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Study of the theoretical tensile strength of Fe by a
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This paper employs a first-principles total-energy method to investigate the theoretical tensile strengths of bcc

and fcc Fe systemically. It indicates that the theoretical tensile strengths are shown to be 12.4, 32.7, 27.5 GPa for

bcc Fe, and 48.1, 34.6, 51.2 GPa for fcc Fe in the [001], [110] and [111] directions, respectively. For bcc Fe, the [001]

direction is shown to be the weakest direction due to the occurrence of a phase transition from ferromagnetic bcc Fe

to high spin ferromagnetic fcc Fe. For fcc Fe, the [110] direction is the weakest direction due to the formation of an

instable saddle-point ‘bct structure’ in the tensile process. Furthermore, it demonstrates that a magnetic instability

will occur under a tensile strain of 14%, characterized by the transition of ferromagnetic bcc Fe to paramagnetic fcc Fe.

The results provide a good reference to understand the intrinsic mechanical properties of Fe as a potential structural

material in the nuclear fusion Tokamak.
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1. Introduction

The theoretical (ideal) strength of materials is

the stress which is required to force deformation or

fracture at the elastic instability.[1] The theoretical

strength sets an upper bound on the attainable stress.

The strength of a real crystal can be changed by ex-

isting cracks, dislocations, grain boundaries and other

microstructural features, but its theoretical value can

never be increased.[1,2] The theoretical tensile strength

is that a material becomes unstable with respect

to fracture by the spontaneous separation of atomic

planes. The upper limit of the tensile strength is of ob-

vious interest for strong solids in atomic models,[1,3−7]

since theoretical strength is an intrinsic material prop-

erty which is determined by the behaviour of valence

electrons and ions.

By virtue of the development of density-

functional theory (DFT)[8,9] combined with band-

theoretical schemes and the rapid progress in mod-

ern computers, the first-principles method can be ap-

plied to study different properties of materials.[10,11]

Recently, it has become possible to do a first-principles

computational tensile test (FPCTT) to investigate

stress as a function of strain and obtain the theoretical

tensile strength by deforming crystals to failure.[12] In

FPCTT, symmetry is generally an important factor

to determine the stress–strain relation and the cal-

culated theoretical strength. For single crystals, ear-

lier studies on the theoretical tensile strength of W,

Cu, Ir and NiAl have been made by Sob et al.[13−15]

So far, the theoretical tensile strength of fcc (Cu, Al

and Ni) and bcc (Mo, W, Nb, Fe) metals have been

published.[2,5,16−18] On the other hand, the theoreti-

cal strength can also be extended to defective systems

containing only one defect such as a point defect,[19]

an interface or a grain boundary.[20−27] The theoreti-

cal tensile strengths of a clean Al grain boundary (GB)

and an Al GB containing Na, Ca, S, and Ga have been

calculated in order to explore impurity-induced inter-

granular embitterment.[22−26,28] Correspondingly, dif-

ferent temperature mechanical properties of materials

have also been investigated successfully under tensile

strain using the molecular dynamics method.[29−31]

Iron is one of the important magnetic transition

metals which have many applications. Its ground state

is ferromagnetic bcc Fe (α-Fe), and another hcp Fe is

computationally shown to be a possible metastable
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paramagnetic phase.[32] At an elevated temperature,

ferromagnetic α-Fe will transform to fcc Fe (γ-Fe)

and another bcc Fe (i.e., δ-Fe). A first-principles

study reveals that fcc Fe corresponds to three pos-

sible metastable magnetic ordering phases, including

a paramagnetic phase, a low-spin ferromagnetic phase

and a high-spin ferromagnetic phase, with lattice pa-

rameters ranging from 0.344 to 0.380 nm.[32]

Ferritic steels represent promising high-

performance candidate structural materials in the

fusion Tokamak. Such materials must not only with-

stand radiation damage, but also keep their intrinsic

mechanical properties and structural strength, and

hence firstly it is necessary to ensure detailed under-

standing of the mechanical properties of these can-

didate materials, even for a single crystal. Although

many efforts have been made on α-Fe (bcc Fe) using a

first-principles method,[17,33] the theoretical strength

of some crystalline directions of bcc Fe such as 〈110〉
is still lacking. It is well known that austenitic steels

have been successfully applied to nuclear fission ma-

terials due to their high ductility, low yield stress and

relatively high ultimate tensile strength, but little has

been done on the theoretical mechanical properties of

γ-Fe (fcc Fe).

In this paper, we perform FPCTT to investi-

gate the theoretical stress–strain relations and tensile

strength of both bcc and fcc Fe. A comparison has

been made with the experimental tensile strength in

the [001] direction of bcc Fe. The results will not

only provide a good reference to study the mechanical

properties of ferritic steels as the candidate structural

materials for fusion, but also serve as a first step to in-

vestigate the effect of He on the mechanical properties

of Fe.

2. Computational methods

We employ a total-energy method based on

DFT[34,35] with the generalized gradient approxima-

tion (GGA).[36] The wave functions are obtained by

solving the Kohn–Sham equation using a plane wave

basis. The plane-wave kinetic energy cutoff is 340 eV.

For summation over the Brillouin zone, an uniform

grid of k-points is chosen according to the Monkhorst–

Pack scheme.[37] All of the calculations have been

carried out by using the Vienna ab-initio simulation

package (VASP).[38,39] The spin polarization has been

taken into account for bcc Fe because of a typical mag-

netic transition metal, while not considered for fcc Fe

due to paramagnetism of high temperature. The inter-

action between ions and electrons is described by the

projector augmented wave (PAW) potential based on

GGA. The energy relaxation iterates until the forces

on all the atoms are less than 10−2 eV/nm.

The calculated equilibrium lattice constants are

0.284 nm for bcc Fe and 0.344 nm for fcc Fe. This is

slightly lower than the experimental datum 0.364 nm

for fcc Fe, while the lattice constant value of bcc Fe is

consistent with the corresponding experimental value

of 0.287 nm. This demonstrates the accuracy of the

current PAW method. In the FPCTT, an uniaxial ten-

sile strain has been applied to the chosen crystalline

directions. For the uniaxial tensile strain, the tensile

stress σα,β (α, β = 1, 2, 3) is calculated from

σα,β =
1

Ω(ε)

∂E

∂ε
, (1)

where E is the total energy and Ω(ε) is the volume at

the given tensile strain of ε.

The lattice vectors were incrementally added in

the direction of the imposed strain. At each strain

step, the structure was fully relaxed until all other five

stress components vanished except that in the tensile

direction. The tensile stress for each strain step can

be calculated, and thus the stress–strain relationship

and the theoretical tensile strength can be obtained.

3. Results and discussion

3.1. Theoretical tensile strength of bcc

Fe

In the FPCTT of bcc Fe, we choose three rep-

resentative directions including [001], [110] and [111].

Three unitcells with different symmetry are employed

for the FPCTT in these three directions, as shown in

Fig.1.

We first investigate the stress–strain relations of

the [110] and [111] directions in bcc Fe. For the

FPCTT in the two directions, the original unitcell ex-

hibits an orthogonal structure as shown in Figs.1(b)

and 1(c). Such symmetry will not change in the ten-

sile process in the [110] and [111] directions. Figure

2(a) shows the strain energy as a function of strain.

The strain energy increases with increasing strain, ex-

hibiting an inflexion at the strain of 32% in the [110]

direction and 30% in the [111] direction, respectively.
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Fig.1. The geometric structure of unitcells of the bcc Fe in the [001], [110] and [111] directions used for

FPCTT. (a) A bcc unitcell with 2 atoms inside for FPCTT in the [001] direction. (b) A general face-centred

tetrahedral (fct) unitcell of Fe with 4 atoms inside for FPCTT in the [110] direction. (c) An orthorhombic

unitcell with 6 atoms inside for FPCTT in the [111] direction. The thick arrows represent the respective

tensile directions.

Correspondingly, as shown in Fig.2(b), the stresses increase with increasing strain until they reach a maximum

of 32.7 GPa at a strain of 32% in the [110] direction and 27.5 GPa at a strain of 30% in the [111] direction,

beyond which the stresses decrease. Thus, the theoretical tensile strengths are 32.7 GPa in the [110] direction

and 27.5 GPa in the [111] direction, respectively.

Fig.2. Energy (a) and stress (b) as a function of tensile strain in the [001], [110], and [111] directions in bcc

Fe, respectively.

For the [001] direction, the stress increases with increasing strain, and exhibits a maximum of 12.4 GPa

at a strain of 14%, corresponding to the inflexion in the strain energy-strain curve (Fig.2). Evolution of the

cell geometry illustrated in Fig.3 is the well-known ‘Bain Path’, also investigated in the previous studies.[2,17]

The initial zero-stress point corresponds to the initial bcc structure, in which the ratio of a : b : c is 1 : 1 : 1

(Fig.3(a)). With the increase of strain, the lattice parameters of a and b decrease, while c increases. When the

Fig.3. The evolution of the geometric structure of the unitcell of bcc Fe under tension in the [001] direction.
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ratio of a : b : c becomes 1 : 1 :
√

2 (the strain of 28%),

the stress reaches the second zero-stress point, leading

to formation of a new fcc structure (Fig.3(b)). This

structure corresponds to the saddle-point of the en-

ergy maximum in the energy–strain curve (Fig.2(a)).

However, it is interesting to find that such an fcc struc-

ture is not an unstable structure but a metastable

phase with a stress-free characteristic. Such a phase is

the high spin ferromagnetism state of fcc Fe with a lat-

tice constant of 0.363 nm, as computationally shown

in the previous study.[32]

3.2.Magnetic instability and phase tran-

sition

Different from the [110] and [111] directions, the

stress–strain relation in the [001] direction will become

abnormal with the magnetic moment unconstrained in

the tensile process. Both the energy–strain and stress–

strain curves for the [001] direction differ obviously

from those with the magnetic moment constrained as

shown in Fig.4. Initially, the strain energy and stress

Fig.4. Energy (a) and stress (b) as a function of tensile strain in the [001] direction in bcc Fe. The circles

represent the case that the magnetic moment is constrained, while the squares represent the case when the

magnetic moment is not constrained.

increase with the increasing strain, the same as those

with constrained magnetic moment. However, at the

strain of 14%, the strain energy increases abruptly,

and decreases again with further increase of strain.

Correspondingly, stress exhibits a sudden drop to an

abnormal negative value (Fig.4(b)).

Density of state (DOS) results for different strains

point out the change of magnetic property of bcc Fe

in the tensile process with the unconstrained mag-

netic moment as shown in Fig.5. The DOS of spin-up

and spin-down remains asymmetric up to the strain

of ∼14%, implying that bcc Fe is ferromagnetic. This

corresponds to the smooth energy–strain and stress–

strain curves before 14%. But, beyond the strain of

14%, DOS of spin-up and spin-down exhibits a sym-

metric characteristic. Such an abnormal transforma-

tion indicates an occurrence of a magnetic instabil-

ity. However, such magnetic instability corresponds

to a phase transition from ferromagnetism to param-

agnetism (Fig.5(d)). The strain of 14% corresponds
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Fig.5. Density of states of bcc Fe at different strains: (a) 0%, (b) 6%, (c) 12% and (d) 14%. The Fermi energy for

the respective case is set to be zero. A positive value represents spin-up and a negative value represents spin-down.

to the lattice parameter of 0.324 nm, smaller than

0.344 nm of the calculated equilibrium paramagnetic

fcc Fe. Consequently, the stress becomes compressive

(negative) starting from this strain. Further increase

of strain leads to an energy minimum, as shown in

Fig.4(a), at a strain of 22%, corresponding to another

stress-free structure (Fig.4(b)). The lattice parameter

of such a stress-free structure is exactly the same as

that of equilibrium paramagnetic fcc Fe (0.344 nm),

which indicates the occurrence of the phase transi-

tion from the ferromagnetic bcc Fe to the metastable

paramagnetic fcc Fe. Such a metastable paramagnetic

fcc Fe phase has been investigated by Kong and Liu

recently.[32]

3.3. Theoretical tensile strength of fcc Fe

In the FPCTT of fcc Fe, we also choose three rep-

resentative directions including [001], [110] and [111].

Three unitcells with different symmetry are employed

for the FPCTT in different directions, as shown in

Fig.6.

Fig.6. The geometric structure of tensile unitcells of fcc Fe in the directions [001], [110] and [111]. (a)

A general fcc unitcell of Fe with 4 atoms. (b) A bct unitcell with 2 atoms. (c) A unitcell with 6 atoms.

For the FPCTT in the [001] direction, here we used the fcc unitcell which is drawn from the fcc crystal as

shown in Fig.6(a). The original unitcell exhibits tetragonal symmetry. Such symmetry will not change in the

tensile process in the [001] direction. Figure 7(a) shows the strain energy as a function of tensile strain. The

strain energy increases with increasing strain, exhibiting an inflexion at the strain of 28%. Correspondingly,

as shown in Fig.7(b), the stress increases with increasing strain until it reaches a maximum of 48.1 GPa at a

strain of 28%, beyond which the stress decreases. Thus, the theoretical tensile strength is 48.1 GPa in the [001]

direction.
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Fig.7. Energy (a) and stress (b) as a function of tensile strain in the [001], [110] and [111] directions in fcc

Fe, respectively.

Next, we perform the FPCTT in the [111] direc-

tion, the unitcell of which is shown in Fig.6(c). Similar

to the [001] direction, Fig.7(b) shows that the stress

reaches a maximum of 51.2 GPa at a strain of 22%,

corresponding to the inflexion in the energy–strain

curve (Fig.7(a)). The theoretical tensile strength is

thus 51.2 GPa in the [111] direction.

As we can see from Fig.7(b), the stress–strain re-

lation in the [110] direction differs from the [001] and

[111] directions obviously. The unitcell we used for

this direction is the bct shown in Fig.6(b). The strain

energy as a function of strain is shown in Fig.7(a).

The energy increases first with increasing strain, then

reaches a maximum at a strain of 18%, after which

the energy decreases to zero again at a strain of 40%.

The maximum or minimum of the strain energy corre-

sponds to zero stress points in the stress–strain curve

in [110]. As shown in Fig.7(b), the stress exhibits one

maximum of 34.6 GPa at a strain of 14%, then it goes

back to the original structure again at a strain of 42%.

The zero-stress point in the stress–strain curve

corresponds to a stress-free phase generated in the ten-

sile process. The initial zero-stress point corresponds

to the initial bct phase (fcc structure), as shown in

Fig.8(a). The ratio of a : b : c for such a phase is

1 : 1 :
√

2. With the increase of strain, the lattice pa-

rameter of a increases, while c decreases and b remains

almost unchanged, as shown in Fig.8. The lattice pa-

rameter of c is equivalent to a at a strain of 18%, where

the stress reaches the second zero-stress point. At this

point, there forms a new bct structure with a = c > b

(Fig.8(b)), different from the original one.

Fig.8. The evolution of geometric structures of the unitcell of fcc Fe under tension in the [110] direction.
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This point corresponds to the saddle-point of the en-

ergy maximum (Fig.7(a)), which indicates that the

new bct structure is an instable ‘phase’ despite its

stress-free characteristic. Such a structure will evolve

to other stable phases even with a small perturbation.

With further increase of strain, the lattice parame-

ter of c decreases continuously, and becomes equal to

b at a strain of ∼20%. The ratio of b : c : a be-

comes 1 : 1 :
√

2 at the strain of 42% (Fig.8(c)), cor-

responding to the third stress-free point in the stress–

strain curve. The present stress-free bct structure

(i.e., fcc structure) is actually the same as the initial

one (Fig.8(a)), but with a rotation of 90◦. Conse-

quently, the stress–strain relation after the strain of

42% should be exactly the same as that in the [001]

direction shown in Fig.7(b).

The evolution of the cell geometry shown in Fig.9

is similar to the ‘orthorhombic path’, as investigated in

previous studies.[2,17] It should be noted that the ten-

sile process between the strains of 18% and 42% with

the negative stress for the [110] direction is a virtual

process and actually cannot occur. In the real process,

the bct structure in the strain of 18% (Fig.8(b)) will

evolve automatically to the final bct structure in the

strain of 42% (Fig.8(c)).

Fig.9. The lattice parameter in units of a0 as a function

of tensile strain in the [110] direction.

3.4.Comparison of the tensile strength

of bcc and fcc Fe

We have respectively calculated the theoretical

tensile strengths in the [001], [110] and [111] direc-

tions for bcc and fcc Fe as summarized in Table 1.

For bcc Fe, the theoretical tensile strength in the [001]

direction is 12.4 GPa according to the present calcu-

lation. This agrees well with 12.7 GPa and 12.6 GPa

estimated by Sob et al
[33] and Clatterbuck et al,[17]

respectively.

Table 1. Theoretical tensile strengths in different crystalline

directions for bcc and fcc Fe.

tensile direction bcc Fe (GPa) fcc Fe (GPa)

[001]

12.4a

48.1a12.7b

12.6c

30d

[110] 32.7a 34.6a

[111]

27.5a

51.2a

27.3b

46d

aThe present calculation.
bCalculation from Ref.[33].
cCalculation from Ref.[17].
dCalculation from Ref.[1].

The simplest calculation of a sinusoidal stress–

strain relation originates from Polannyi and Orowan

by using Eqs.(2) and (3) defined as

σmax =
√

Eγ/a0, (2)

εmax =
π

2

σmax

E
, (3)

where a0 is the equilibrium lattice constant, γ is the

surface energy per unit area, and E is the Young’s

modulus. The calculated theoretical tensile strengths

σmax are 30 GPa in the [001] direction and 46 GPa

in the [111] direction, and the associated maximum

strains are 36% and 28%, respectively.[1]

On the other hand, in the present calculation,

σmax are 12.4 GPa at the strain of 14% in the [001]

direction and 27.5 GPa at 30% in the [111] direction,

respectively. It can be seen that there are large differ-

ences of the maximum stress and strain. One of the

reasons for the differences lie in the fact that Eqs.(2)

and (3) are only rough estimations. The calculated

values depend strongly on the experimental values of

surface energy γ and Young’s modulus E, and the

stress–strain relation is approximated to be sinusoidal.

Furthermore, in the present calculations, for bcc

Fe, the [001] direction is the weakest with a theoreti-

cal tensile strength of ∼12.4 GPa, while the [110] and

[111] directions are stronger. For fcc Fe, however, both

[001] and [111] can be considered as stronger directions

with theoretical tensile strength as large as ∼48 GPa

and ∼51 GPa, respectively, while [110] is obviously a

weak direction with a tensile strength of ∼34.6 GPa.

This can be understood on the basis of the fol-

lowing considerations. For bcc Fe, the (110) is the

most-closely-packed crystalline plane, leading to the

stronger interaction of atoms between the (110) planes



1930 Liu Yue-Lin et al Vol. 18

in comparison with the (001) and (111) planes. This

makes the theoretical strength in the [110] direction

higher than that in the [001] and [111] directions.

However, although the (001) plane is more closely-

packed in comparison with (111), the phase transi-

tion occurs in the [001] direction in the tensile pro-

cess, making its tensile strength the lowest among the

three directions. A similar analysis can be applied to

the fcc Fe. The (111) is the most-closely-packed crys-

talline plane, thus it exhibits the highest theoretical

tensile strength.

From Table 1, it can also be seen that the respec-

tive theoretical tensile strength in fcc Fe is larger than

that in bcc Fe in the [001], [110] and [111] three tensile

directions. This indicates the much higher ultimate

tensile strength of fcc Fe than bcc Fe.

4. Conclusions

We have performed FPCTT based on the first-

principles total-energy method to investigate the the-

oretical tensile strengths of bcc and fcc Fe systemically

for understanding of the intrinsic mechanical proper-

ties of Fe. The theoretical tensile strengths are shown

to be 12.4, 32.7 and 27.5 GPa for bcc Fe, and 48.1,

34.6 and 51.2 GPa for fcc Fe in the [100], [110] and

[111] directions, respectively. For bcc Fe, the [001] di-

rection is shown to be the weakest direction due to

the occurrence of a phase transition from ferromag-

netic bcc Fe to high-spin ferromagnetic fcc Fe with

the lattice parameter of 0.363 nm. As for fcc Fe, the

[110] direction is the weakest direction due to the for-

mation of an unstable saddle-point ‘bct structure’ in

the tensile process. Further, the DOS in the [001] di-

rection for bcc Fe indicates the existence of a magnetic

instability in the tensile process. Under tensile strains

larger than 14% in the [001] direction, the ferromag-

netic phase of bcc Fe becomes unstable and transforms

to paramagnetic fcc Fe with the lattice parameter of

0.344 nm. These results will provide a good reference

for Fe as a potential structural material in the nuclear

fusion Tokamak.
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