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A model for an excited-atom coupled leaky cavity in single-photon generation is proposed based on universal

modes. Solvable motion equations of the atomic operators are obtained under the single-photon condition by adopting

the Lorentzian line type of the universal modes.
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1. Introduction

Single-photon generation means that only one
photon is emitted at a predetermined time within a
short time interval, that is, if the single-photon source
is switched on, then with a high degree of certainty
just one photon emerges at a known, user-specified
time. Such an optical source exhibits non-classical
behaviour; it is impossible to generate single photons
with even very weak laser pulses, for which the photon
number obeys Poissonian statistics. A single-photon
source could find applications in quantum informa-
tion processing,!’) quantum cryptography!? and cer-
tain quantum computation problems.[? Single pho-
tons can be generated by a variety of schemes, includ-
ing single atom in cavity,[* single molecule,®) single
quantum dot, photonic crystalsl”l and parametric

processes. [l

Several authors have made a theoretical analy-
sis of the generation of single photons from a cou-
pled atom—cavity system. In Ref.[9] a high efficiency
scheme for generating a single-photon state transmit-
ted out of an optical cavity was reported. The con-
trolled generation of single photons from a strongly
coupled atom—cavity system was discussed in Ref.[10].
In Ref.[11], the emission spectra and quantum ef-
ficiency of single-photon sources in the cavity-QED
strong-couple regime were investigated. In this pa-
per we shall use another method, called the univer-
sal modes, to go further into the theoretical problem.
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Firstly we put forward the model of an excited-atom
coupled leaky cavity in single-photon generation based
on the universal modes. Then we give the motion
equations of the atomic operators in the Heisenberg
picture and make a theoretical analysis of the equa-

tions.

2. Model

In our model, a A-type three level atom is cou-
pled to an ideal cavity and a leaky cavity, as shown
as Fig.1. The transitions |3) — |1) and |3) — |2) are
allowed and the transition |2) — |1) is forbidden, and
an independent repumping scheme brings the system
back to the initial state. We consider atom-ideal cav-
ity coupling in order to treat the spontaneous emis-
sion process between atomic levels |3) and |1). Like
the models of Refs.[9] and [10], the bad cavity regime
has been adopted to minimize loss due to the sponta-
neous decay process. We describe the leaky cavity by
the so called universal modes. In the universal mode
picture, the leaky cavity is a part of the whole cavity
with one cavity mirror at infinity, and the field is rig-
orously quantized in a larger cavity (the ‘universe’).
For example, using the universal mode, the authors of
Refs.[12] and [13] have developed the one-dimensional
output coupling laser theory in which coupling loss can
be naturally considered, derived automatically and no
loss term is explicitly added to the field equation.
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Fig.1. Sketch map of a A-type three level atom coupled
to an ideal cavity and a leaky cavity

Due to the universal mode used in our model, the
photon leakage rate need not be introduced; instead
the atom and leaky cavity coupling becomes the atom
and the universal mode coupling. In comparison, in
the models of Refs.[9] and [10], the photon leakage
rate was explicitly added to the master equation for
the density matrix operator. For the problem of oper-
ator evolution of the exited-atom coupled leaky cav-
ity in single-photon generation, we shall obtain opera-
tor equations that are solvable based on the universal
modes.

In addition, the lifetimes of atomic levels |1) and
|3) are assumed long so that their relaxation is ignored
for all models mentioned above.

3. Theoretical analysis

For the system under consideration, the three-
level excited-atom coupled leaky cavity (universal
modes) and coupled ideal cavity (single mode) can be
described by a Hamiltonian of the form of the electric
dipole approximation

H = Zh()Rﬂ—f—hwlalal—i—Zhwaas
Jj=1

—lﬁgl (a1R31 — CLl ng)
—ih <Z gsasR32 - nga;rR23> . (1)

Here the first term is the energy of a free three-
level atom, and the operator R;; describes the occu-
pation of the jth level with energy hf2;. The second
term and third term present the energy of the mode
of a free electromagnetic field, aj (a1) is the creation
(annihilation) operator for the ideal cavity mode and
at(as) is the creation (annihilation) operator for a
photon of the universal mode, where w; = (25 — (X,

wys is the frequency of the s mode. The fourth and fifth
terms are the energy of the atom—field interaction in
the dipole approximation, where g; and g5 are the cou-
pling constant (assuming g; and g are real) and the
operator R;; describes the transition from state |j) to
i) (i # ).

If both cavities are considered as ideal cavities,
the symbol > in the fifth term of Eq.(1) does not ap-
pear, and Eq.(1) can only be used to describe the case
The authors of Ref.[14]
have studied the dynamical behaviour of level filling

of the two-photon process.

and occupation numbers of photon mode in the two-
photon process in a three-level system. If only one
leaky cavity is considered, there are no terms includ-
ing a(a]) in Eq.(1), which corresponds to the Janes—
Cumming (J-C) mode in a leaky cavity. The au-
thors of Ref.[15] have presented an exact pure-state
approach for the J-C model in a leaky optical cavity
based on the universal mode. In fact our model is
the extension of the two models mentioned above and
therefore we can combine the analysis methods men-
tioned above to make a theoretical analysis in what
follows.

According to the commutative law of atomic op-
erators, and the equation of motion of any observable
in the Heisenberg picture, we obtain the Heisenberg
equation of motion for the atomic operators R;;(t):

Rii(t) = gifaf (¢ )R13 + a1 (t) Ra1 (1)), (2)
Rgz t Z gsay (t)Ra3(t) + Z gsasRs2(t) (3)

and Rs3(t) can be got by the relation
> Ry =1 (4)
J

We define the occupation number operators for
the ideal cavity mode and the s mode of the universal
modes,

Nl (t) = aii»a’lv (5)
Ny(t) = afas. (6)

Then we obtain by the Heisenberg motion equa-

tions for N1 and N,

Ni(t) = Ru(t), (7)
ZN = Ros(1). (®)
That means,
Ni(t) — Rua(t) = M, (9)
ZN — Ry (t) = Mo, (10)
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where the operators M; and M, are constants inde-
pendent of time ¢.

Using the Heisenberg motion equations of Ny (t),
from Eqgs.(2) and (7) we obtain

Rl (t) = g% [2&?@1 (R33 - Rll) + 2R33]

—g1 <Z gsay a1 Ror + ngafasRu) (11)

Combining Eqs.(4), (5), (9) and (11), we find

Rl (t) = QQf(Ml + 1)(1 —2Rqy1 — Rgg)

—g1 <Z gsaiarRoy + ngafasRu) (12)

Also by the Heisenberg motion equation of N (t), we
obtain from Egs.(3) and (8),

S ON(t) = —; [szgsasRm +Y_gsafai Ry

+2 Z g2atas(R33 — Rao)

+2 g2 Ras. (13)

Assuming the modes are independent, we have
the following expression from Eq.(10)

Z 92N,
where 3 is defined as
62293/29?- (15)
Substituting Eq.(14) into Eq.(13), we have
Z Ny(t) = —n laf ngasR12 + ngajalel

—20(1 + M3)Rao
+2(a+ BM3)(1 — Ri1 — Ra2), (16)

B[Raz2(t) + Ma], (14)

where
a= Zg? (17)

We note the same part in Egs.(12) and (16), and
define the part as B,

= Z gsafaiRa + ngasaleg. (18)

Now we derive B(t) by the Heisenberg motion equa-

tion ihB = [B, H], and obtain
lﬁB = R216L1 ngajh(ﬂl - .QQ +wyp — ws)
+ihgy nga:alangg
+ih (Z gsas> <Z gsa ) Rsiaq
—h.c., (19)

where h.c. is the conjugating term.

The atom-field coupling g2 (assuming g; is real)

is proportional to a Lorentzian,'% i.e.,
2 n?

gs — 4(‘08 — Q)2+I€2,

{2, n depends on the atomic dipole

(20)

where 2 = ()5 —
and k is the decay rate.

Due to the Lorentzian of g2, there is a symme-
try about the centre frequency 2, and the first tem
of Eq.(19) and the corresponding term of h.c. can be
neglected. Then combining Eqgs.(2) and (3), we obtain

from Eq.(19)

B(t) = gia1a] Ras

+<zs:gsas> (ng )Ru/gl (21)

In Eq.(21), the second term involves the factor
ST gsas Y. gsat, now we make the time derivation of

S S
the factor using the Heisenberg motion equation of the
factor. We find

d .
1 POTER DIEN S o MY
Then we have

Z gsls Z gsa: = Z QERQQ + alMs, (23)

where the operator M3 is a constant independent of
time.

In the derivation above, we have used the condi-
tion of the single photon of one atom, that is, for the
single photon case, the state of the photon satisfies

Ins) = 10)

Hence corresponding to Eq.(24), there is the following

or [1). (24)

relation for the single photon case,

ZgSaShw ng
—ngaSnga hws = 0. (25)
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From Eqs.(23) and (9), Eq.(21) can be written as

B(t) = g1(1 + My + Ri1)Roo
+ <Z g2 Ros + M3> Ri1/g1. (26)

Substituting Egs.(2) and (3), the expressions of
Ryy and Ry1, into Eq.(26), we note commutative rela-
tions among R;;(¢,7 = 1,2,3), such as Ri1Ra3 = 0,
R11R32 = O, R22R31 = 0, R22R13 = 0, hence in
Eq.(26), Ri1Ry = 0, 3. 92RooR11 = 0, we obtain

from Eq.(26)
B(t) = g1 (1 + M) Ray + MsR1 /g1 (27)
By integrating both sides of Eq.(27), we obtain
B(t) = g1(1 4+ M1)Ros + MsRy1 /g1 + 91K, (28)

where K is a constant independent of time. Now com-
bining Eqs.(9), (12), (18) and (28), we obtain the sec-
ond order derivative equation of Ry1,
Rii = —3¢%(1 4+ M)Ry,
—[OAMg + 49%(1 + Ml)]Rll
+2g3(1 + My) — g1 K. (29)
Similarly, combining Eqgs.(10), (16), (18), (28), we ob-

tain the second order derivative equation of operator
R

Ryy = — [gf(1 4+ My) +2(a + B + 26M)] Rao
— [2(0( + BMQ) + OéM3] R11
+2(a + BM3) — giK. (30)
According to the initial condition R;(0),
R11(0), Ro2(0) and Rg2(0), we can easily obtain the

solution of the derivative equations Egs.(29) and (30),
as shown in the Appendix.

4. Physical meaning of equations

Equations (29) and (30) present the dynamic be-
haviour of atomic level population operators, in which
My, My, and M3 are constants, expressed by Eqs.(9),
(10) and (23). From Egs.(9) and (10), we can obtain
the statistical moment operators of the photon num-
bers. Thus when we know the dynamic behaviour of
the level populations, that is, the solutions of Egs.(29)
and (30), we can introduce the characteristic function
operators and obtain information about photon sta-
tistical properties.

5. Summary

In this paper we have proposed a model for an
excited-atom coupled leaky cavity in single-photon
generation based on universal modes. In the model
there are two cavities, an ideal cavity and a leaky
cavity. The leaky cavity is described by the univer-
sal mode. In the Heisenberg picture we established
the motion questions of the atomic operators. We
here adopted the Lorentzian line type of the universal
mode and used the single-photon condition, and we
have made a theoretical analysis of the equations of
atomic operators. We have finally obtained solvable
equations of the atomic operators . The equations can
be used to further treat the problems of single-photon

generation in the future.

Appendix

Combining Eqgs.(29) and (30), we obtain

R +5g2(1 4+ M) + 2(a + 8+ 2M2f) + aMs)Riy + {262 (1 + My)[a(1 — M) + B(4 + 5My)

+2¢3 (1 + M) + 2[e + B(1 + 2M>)|aMs} Ryt + 3¢5 (1 + Mo)[2(av + BMa) — g1 K] = 0. (A1)
We define
2% = — [5g2(1 + My) + 2(a + B + 28M,) + aMs] + {[5g2(1 + My) + 2(a + 3 + 28M,) + aMs)
— 8¢2(1 + My)[a(l — M) + B(4 + 5Ms) + 2¢3(1 + My)] —8[a+ B(1 + 2My)]aMz}'/?
rlz\/Ti\/E, 7«2:_§ 3, rgzg\/g, 7~4:_§ rZ, (A2)
Co 397 (14 My)[2(o + fM:) — g7 K| (A3)

" 22(1+ My)[o(1 — Ms) + B(4 + 5My) + 2¢2(1 + My)] + 2[or + B(1 + 2My)]aMs
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Then we have the general solutions of the Eq.(A1) and Ry (0),
Bun(t) = Crexp(rat) + Caexplrat) Cy = (D1 + D3)/2r1(r3 —r?),
o +lecxp . ) jecxp N £+ Co. (Ad) G2 = (D = D)/l =12
eplrat) + Crexplrat) + Coo Cs = (D + D) /2r3(r% — 1),
, , Cy = (D5 + D) /2r3(r] —13), (A7)
From Eqs.(A4) and (29), the expression of Roa(t) is
easily written as follows where
Ras(t) = —————{ — [C1 (1 + g?)e"" Di_ 40 .
2 393 (1 + My) o - 391(1 + M1)R22(0) — Cog
+ Co(r3 + ¢*)e"™" + C5(r3 + ¢*)e"™ —[26°(1 + My) — 3K + Ri1(0)(r2 + ¢?),
+Ca(ri + 7)™ ] + Cog” Dy = R (0)(5 + %) + 3g3(1 + M) Raa (0),
+[2¢°(1 + M) — ¢?K]}, A5 D
[ gl( l) g1 ]} ( ) 75239%(1+M1)R22(0)—Coq2
where N [297(1 + My) — g7 K] + RII(Q)(T% +4%),
Dy = R11(0)(r] + ¢°) + 3¢3 (1 + M1)R22(0).  (A8)
¢* = aMs + 493 (1 + My). (A6)  From Eqs.(9) and (10), we can also obtain the ex-

The coefficients Cy,Cs,C3 and C4 can be derived ac-
cording to the initial conditions R11(0), R11(0), Ra2(0)

pression of the occupation number operators Ny (¢) for
the ideal cavity mode and > N4(t) for the universal
S

modes.
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