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Interfacial internal waves in a three-layer density-stratified fluid are investigated using a singular perturbation

method, and third-order asymptotic solutions of the velocity potentials and third-order Stokes wave solutions of the

associated elevations of the interfacial waves are presented based on the small amplitude wave theory. As expected, the

third-order solutions describe the third-order nonlinear modification and the third-order nonlinear interactions between

the interfacial waves. The wave velocity depends on not only the wave number and the depth of each layer but also on

the wave amplitude.
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1. Introduction

Interfacial internal waves, which travel in the
interfaces between density-stratified fluids, are wave
phenomena which occur frequently in oceans and
lakes. Investigation of them is not only important
but is also helpful to the understanding of three-
dimensional internal waves in the ocean, to find out
the actions of these waves on the exchange process of
mass, momentum, energy, etc in the ocean, and thus
increase the knowledge about the interactions between
internal waves and many other multi-scale ocean
waves (for example, internal waves—surface waves, in-
ternal waves—current, internal waves—eddy, etc), about
ocean engineering, military affairs and so on. In the
research of interfacial internal waves, we usually adopt
a two-layer model. For example, Umeyamal*? con-
ducted a study on second-order and third-order Stokes
internal waves for a density-stratified two-layer fluid
of finite depth.

dom wave solutions for internal waves in a two-layer

Song® derived second-order ran-

fluid. Cheng!¥ studied the evolution equation for two-
dimensional nonlinear interfacial waves in a two-layer
fluid. You et all% discussed the reflection and trans-
mission of water waves that pass a vertical thin barrier
in a two-layer fluid. Wei et all% established the re-
flection and transmission of an internal solitary wave
over a step in a stratified fluid. The above papers in-
vestigated the waves in a two-layer water mass. But
in the real ocean, density-stratified phenomena some-
times are very complicated. So it is necessary to de-
velop a relative study on interfacial internal waves in
multilayer density-stratified fluids. Zhang and Yang!”
studied internal waves in a three-layer stratified fluid.
Chen et all® derived second-order Stokes solutions for
internal waves in a three-layer density-stratified fluid.
Chen and Song!®! obtained second-order random wave
solutions for interfacial internal waves in an N-layer
density-stratified fluid. Pang et all'% studied second-
order Stokes wave solutions for interfacial waves in a
three-layer stratified fluid with a background current.

The equations describing interfacial internal
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waves in multilayer stratified fluids are nonlinear
wave equations and finding their solutions is impor-
tant for nonlinear problems. Currently, there are
many methods for solving nonlinear wave equations.
For example, the perturbation method,'=3:8=12] the
homogeneous balance principle,!*~1%! the expansion

(16]  vari-

method for the Jacobi elliptic function,
ous tanh methods,['”) the general projective Riccati
method['8! and so on.

In this paper, based on small amplitude wave the-
ory and the assumption of irrotational, inviscid and in-
compressible conditions, third-order Stokes waves so-
lutions of interfacial internal waves in a three-layer
density-stratified fluid are investigated by using a sin-
gular perturbation method. The results show that
third-order solutions can describe the third-order non-
linear modification and the third-order nonlinear in-
teractions between interfacial waves. The wave ve-
locity depends not only on the wave number and the

depth of each layer but also on the wave amplitude.

2. Basic equations and boundary

conditions

Consider interfacial waves in a three-layer
density-stratified fluid contained between two rigid
walls at the top and the bottom as shown in Fig.1.
The horizontal coordinate z is fixed along the undis-
turbed interface and the vertical axis z is positive
upward; z; (¢ = 1, 2, 3) is the coordinate of depth
of the undisturbed ith layer of the fluid, in which

zo = 0 is the upper boundary and z3 is the bottom.
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p® (i =1, 2, 3) is the density of the ith layer of the
fluid, h; = z;-1 — 2z; (i = 1, 2, 3 ) is the thickness of
the undisturbed ith layer, and n( (i = 1, 2) is the
vertical displacement of the ith density interface.
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Fig.1. Schematic of the three-layer fluid.

Assuming that the fluid in each layer is homoge-
neous, inviscid, incompressible, and irrotational, the
velocity potential @) (1t = 1, 2, 3) satisfies the
Laplace equations:

924 92 D)
Ox? 922 0,
(5409 <2 < ma +007, i=1,23), (1)

where (9 (z,t) = 0, and n®) (z,t) = 0.
The top and bottom boundary conditions are

o)
S =0 (=2 =0), )
5P
5 = 0 (z==z3). (3)

At the density interfaces, the kinematic boundary con-
ditions are:

= 152)5

(Z =2Zi—1+ n(i_l)a 1= 253)7
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o Pli+1)
0z

1,2).

)T},<z=%+¢%,u



1908

Chen Xiao-Gang et al

Vol. 18

. Third-order Stokes interfacial
internal waves by the pertur-
bation method

did in their stud-
ies of internal waves and random internal waves in

As Umeyamal’?l and Songl®!

a two-layer density-stratified fluid, the perturbation
method is used to solve the above basic equations and
boundary conditions. But the third-order Stokes wave
solutions for interfacial internal waves will have so-
called secular terms when using the regular perturba-
tion method.["Y Tt is also noticed that the nonlinearity
of the interfacial internal waves may lead to differ-
ences between the period of nonlinear waves and that
of linear waves.!''] So we use the singular perturba-
tion method to avoid the appearance of these secular

92 52 )

terms.
We introduce nondimensional variables as fol-
lows:

2 =kx, 2 =kz, t =uwt,

hy 2 |k _.
o) (', 2, ) = E\/;Q)(l)(:r,z,t),

Wy =khi, i=1,2,3,

7 2 .
77(1) (gc’,t') — E77(1) (2,1),

’ w

-

where k is the wave number, w is the angular fre-

i=1,2,

(7)

quency, and H is the wave amplitude.
By using Egs.(7), the governing equations and
boundary conditions (1)—(6) can then be expressed in

nondimensional form as:

_ . () . (=1 ;=
st =0 (ute? <z<zatenY, i=123), (8)
oo
5 =0 (:=20=0), (9)
(i) (@) OFFI0 ,
6?; - wagt Eagx a(fx ; (z =2+ en®, i=1, 2), (10)
5P oni—1) o= 9 .
— = 2. (171) ) — 2 11
BE o T Tar ap o GTAEmtent i=23) ()
XA
0z 0, (z = 23), (12)
N aqw 2 raeN?
0z
) a¢(1+1) 1 o (i4+1) 6@(“‘1) 2 ) _
- p(H_l) { ! T ot 5 [< ox ) * < 0z > ’ (Z =z + 577(1)7 L= 15 2)7 (13)

where ¢ = kH/2 can be chosen as a small parameter and we have dropped the primes for nondimensional

variables.

The velocity potential ¢(9 (i = 1,2,3) and the vertical displacements of the density interfaces n() (i = 1,2)

can be expressed as:

o) = ¢ 4 o) 42 ) +0(?), i=1,2,3, (14)
0@ =+ el + i)+ 06, i=12, (15)
W = wr +EWH+E2L«JIH+O(E3), (16)
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where O is the order symbol, and the subscripts
I, IT and IIT denote quantities corresponding to the
first-order, second-order and third-order perturbation
solutions, respectively. Also, the velocity potential
#® (i = 1,2,3) at the density interfaces z = z; +
n0=Y (i = 2,3) and z = z; + 0@ (i = 1,2) can be
expanded in a Taylor series about z = z; (i = 1,2).
So we can replace the density interface boundary con-
ditions in Egs.(8), (10), (11) and (12) by the condi-

: ; agp(i)
P(){m()'f‘wl 8; }

, L .
— p(l+l) {T]I()_’_WI# R (Z:Z,L',Zzl,2).
(22)

The second-order equations and boundary conditions

are:

tions to be satisfied for z = z;(i = 1,2) instead of 0? @I(Ii) 0? @I(Ii) —0
z = z;4+ 1. Substituting Eqs.(14)—(16) into Egs.(8)~ dx? 022 7
(13), we derive the governing equations for the first- (zi + En(i) < z<zi1+ 677(1.71), 1=1,2,3),
order, second-order and third-order powers as follows. (23)
The first-order equations and boundary condi-
tions are: .
(0) (i) 0y 0, (2=2=0) (24)
02 &y 02 &y _0 0z ’ — 0=
Ox? 022 ’
zi + sn(i) <z<z1+ an(i_l), 1=1,2,3), i i
( 1 ) oty o 0° 9"
(17) 9. M g
iy o on” 09"
1) = wr +wi + )
09, ot ot Jr Ox
az :O, (Z:ZO :0), (18) (Z:Zi,i: 172), (25)
08 oy 080 oy
= w2 i i=1,2 19 1T (i-1) 1
G 1 TR (Z Ziy 1 ) ) ( ) G Ui 022
i—1 i—1 i—1 i
. . = wr 8771(1 ) +w118n1( ) 3771( ) 8451()
oo on{™Y , ot ot dr  Or
5, — W5 (=2, 1=23) (20) (2= 2,i=2,3), (26)
RLIS 93
S =0, (s=2) (21) S0, (s=2) (27)
ooy aa.” 2o 1 |(0s\" (00"
o0 n(i) Y St | SRR et S wm(i) LU Y et G BT 1
i ot ot L otoz 2 ox 0z
(i+1) (i+1) (i+1) (i+1) \ 2 (i4+1)\ 2
_ p(i+1) n(i) + Py + wHaQ’I T+ wim 1) 9? & + l 9P + 09
i ot ot L otoz 2 Ox 0z ’
(z=2,i=1,2). (28)
The third-order equations and boundary conditions are:
Ot , Oy ; iy
st =0 (iten <z<zmateY) i=123 (29)
(‘9@(1)
UL _ 0, (2=2z =0), (30)

0z
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+ 20 L O L L L L (z=a, 1=1,2). (34)
0z 0z Ox 0x0z 0z 072
The results of the first-order solutions are as follows:
b cosh z
M = o N e — ¢
! I sinh h1 sin(z ), (35)
() cosh(z — — 5@ cosh(z —
2 bW cosh(z — 29) cosh(z —21) .
D7 = wr Sl sin(x — t), (36)
(2) cosh(z —
@) b cosh(z —z3) . 3
D7 = wr S — sin(x — t), (37)
771(1) = bW cos(z — t), (38)
771(2) =b@ cos(z — t), (39)
Substituting Eqgs.(35)—(39) into Eq.(22), we obtain the dispersion relation:
P’
wi | (p™M coth hy + p® coth hy)(p® coth hy + p) coth hs) — Ginh )2
+w?[(pM = p@)(p® coth hy + p coth hz) + g(p® — p®)(p™M coth hy + p coth hy)]
+(p = p®) (P = p®) =0, (40)

in which

b® = ap™, (41)
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where
[(p(l) - p(2)) (p(l) coth hy + p® coth h2)] sinh h2
o= (42)
PO
The results of the second-order solutions are as follows:
1 @ L L2 cosh(2z) .
&) = — d -b thhy| ———= 2(x — t 43
) = o [ S0 coth | SZHEE sin(2(e - ), (43)
3@ — ool (a0 lb(l)b(l) cosh hg — b2\ cosh(2(z — 27))
1 ! 2 sinh hy sinh(2hs)
1 b — b3 cosh hy\ cosh(2(z — 21))
—(d® = Zp®@ 2 V2 sin(2(z — ¢ 44
( 2 sinh hs Snh(2hy) | = 1), (44)
3) _ @ 1,22 cosh(2(z — z3)) .
&7 = d““ —=b thhy| ————= 2(x — t 45
) = |a® = S0 cotnn | B o ), (45)
|
771(11) =dW cos(2(x — t)) + A1, (46) ail
ny = d® cos(2(x — 1) + A2, (47) = (b0 =)
wir =0, (48) +2w? (p(l) coth(2hy) + p@ coth(2h2)) , (51)
(2), 2
where 2p" " wi
a12 = a21 sinh(2h2)’ ( )
l1a2z — lza12 422
dn) = 29227 22 49
a11G22 — G12021 (49) = (p(2) - p(g))
loar1 — l1a
4 = 2 aen (50) +ow? (p(2) coth(2hs) + p®) coth(2h3)) , (53)
a11G22 — 12021
|
3
I = —pMw2p®’ [ (coth hy)? + coth hy - coth(2h) — ﬂ
@2 [0 bW coshhy = b® o b —b® coshhy 1 (M coshhy — b \* 3,00 ) (5
sinh hs tanh(2h2) sinh ho sinh(2he) = 4 sinh hs ’
y( b costihe — b o b0 — b coshhy 1 (b1 — b coshihy ? 3 (2
sinh hg smh(2h2) sinh hg tanh(2hs) 4 sinh hg 4
3
+p®wp®’ [ 4 (coth hs)? + coth hs coth(2hs3) — ﬂ : (55)
Ay = 2oz P [(cothm)? — 1] = p® [(cothhy — a/sinh ha)? — 1] (56)
1 2@ — 50
A, — lwlzb@)z p® [(1/(asinh hy)— coth hy)? — 1] — p® [(coth h3)? — 1] ' (57)
1 2B — )
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The results of the third-order solutions are as follows:

111 cosh(3z2)

1 _ : .
Prpf = —wr b (3h) sin(3(x — t)), (58)

2) 121 COSh(3(Z - 22)) - 122 COSh(3(Z - Zl))

Drpp = Wi Sinh(3hs) sin(3(x — 1)), (59)

off) == inaa ), (60)

771(111) = By cos(z — t) + pV cos(3(z — 1)), (61)

771(121) = Bycos(z — t) + p'? cos(3(z — t)), (62)

wir = wif, (63)

i =p® +pW Kd(l) + %b(1)2 coth h1> coth(2hy) + %d(l) cothhy — éb@f] : (64)

1 2 1 2
Iy = p — o [(d(l) - %b(l)b( Jcosh by — I )> coth(2hs) — <d<2> - %b<2> by bl )COSth) ! }

sinh h2 sinh hQ smh(2h2)
1 b coshhy —b3 1 s
——dm — —pM 65
2 sinh ho 8 ’ (65)
1.4y b™M) cosh hy — b 1 1, b1 — b3 coshh
Iy = 32 _ p@ | [ g® _ Zp) 2 “(d® - p® 2 th(2h
2 =P 2 sinh hg sinh(2hs) 2 sinh ho coth(2h,)
1o b —b@ coshhy 1. g8
—2d® 2 _ @ 66
2 sinh hqy 8 ’ (66)
@ @ (g2 _1y@? L@ oK
I3 =p —b d\) — §b coth hs | coth(2h3) + §d coth hs + gb , (67)
L1bay — Lob
1y _ Liba 2b12 68
bi1bag — biobar’ (68)
Lobiy — Lqb
@ _ L2bu 1021 69
bi1bag — biobar’ (69)
(2) _ 1)
o pici2 —prican
Bl = WI p(l) — p(2) ) (70)
(3) _ 52
o priC2 — prean
B2 = Wi p(2) — p(3) ) (71)
8= el (72)

(p® — pM)pM) + w2 [pMWbM) coth hy + p@) (b coth hy — b2 /sinh hy))’
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biy = (p(l) - p(2)) + 302 (p<1> coth(3hy) + p@ coth(3h2)) , (73)
3pPw?

bro = byy = — L U1 4

12 21 Sinh(3h2), (7 )

bos = (p(2) - p<3>) + 302 (p(2) coth(3hy) + p® coth(3h3)) , (75)

1 1 1
L = —p<1>w12b<1>{3 Kd“) + §b<1>2 coth hl) coth(2h1) + 7d® coth by — gb“ﬂ coth(3h1)

1 11
—gd(l) +d® coth hy coth(2hy) + §b<1>2 (coth hy)? coth(2hy) — §b<1>2 (coth h1)2}

b cosh by — b2
+p<2>w12{ <3b<1> l (du) _pn 2 Coshhe ) coth(2hy)

2 sinh Ao

d(z) b(2) b(l) — b(?) cosh hQ 1
2sinh ho sinh(2hs)

b( ) cosh hy — b(?) 1 b — b3 cosh h
< [ +d > Sinh(2hy) (d b - ) coth(2hs)

L340 b cosh hy — b
2 sinh ho

+ gb(1)3> coth(3hs)

2 sinh ho ( 2 sinh ho

L3 1) — b3 cosh hy L 3@
sinh hg 8 sinh(3hg)

120 cosh hy — b2 L b cosh hy — b3 b1 — b cosh hy
sinh h2 2 (sinh h2)2 Slnh(?hg)

7 11
— pMg) 4 Z2pQ
2 + 8

g dWcoshhy —b® o bW coshhy — b3 1y (b coshhy — b QCoth (2h2) (76)
sinh hy tanh(2hs) sinh hy sinh(2hy) 2 sinh hy e

b cosh hy — b2 b — b2 cosh 1
Lo = —p® 2 3pMW | [ g — p™ 2 th(2h b2 CRNN (C)I
2T 2 sinth iz coth(2hz) + 2 sinth 1o sinh(2hz)

1 2 1 2
—d(l) b( ) cosh h2 — b( ) + %b(l)'i 1 _ 3b(2) d(l) _ lb(l) ] b( ) cosh h2 - b( ) 1
sinh h2 8 smh(3h2) 2 sinh h2 s1nh(2h2)

bW — (3 cosh hs
sinh h2

3
2d@ .
2

(@ 0 = b cosh by

d® _
2 sinh h2

3 (9)¢
) coth(2hs) | + gb(z)% + ) coth(3hs)

@@ _ Ly bW coshhy — b b — b coshhy 11 52 b — b2 cosh hy
2 2 (sinh hg)? sinh(2hs) 8 sinh hgy

2

1 2 1 2 1 2

40 b(. ) — b .> coshhy  (z) bf ) —b@ coshhy 1 §® | b — g)( ) cosh hy coth(2hy)
sinh hg sinh(2hs) sinh ho tanh(2hs) sinh ho

1 1 1 7
+p<3>w%b<2>{3 Kd@) - 5b<2>2 coth h3) coth(2h3)+§d(2) coth hs + gb@f] coth(3h3) — 5d<2>

11 1
+d® coth hs coth(2hs) + §b<2>2 (coth hg)? — 5b<2>2 (coth h3)? coth(2hs) } (77)

3 9
C11 = b(l) |fd1d<l) (—5 + coth hl COth(2h1)> - gwlb(1)2 coth hl - wIAl =+ wr1 coth hl
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1
+§w1b(1)2 (coth hy)? coth(%l)] , (78)
3 b cosh hy — b b cosh hy — b
= —2upMgm 40 2 — wd®@ 2 b4
12 9! e sinh hg tanh(2hs) sinh hy sinh(2hs3) “I !
1 2 1 2
—wmb( >co§h hg — b® L 900 b >co§h hg — b
sinh ho 8 sinh ho
1 b cosh hy — b\ 2 1 b coshhy — 5@ 51 — P coshh
——wib® 2 - coth(2hs) + =wib® 2 : 2 79
9! sinh hy coth(2hs) + 91 (sinh hg)? sinh(2hs) ' (79)
3 b — b cosh h b — b3 cosh h
= 2@ d? 40 2 d® 2 ob@A
2 9! e sinh hy sinh(2hs3) sinh hg tanh(2hs) “I 2
b —b® coshhy 9 p2bM — 5P coshhy 1 bW — b® coshhy
- Zwrb® 2 4 Zwp® 2) - coth(2h
wi sinh ho + SWI sinh ho + 2WI sinh ho coth(2h2)
1 2 1 2
—lwl (1)b(>colshh2—b()'b()—.b()coshhgv (80)
2 (sinh hg)? sinh(2hs)
Coo = b(2) |fuId(2) (—g + coth hs COth(2h3)> + gwlb@)z coth hy — wrAs — wrr coth hs
1
_ 5wa<2>2 (coth hs)? coth(2h3)] , (81)

1y b cosh hy — b

(2) b cosh hy — b

3
c31 = w%{p@) [_ 5b(l)d(l) +

sinh ho tanh(2hs)

—d -4
sinh ho sinh(2h2) !

9
Zp
+ 8 sinh ho

+b

12b® coshhy — b L b coshhy — b
sinh ho

(290 coshhg — 6@ b1 — b cosh hy

2(sinh h2)2 Slnh(?hg)

@)\ 2
) coth(2hs)

3
‘| — pWp® [d(l) (—5 + coth hy Coth(2h1)>

1
—ng cothhy — Ay + §b<1>2 - (coth iy )? coth(2h1)] }

1 1 3
+ (p(l) — p(z)) b {Al coth hy + (d(l) + §b(1)2 coth hl) coth(2hy) + Ed(l) cothhy; — gb(l)ﬂ . (82)

4. Discussion

It is noted that the first-order solutions (35)—(39)
and the second-order solutions (43)—(47) are exactly
the same as the expressions derived by Chen!®! for
second-order Stokes wave solutions in a three-layer
density-stratified fluid. In addition, we find that the
angular frequency of the second-order Stoke waves is
the same as that of the first-order Stoke waves by us-
ing Eqs.(48), so the perturbation expansion at the
angular frequency is not considered for the second-
order Stokes wave solutions. However, according to
Eqs.(63), we have wirp # 0, then the angular frequency
of the third-order Stokes wave is different from that of
the first-order and second-order Stokes waves. Substi-

tuting Eqgs.(16), (40), (48) and (63), we have the total
angular frequency expression:

w=uw(l+*p) (83)

and the wave velocity of the third-order Stokes wave
is

c= % = a(l+¢%8), (84)

where ¢; = “r

Equation (84) indicates that the wave velocity in
the third-order solutions depends not only on the wave
number and the depth of each layer but also on the
wave amplitude. This is a characteristic of a nonlinear
wave, but it can be obtained until it is approximated
to the third-order.!'!]
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Equations (61) and (62) show that the third-order
vertical displacement 771(11% (i = 1,2) contains not only
a cos(3(z —t)) term but also a cos(x — t) term. The
latter’s phase is equal to the linear wave, while the
wave amplitude is €2 times as small as the wave am-
plitude of the linear wave. This term is similar to
the constants A; and A, that the second-order ver-
tical displacement 771(;) (¢ = 1,2) contains. This indi-
cates that the nonlinear influence appears not only in
the n(n > 2) times high-frequency wave components,
but also in the wave frequency or the stationary low-
The first, second and third

solutions of the displacements of the upper and lower

frequency components.

interfacial waves are shown in Figs.2 and 3, respec-
tively.

In the figures 711, 121, 731 are the first, second and
third solutions of the displacements of the upper inter-
facial wave, and 712, 722, 132 are the first, second and
third solutions of the displacements of the lower inter-
facial wave; the parameters are p") = 1000 mg/cm?,
p?) = 1050 mg/cm?®, p® = 1090 mg/cm?, £ = kTH =
0.1, h1 = ho = h3 = 10 cm and 0 = kx — wt.

In addition, because expressions of the third-

order solutions contain terms b(l)a, b(2)3, 17(1)27 b(2)2,
pD* 2 p@7 (D) (27 52) () p2) (1) L g

0.4

0.2

Fig.2. Displacements of the upper interfacial wave.
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Fig.3. Displacements of the lower interfacial wave.

b . d@ p2 g p2) . @) the third-order solu-
tions can describe the third-order nonlinear modifi-
cation and the third-order nonlinear interactions be-
tween two interfacial waves. The results obtained also
show that the third-order solutions consist of the first-
order solutions, the second-order solutions and the
third-order nonlinear modification and the third-order
nonlinear interactions between the interfacial waves,
and depend on the density and depth of each layer.

5. Conclusions

Interfacial internal waves in a three-layer density-
stratified fluid have been investigated using a singular
perturbation method. The third-order asymptotic so-
lutions of the velocity potentials and the third-order
Stokes wave solutions of the associated elevations of
the interfacial waves are presented based on the small
amplitude wave theory. The results obtained show
that the third-order solutions can describe the third-
order nonlinear modification and the third-order non-
linear interactions between interfacial waves, and the
nonlinear influence appears not only in the n(n > 2)
times high-frequency components of waves, but also in
the frequency of waves or the stationary low-frequency
components. When approximating to third-order, the
wave velocity depends not only on the wave number
and the depth of each layer but also on the wave am-
plitude.
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