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Based on the vectorial Rayleigh-Sommerfeld integral formula and the complex Gaussian expansion of the hard-

edge aperture function, an analytical propagation expression for a nonparaxial vectorial off-axis Lorentz beam passing

through a rectangular aperture is derived. The unapertured case, the far field expression and the scalar paraxial result

are also presented as special cases of the general formulae, respectively. Some numerical examples are also given to

show the propagation characteristics of a nonparaxial vectorial off-axis Lorentz beam through a rectangular aperture.

It is indicated that the f parameter, the off-axis displacement and the truncation parameter all play an important role

in determining nonparaxial propagation behaviour.
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1. Introduction

As a new kind of realizable beam, the Lorentz
beam was introduced by Gawhary and Severini.!
With identical spatial extensions, the angular spread-
ing of Lorentzian distribution is higher than that
of Gaussian description.?! Therefore, the Lorentz
beam provides an appropriate model to describe some
laser sources, e.g. double heterojunction Gaj_, Al As
lasers, which produce highly divergent fields.??
Within the paraxial framework, the propagation of
a Lorentz beam in the Fresnel approximation has
been investigated in free space, and the corresponding
closed-form scalar representation in a general trans-
verse plane has been also presented.[!] However, the
paraxial approximation does not hold for beams with
a large divergent angle, which results in extending a
Lorentz beam to the vectorial nonparaxial regime. By
using the vector angular spectrum representation, the
characteristic of a nonparaxial Lorentz beam in the far
field has been examined from the vectorial structure,
and the vectorial structure of a nonparaxial Lorentz
beam has been compared with that of a nonparaxial

Gaussian beam. !

Based on the non-paraxial vectorial
moment theory of beam propagation, the propagation

properties of a nonparaxial Lorentz beam have been

revealed.[?] In practice, the rectangular hard apertures
always exist. Moreover, the general case of off-axis
propagation is considered. Therefore, the propagation
properties of a nonparaxial vectorial off-axis Lorentz
beam passing through a rectangular aperture are in-
vestigated in the present paper.

The remainder of the present paper is organized
as follows. Based on vectorial Rayleigh—Sommerfeld
integral formula and the complex Gaussian expansion
of the hard-edge aperture function, an analytical prop-
agation equation of a nonparaxial vectorial apertured
off-axis Lorentz beam is derived in Section 2. Numer-
ical calculation results and analyses are presented in
Section 3. Finally, the main conclusions drawn from
the present study are summarized in Section 4.

2. Nonparaxial propagation of

a vectorial apertured off-axis

Lorentz beam

The vectorial off-axis Lorentz beam is considered
to be linearly polarized in the x-direction, which is a
familiar case. The z-axis is taken to be the propaga-
tion axis. The vectorial off-axis Lorentz beam in the
source plane z = 0 is described by
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where Ey is a normalized constant, wo, and wo, are
the parameters related to the beam widths in the z-
and the y-directions, and x4 and yq are the off-axis dis-
placements in the - and the y-directions, respectively.
The time dependent factor exp(—iwt) is omitted in
Eq.(1); here w is the circular frequency. A rectangu-

lar aperture is positioned in the source plane. The

centre of the rectangular aperture coincides with the
origin of the Cartesian coordinate system. The two
transverse side-widths of the rectangular aperture are
2a and 2b, which are respectively parallel to the z-
and the y-axes. The optical field just behind the rect-
angular aperture is expressed as

Ey

Em (5507 Yo, 0)
Ey(x07 Yo, 0) 0

woawoy[1 + (z0 — xa)?/wi,J[1 + (vo — ya)®/wi,]

rect(wo, yo), (2)

where rect(zo, yo) is the hard-edge rectangular aperture function given by

rect(zo,yo) =

1, |zo| < a,|yo| < b,

(3)

0, |xo| > a, |yo| > b.

The hard-edge rectangular aperture function can be expanded into a finite sum of complex Gaussian functions

aJS[678]

rect(xo, yo) Z Apexp (——:C0> ZA exp ( b2 y0> (4)

where the complex-expanded Gaussian coefficients A;, A,;, By and By can be obtained by optimization

computation.[®! By using the vectorial Rayleigh-Sommerfeld integral formula, the nonparaxial vectorial aper-

tured off-axis Lorentz beam propagating toward half free space z > 0 is found to bel

9—11]

oG (r,
/ / E.(x0,y0,0) (8 po)diﬂodym (5)

1 [ [ OG(r, po
E,(r) = __77/—00 /_Oo Ey(xo,yo,O)%dxodyo, (6)
oG (r, IG(r,
y 27T / / < I05y070)% +E’y($07y050)#)dxody07 (7)
|
where the paraxial approximation:!*2—15!
_ exp(ik[r — pol) 1 . pE — 2xxo — 2yYo
G(r,po) = T r—po| (8) G(r,po) = ~exp [1k (r + 22 o )] , (9)

r=xt+yj + zk, and pg = zot + yog with ¢, 7 and k
being unit vectors of the x-, y- and z-axes in the Carte-
sian coordinate system, respectively, and k = 27w /A
is the wave number with A being the incident wave-
length. The following approximation is valid beyond

where r = (22 + % + 22)V/2 = (p? + 22)V/2, and
Py = (i +y)*.
and (3) into expressions (5)—(7), one can obtain the

Substituting expressions (2), (4)

propagation equation of a nonparaxial vectorial aper-
tured off-axis Lorentz beam as
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1Eozexp (ikr) / " .
E.(r) = A, i ., ;
(r) /\TQwOmwoy ; 1+ (20 — 5Ud)2/wgm exp 27°( hTy xx0) | dzo
ST 1 ik
! 5 (Cotis — 2uw0) ) d 10
g ; ! /—oo T+ (yo — yd)2/w3y exp (27”( Y0 yyO)) Yo, (10)
iEgexp(ikr) / T — T ik 2
Ez - A ik o .y q |
(r) = )\r2w01wou hzl 1+ (zo — 24)2/wE, exp 27‘( hTo z70) | dzo
ST 1 ik
! 5 (Cotlo — 2uw0) | d 12
g ; ! /—oo T+ (yo — yd)2/w3y exp (27”( Y0 yyO)) Yo, (12)
where - .
_ 4 4TDn _,_ 2B,
Ch=1 T and Cy=1 - (13)

To obtain the analytical form of the x component for a vectorial apertured off-axis Lorentz beam, one

should first perform the following integral:

o 1 ik
T, = —(Cpat -2 d
' /,oo 1+ (zo — ®q)?/wd, P <2r( ho xa:o)) 0

ik (o)
Oz

ikz?
i) [

Expression (14) can also be rewritten as

T = w%mexp <_

with f1(7) and fao(7) defined respectively as
1

2 2
Wy, + T

fo(7) = exp (ik(’;:TQ) . (17)

By using the convolution theorem of the Fourier

fi(r) = (16)

and

transforms('% expression (15) is found to be

T, = 7'”;01 [V (x — Cpza, 2) + V(2 — Chza, 2)]
ika?
— 1
xexp< 2c,ﬂ~) (18)

with V;*(x, z) given by

where

(.k [Chat —2(x — Chxd)x1]> dzy. (14)

xz— Chxq x — Chxq
) ()] .

is the usual error function.'”) Similarly, the following
integral is obtained:

o0 1
T, - /
2 ) T+ (yo - ya)?/wg,
ik
X exp (;(ngé - 2yyo)> dyo

TWOoy

= T[Vu+(y - qudu Z) + Vyi(y - quda 2)]

iky?
X exp (—%) (21)
g

with Vyi(y, z) given by

kC .Y 2
Vyi(yv z) = exp lTrg (wo.y + IC_(]>

kC, .Y
X {l—erf Trg <w0y:|:1€g)

Therefore, the analytical expression of the x compo-

nent for a vectorial apertured off-axis Lorentz beam
beyond the paraxial approximation is obtained as
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2 E o2
lz)\rgzexp (ikr) Z{Ah [V.F (2 — Chaq, )—i—Vz(x—Chxd,z)]eXp(— e >}

Ex(r) - QChT

X Z{ Sy — Cyya, 2 )+Vy_(y—ngd72)]exp<— 21?;)} (23)

To obtain the analytical longitudinal component of a vectorial apertured off-axis Lorentz beam, one should
still perform the integral

e i) ik 2
T3 = — (Chag —2 d
ika? r — Chxq r — Chxq
— oaT 2 — - _— 24
raTh +womeXP< 2Chr> {f3 ( C * fa C ) (24)
where f3(7) is defined by
.
= 25
Fr) = o (25)
By using the convolution theorem of the Fourier transforms, expression (24) turns into
iTw? ikx?
Ts = 2Ty + —=22[V, (x — Cpq,2) — V, (z — Chq, 2)]exp | — . (26)
2 ZChT

As a result, the analytical longitudinal component of a vectorial apertured off-axis Lorentz beam is obtained as

ir2 By (ikr) al
Wexp(ikr) ]; {Ah[(:zr — x4 — iwoe) V" (x — Cpza, 2)

E.(r)=

ikz?
+ (x — xq +iwo, )V, (x — Chaq, 2)]exp| — 20T

y Z{ Hy — Coyar2) + Vo (y — ngd,z)]exp<— ;’Zij)} (27)

Expressions (23) and (27) are the main results obtained in this paper, which provide a general propagation
expression of a vectorial apertured off-axis Lorentz beam beyond the paraxial approximation.

When a — oo and b — oo, which means the case where there exists no rectangular aperture, expressions
(23) and (27) are reduced into the following forms respectively:

Ey(r) = —ij)fgzexp (ikr - %) {exp(%[wom +i(z — Id)]Q) {1 ~ erf(\/%[wow +i(z — $d)]>:|

e (i~ o)) [1 et (yf s — 60— 20} W ewo oy + 60 -0

X [1 - erf(@[woy +i(y — yd)])} + exp(zk [woy —i(y — yd)]2>

<|1- f(@[w ~itr—wl) |} (25)
E.(r) = iﬁi‘) exp <ikr - %) {(x g — iwogc)exp<%[w0x +i(z — xd)]2) [1 - erf<\/g[w0x +i(z — xd)]ﬂ

o = + dwacJesp - oo —ile = ) |1 - f(\/27 une ~ (e - 2] )|}

Seso (ot +it0 -0 ) [1 et (3 ooy + 60 - )|

e (gt G- ) [1 - ent (1 oo 10— |} 29
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The above expressions are just the propagation expression for a vectorial nonparaxial off-axis Lorentz beam in
free space.

The far field and paraxial expressions of a vectorial apertured off-axis Lorentz beam can also be obtained
under the far field and paraxial approximation conditions. In the far field regime, expression (9) can be further
simplified into the following form:

G(r, po) = %exp {ik (7’ - w)] (30)

r

Accordingly, the far field components of a nonparaxial vectorial apertured off-axis Lorentz beam are reduced
into the following forms:

in2Eyz . N 5222 By, 82x . T4 2
Bh 592056 . Iq
{1 — erfP [ — 62 (1 + 5B, fr. — 1w01
2
2z . Td By, 82z . Td
o] (1 - thfx st ) -5 (- v}
N
S v ool (g o) |
o 4Bgf21"2 62 2By fir  woy
3,y Yd B
_ Y AT -9
<fr-atly B (g )| e[ 2
0y Yd
1—erf 1-— Y i— 31
Qo5 (- o v )1 2
_im 2Eoexp(ikr) By 82w . T4 2
E.¢(r)= 2 ZAh{ T — T — 1w0x)exp{6g2c <1 + 3B for — 1w01
52 . Xq . Bh 52,@ . Xq 2
X{l—erf[“ (1+2Bhfx 1w0x>}}—i—(ac—xd—l—lwogg)exp[g(l—ZBhsz—i—lw—Ox) }
By, 52:0 . T4 52:172
X {1—erf[ g<1— QBhfxT+lw—()gc exp _74Bhf127’2
N 2,2 2 2 2
] B 5,y Yd B oy Ya
_ Y7 -9 Y _ ;724 _ -9 Y _ ;24
<X v (i) {oo | 1+ 35 i) | {1 -y B ()}
1)
ol @)
’woy

B 52y va \° B, 2y
+ ex —9<1— Y +i—)H1—erf[ (1— LA
p{(% 2Bgf§7° Woy 62 QBgfy2T

fo =1/kwoy, fy=1/kwoy, 6z =a/wos, and J§, = b/wo, (33)

where

with f, and f, being the f parameters and d, and ¢, being the truncation parameters in the - and y-directions,
respectively.

The propagation equation of a vectorial apertured off-axis Lorentz beam in the paraxial regime can be
treated as a special case by using the paraxial expansion

p
r=z+ . (34)

Replacing r in the first phase part of expression (23) with expression (34) and other terms with z, one can
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obtain the paraxial apertured off-axis Lorentz beam as

N

i7T2E0 . P2 + - ika?
Eup(r) =— D, &P {1/@ (z + E) }; {Ah[PI (x — Chpza, 2) + P, (x — Chpa, z)]exp( — 2Chpz) }
- + - iky?
X Z Ag[Py (y — Cypya, z) + Py (y — CypYa, z)|exp| — °%C - (35)
g=1 gp
with PF(x, z) and Pyi(y, z) given by
kCh, oz \? kCh .
+ _ P - _ P _—
Pr(z,2) = exp{ o <w0x + 1Chp> ] {1 erf[ 5, | Woz + lchp ) (36)
v \2
Pyi(y,z):exp[ 2,gp (woyzlzlcgp> }{1—erf[ 2qp( oy:tlcgp)}}, (37)
where 9, B 9.8
- ZDp o ZDg
Chp TR and Cgp =1 T (38)

The longitudinal component is omitted within the  Fig.2 with Fig.3, one can see the influence of off-

framework of the paraxial approximation as it is neg-  axis displacements on the propagation behaviour. As

18] the off-axis displacement increases, the difference be-

ligible compared with the  component.!
tween the nonparaxial and paraxial results decreases

. . in the central area, while their difference is augmented
3. Numerical calculation results &

and analyses 12 “
For the sake of intuition, the normalized light 2 s

intensity distribution of a vectorial apertured off- § '

axis Lorentz beam in the reference planes is depicted =)

in Figs.1-5, where the light intensity is given by ‘E’ 0.4

I = |E,]*> + |Ey|> + |E.|*>. The solid curve repre-

sents the nonparaxial result obtained by using expres- 0 : . .

sions (23) and (27). The dotted curve denotes the —25.0 125 0 12.5 25.0

paraxial result calculated by using expression (35), 2/A

which is given here for comparison. The reference 12 (b)

plane is z = 100X in Figs.1-4. x4 = yq = 0.1},

6, = 6, = 2, and f, = f, = 0.02 in Fig.l. In g 0.8

Fig.2, fo = fy, = 0.5, and the rest of parameters :;

are the same as those in Fig.l. x4 = yq = 2X in g: 0.4

Fig.3, and the other parameters are the same as

those in Fig.2. z4 = yq = 0.1, 6, = J, = 3, and

fo = fy, =05in Figd. 24 = yq = 0.1\, §, =, = 2, O s b 7

and f; = f, = 0.5 in Fig.5. Moreover, the different z/X

reference planes z = 50\ and z = 1000\ are taken

into account. If fm and fy are small, the nonparaxial Fig.1. Normalized intensity distribution of an apertured

result is in good agreement with the paraxial result, off-axis Lorentz beam in the reference plane z = 100\ with
which is shown in Fig.1. Figure 2 indicates the dif- zq =ya = 0.1\, 0z = 6y = 2, and fz = f; = 0.02 for (a)
I(z, 0, 100 X) and (b) I(0, y, 100 A\), where the solid and

ference between the nonparaxial and paraxial results ) i
dotted curves denote the nonparaxial and paraxial results,

becomes noticeable if f; and f, are large. Comparing respectively.
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1.2
(a)

0.81

I(z,0,100))

0.4 1

0 4
-200 —-100 0 100 200

0 T
-200 —-100 0 100 200

Fig.2. Normalized intensity distribution of an apertured
off-axis Lorentz beam in the reference plane z = 100\ with
Zq = ya = 0.1X, 6p = 6y = 2, and fr = fy = 0.5 for (a)
I(z, 0, 100 A\) and (b) I(0, y, 100\), where the solid and
dotted curves denote the nonparaxial and paraxial results,

respectively.

in the periphery. Comparing Fig.4 with Fig.2, it is
seen that the difference between the nonparaxial and
paraxial results becomes evident as the truncation pa-
rameter decreases. The stronger the truncation is, the
larger the difference will be. However, the truncation
parameter may not be set to be smaller than unity, as
otherwise expression (3) is not satisfied. As shown in

1.2
(a)

0.8 1

I(x,0,100))

0.4+

O L T T
-200 -100 0 100 200

z/A

1.2
(a)
= 0.8
S
—
= 1
= 0.4
0 T T T
-200 -100 0 100 200
/A
1.2

(b)

I(0,y,100))

-200 —-100 0 100 200
z/A

Fig.3. Normalized intensity distribution of an apertured
off-axis Lorentz beam in the reference plane z = 100\
with ©4 = yqg = 2\, 0z = dy = 2, and fo = fy = 0.5 for
(a) I(x,0,100X) and (b) I(0,y, 100\), where the solid and
dotted curves denote the nonparaxial and paraxial results,

respectively.

Figs.2 and 5, the difference between the nonparaxial
and paraxial results is independent of axial propaga-
tion distance z. Therefore, the f parameter, the off-
axis displacement, and the truncation parameter play
an important role in determining the nonparaxiality
of a vectorial apertured off-axis Lorentz beam.

1.2
(b)

0.8

(0,1, 100))

0.41

0 T T
-200 -100 0
z/\

100 200

Fig.4. Normalized intensity distribution of an apertured off-axis Lorentz beam in the reference plane
z = 100X with g4 = yq = 0.1\, 6 = 6y = 3, and fo = fy = 0.5 for (a) I(z, 0, 100X) and (b)
1(0, y, 100\), where the solid and dotted curves denote the nonparaxial and paraxial results, respectively.
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1.2
(a)
= 0.8-
o
0
= J
0
= 0.4
04
-100 -50 0 50 100
z/A
1.2
S 0.81
0
3 i
g
~ 0.4
-100 =50 0 50 100
z/A

I(x,0,1000))

1.2

(b)

0.8 1

0.4 4

04

-2000 1000 0 1000 2000

z/A

1.2
(d)

1(0, y, 1000))

1000

1000 0 2000

z/\

0
—2000

Fig.5. Normalized intensity distribution of an apertured off-axis Lorentz beam in the different reference
planes, with zq = yq = 0.1\, 6z = 0y = 2, and f, = fy = 0.5 for (a) I(x,0,50)), (b) I(x,0,1000)),
(¢) 1(0,y,50X), and (d) I(0,y,1000X), where the solid and dotted curves denote the nonparaxial and

paraxial results, respectively.

4. Conclusions

Based on the vectorial Rayleigh—Sommerfeld in-
tegral formula and the complex Gaussian expansion of
the hard-edge aperture function, an analytical prop-
agation equation for a nonparaxial vectorial off-axis
Lorentz beam passing through a rectangular aperture
is derived in this paper. As special cases of the gen-
eral formulae, the unapertured case, the far field ex-
pression and the scalar paraxial result are also pre-

sented. According to the derived formulae, numeri-
cal examples are given to show the propagation char-
acteristics of a nonparaxial vectorial off-axis Lorentz
beam through a rectangular aperture. The numeri-
cal results indicate that the f parameter, the off-axis
displacement and the truncation parameter play an
important role in determining the nonparaxiality and
the nonparaxial propagation behaviour of a vectorial
apertured off-axis Lorentz beam.
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