] we obtain the

splitting due to Hso(f) as shown in the second col-

umn of Fig.2, or numerically, 0 cm−1, 5.8×103 cm−1,

9.8×103 cm−1, 12.6×103 cm−1,15.0×103 cm−1 and

16.7×103 cm−1 for 5I8,
5I7,

5I6,
5I5,

5I4,
5F5, re-

spectively. The splitting due to Hex(fd) can be calcu-

lated once Jex is determined. The Hartree–Fock cal-

culation tends to overestimate the Jex value greatly

and gives Jex(HF)=3.54×103 cm−1. Here we adopt

Jex = 1.77×103 cm−1 by scaling down the HF value

by 0.5 for the best agreement with the measured split-

ting of energy levels, in contrast to scaling ratio 0.6[30]

and 0.67[17] used in various other places. We calculate

the energy splitting of Hex(fd) and plot them in the

third column of Fig.2. The four bands A to D in the

Fig.1 can be assigned to ((5I8, sd) 17/2, t2), ((5I8, sd)

15/2, t2), ((5I7, sd) 15/2, t2), ((5I7, sd) 13/2, t2), and

E is (5I6,
2t2), with its tail being (5I5,

2t2), where the

splitting due toHex(fd) are too small to be clearly dis-

tinguished. ((5I8, sd) 17/2, e) also falls in band E,

but absorption to this level is spin-forbidden and so

very weak. Similarly, absorption to (5I4,
2t2) between

bands E and F is expected to be weaker (see Table 1

for numerical results) and hence not observed in the

excitation spectrum. (5F5,
2t2) and ((5I8, sd) 15/2, e)

are both located in broad band F as shown in Fig.1.

Fig.2. The energy structure for the 4f105d configuration of Er3+ in Cs2NaYF6 when more and more

interactions are included: Hcf (d) (column 1) only; HFI(f) = HCoul(f) + Hso(f) (column 2); Diagonal

part of Hex(fd) (column 3); and diagonal part of Hso(d) (column 4); full diagonalization (column 5).
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Comparing their calculated absorption strengths in

Table 1, we assign band F as ((5I8, sd) 15/2, e) and

conclude that (5F5,
2t2) is buried in band F . At the

same time, band G can be simply assigned to (5I7,
2e).

From the measured excitation spectrum it can be seen

that bands A and B still contain some sharp struc-

tures as shown in figure 1: 168.1 nm (A1), 164.5 nm

(A2), 162.4 nm (A3), 159.7 nm (B1), 157.3 nm (B2)

and 155.5 nm (B3). We attribute those sharp struc-

tures to the splitting of A and B by Hso(d). The

splitting is calculated by using Eq. (11), with ζ5d =

1.77 ×103cm−1 from Ref.[17]. The result is plotted in

the column 4 of Fig.2. Those states can be denoted

as (((5I8, sd)17/2, lp)19/2) (A1), (((5I8, sd)17/2,

lp)17/2) (A2), (((5I8, sd)17/2, lp)15/2) (A3), (((5I8,

sd)15/2, lp)13/2) (B1), (((5I8, sd)15/2, lp)15/2) (B2)

and (((5I8, sd)15/2, lp)17/2) (B3).

Table 1. Calculated f–d absorption line strengths

(units: |〈4f|r|5d〉|2) for Er3+ in Cs2NaYF6.

4f105d excited state Line strength

(((5I8, sd)17/2, lp)19/2) (A1) 0b

(((5I8, sd)17/2, lp)17/2) (A2) 0.09a

(((5I8, sd)17/2, lp)15/2) (A3), 0.15a

(((5I8, sd)15/2, lp)13/2) (B1) 0.55b

(((5I8, sd)15/2, lp)15/2) (B2) 1.21b

(((5I8, sd)15/2, lp)17/2) (B3) 1.34b

((5I7, sd) 15/2, t2) (C) 0.55c

((5I7, sd) 13/2, t2) (D) 0.46c

(5I6, 2t2) (E); 0.23d

(5I5, 2t2) (buried in E) 0.02d

(5I4, 2t2) (not observed) 0.0003d

(5F5, 2t2) (buried in F) 0.75d

((5I8, sd) 17/2, e) (not observed) 0c

((5I8, sd) 15/2, e) (F) 2.07c

(5I7, 2e) (G) 0.68d

Notes:

aThe J mixing due to the non-diagonal matrix-elements of

Hso(d) within the subspace (5I8, 2lp) is considered.

bCalculated by using Eq.(17) of the present work.

cCalculated by using Eq.(14) of Ref.[21].

dThe sum of the two line strengths ((5IJf , sd)J , t2) with

J = Jf − 1/2 and Jf + 1/2.

To be more accurate, we calculate the splitting of

the space (5I, 2t2) by resorting to a full diagonaliza-

tion illustrated in Section 2.1. The eigenstates we are

interested in, as discussed in the last paragraph, have

the good quantum number Jtp=19/2, 17/2, 15/2, and

13/2. When Jtp = 19/2, the value for the (Jf , J) pair

in the basis |ψ〉 given by Eq.(12) can only be (8, 17/2)

and hence the matrix is one dimensional and diagonal;

for Jtp = 17/2, there are three (Jf , J) pairs, i.e., (8,

17/2), (8, 15/2) and (7, 15/2); for Jtp = 15/2, five

(Jf , J) pairs, i.e., (8, 17/2), (8, 15/2), (7, 15/2), (7,

13/2) and (6, 13/2); and for Jtp = 13/2, six (Jf , J)

pairs, i.e., (8, 15/2), (7, 15/2), (7, 13/2), (6, 13/2),

(6, 11/2), (5, 11/2). Hence, using Eqs.(14) and (15)

we can calculate the 1×1, 3×3, 5×5 and 6×6 matrices

for Jtp = 19/2, 17/2, 15/2 and 13/2, respectively. It

turns out that only a small portion of the matrix ele-

ments are nonzero. The same calculation can also be

done for other spectral terms of the 4f10 core, such as
5F , wherever necessary. For the space (5I, 2e), a full

diagonalization is simple and the formulae for matrix

elements are given in Ref.[31].

The energies obtained by the full diagonalization

are plotted in column 5 of Fig.2. It can be seen that

the corrections over column 4 can be quite big. Cal-

culations indicate that the corrections due to the non-

diagonal matrix elements of Hex(fd) are more impor-

tant than those due to the non-diagonal matrix ele-

ments of Hso(d).

The isotropic electric dipole absorption line

strengths starting at the 4f11 ground states and ter-

minating at various 4f105d excited states can also be

calculated. The results are tabulated in Table 1. Since

the excitation intensities can be very different from the

absorption intensities due to the efficiency of pass-

ing the absorbed energies to the emission levels or

quantum efficiency, direct quantitative comparison be-

tween calculated line strengths and excitation inten-

sity is not feasible, but the data serve as quantitative

indication of the importance of the levels in the exci-

tation spectrum.

The concept of high and low-spin 4fN−15d states

for ions in the second half series of lanthanides[32]

is worth remarking on here. Makhov et al assigned

the A1 and A3 zero-phonon lines in the f–d excitation

spectrum of Er3+ doped in crystal Cs2NaYF6
[26] as SF

and SA transitions, respectively. However, the calcu-

lation of the f-d excitation spectrum of Tm3+ doped in

crystal Cs2NaYF6
[33] shows that experimental distinc-

tion between high- and low-spin states is not always

suitable, since the f–d transition intensity is not only

relevant to the total spin quantum number S, but also

dependent on the other quantum numbers such as L
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and J . To obtain an accurate high and low-spin split-

ting, the percentage of low-spin (S = 3/2) components

of the 5d excitation states needs to be calculated. The

lowest four 4f105d excitation states (A1, A2, A3 and

B1) contain 0%, 0%, 0% and 83% of low-spin compo-

nents, respectively, before counting the mixing of spin

due to the non-diagonal matrix-elements of Hso(d) (or

0%, 36%, 47% and 77%, respectively, after counting

the mixing). Thus, A1 and B1 zero-phonon lines are

assigned as SF and the first SA transitions, respec-

tively. The energy separation between high- (A1) and

low- (B1) spin 5d levels is 3.1 × 103 cm−1, similar to

the HS–LS splitting observed for Er3+ doped in LiYF4

(3.3 × 103 cm−1).[17]

4. Conclusion

The energy level structure of 4fN−15d for heavy

lanthanides occupying a six-ligand octahedral site is

derived theoretically. The absorption line strengths

from the ground 4fN states are also given in terms of

the recoupling coefficients for the angular-momentum.

As an example, these results are applied to in-

terpret the bands in the excitation spectrum of

Cs2NaYF6:Er3+. It can be seen that the theoretical

results can be applied easily to any heavy lanthanide

ions with the aid of the Dieke diagram and some sim-

ple numerical calculations. The high-spin and low-

spin 4f105d states are remarked on in terms of the

composition of their wavefunctions.
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