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We simplify the material parameter equation for elliptical cylinder cloaks under transverse-electric and transverse-

magnetic models, respectively, and confirm these simplified equations by numerical simulations. As a result, the number

of the component parameters is reduced from three to two, which simplifies the design of meta-materials and thus opens

up the possibility of achieving elliptical cylinder cloaks in an easy way.
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1. Introduction

Based on the high effectiveness of meta-materials

in controlling electromagnetic (EM) waves, Pendry et

al
[1] and Leonhardt[2] separately proposed the con-

cept of perfect invisibility achieved by meta-material

cloaks. Also reported was the experimental circular

cylinder cloak fabricated using a split resonator ring

(SRR), achieving perfect invisibility with transverse

electric (TE) polarized EM waves, and thus verify-

ing the concept of meta-material cloaks.[3] Generally,

the relative permittivity and permeability of the meta-

material possessed by the cloak must be governed by

material parameter equations (MPEs) that are de-

rived according to the coordinate transformation (CT)

associated with the cloak shape. The already ob-

tained MPEs for, e.g., circular, triangular and ellip-

tical cylinder cloaks,[4−8] all require that the meta-

material must be anisotropic and position-dependent,

and that more strictly the relative permittivity and

permeability of such meta-material are respectively

less than one in some region. Such rigorous require-

ments bring about great difficulties in designing and

realizing cloaks. So, it is necessary to simplify the

MPEs and thus to decrease the number of free design-

ing variables in some special situations. For instance,

under TE polarization, the MPE for circular cylinder

cloaks has already been simplified successfully.[3]

In this paper, we expand Maxwell equations into

their component forms in the elliptical cylinder coor-

dinates, and simplify the MPE for elliptical cylinder

cloaks by observing the key variables in connection

with the TE and TM models, respectively. We also

perform simulations to verify the simplified MPEs.

2. Theoretical analysis

Maxwell equations consist of six component equa-

tions. However, under TE and TM polarization, re-

spectively, the number of equations reduces to three,

which simplifies the analysis of EM fields. Under the

TE model and in the elliptical cylinder coordinate sys-

tem, Maxwell equations can be expressed as follows:

∂
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where c is the focal length of the elliptical cylinder,

and (ξ, η, z) the position described by the elliptical

cylinder coordinate system.

Suppose that Dz = ε0εzEz , and that ∂/∂t = −jω,

then
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Letting εz be spatially uniform, we observe Eq.(2) and

find that the behaviour of the EM waves is determined

by (µξεz) and (µηεz). Reference [6] has already pro-

vided the MPEs for elliptical cylinder cloaks, so we

can obtain the value of (µξεz) and (µηεz) by using

the MPEs. The results are

µξεz =
α2 − η2

ξ2 − η2
,

µηεz =
ξ2 − 1

α2 − 1
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ξ2 − η2

(

ξ2 − 1
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)2

, (3)

where α = (ξ − ξ1)[(ξ2 − 1)/(ξ2 − ξ)] + 1, and,

ξ1 ≤ ξ ≤ ξ2, −1 ≤ η ≤ 1. (4)

Assigning an arbitrary constant εz, for example,

εz=1, we obtain:

εz = 1,
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,
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The above method is also valid in dealing with

the TM model. In this case, the Maxwell equations

are formally reduced to Eq.(1) with the fields and the

constitutive parameters being replaced according to

the exact variable exchanges as following:

[Ez,−Hξ,−Hη, ε0, εz, µ0, µξ, µη]

↔[Hz, Eξ, Eη, µ0, µz, ε0, εξ, εη]. (6)

Similarly, Maxwell equations in the TM model are

determined by (εξµz) and (εηµz), and (µz, εξ, εη) can

therefore be obtained from Eq.(5) with the variable

exchanges according to Eq.(6):
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,
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. (7)

By the above procedures, in the TE and TM mod-

els, we reduce the number of component parameters

from three to two, which opens up a possibility of

achieving cloaks more easily. As confirmation of these

procedures, we perform the simulation for Eq.(5) and

compare it with the results of Ref.[6].

3. Simulation and discussion

In the simulation, the commercial electromagnetic

simulation software, COMSOLTM, is used. We con-

figure a computational domain in which an elliptical

cylinder region is cloaked by a series of elliptical shells

holding the same focus, and launch a 2 GHz TE polar-

ized time-harmonic uniform plane wave into the cloak.

Clearly, such configurations are the same as that of

Ref.[6]. By doing so, it is convenient to make a com-

parison in terms of the cloaking performance between

the cloaks that are constructed based on the original

equations in Ref.[6] and on the simplified Eq.(5) in

this paper.

Considering the low symmetry of elliptical cylin-

ders and the variation in scattering with incident beam

direction, we perform the simulation in the following

four cases in which the simulations are done for four

incident angles –0◦, 30◦, 45◦, 90◦, respectively. Note

that the incident angle is characterized by the angle

between the elliptic major axis and the incident wave

beam. The cloaking materials are also assumed to

be lossless, by which we configure the same numeri-

cal condition as that in Ref.[6] and therefore make the

comparison by focusing on the shapes of phase fronts

and the paths of EM power-flow.

Figure 1 shows the electric-field distribution in-

side and outside the cloak, respectively, where permit-

tivity and permeability of the cloak are governed by

Eq.(5). Comparing this figure with Fig.2 in Ref.[6],

we find the same cloaking performance: outside the

cloaking shell, the wave fronts remain planar and the

scattering is quite small, whereas inside the cloak,
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the phase fronts are warped, which causes power-flow

to bend around the inner shell. In detail, Figs.1(a)

and 1(b) show the electric-field distribution when the

wave propagates along the coordinate aligned orien-

tations, and Figs.1(c) and 1(d) show the results when

the wave propagates along the non-coordinate aligned

orientations. Generally, scattering outside the cloak

for the non-coordinate aligned orientations is greater

than that for the coordinate aligned orientations, but

this difference can be reduced by improving computa-

tion methods and increasing the number of simulated

field elements. Figure 1 is an optimized result, which

shows less scattering in all these four directions and

thus confirms the cloaking effect.

Fig.1. The electric-field distributions inside and outside the elliptical cylinder cloak; here four cases are

considered in terms of the incident EM wave angle with respect to the major axis: 0◦ (a), 90◦ (b), 30◦

(c) and 45◦ (d), respectively.

4. Conclusion

We simplified the MPE for elliptical cylinder

cloaks in the TE and TM models, respectively, and

verified those simplified equations through the numer-

ical simulation. In doing so, our goal was to decrease

the number of component parameters and thus sim-

plify the design of meta-materials. As a result, the

number is reduced from three to two, thus offering

the possibility of achieving elliptical cylinder cloaks in

a practical way. In future research, we will attempt

the realization of elliptical cylinder cloaks by adopting

these simplified equations.

References

[1] Pendry J B, Schurig D and Smith D R 2006 Science 312

1780

[2] Leonhardt U 2006 Science 312 1777

[3] Schurig D, Mock J J, Justice B J, Cummer S A, Pendry

J B, Starr A F and Smith D R 2006 Science 314 977
[4] Steven A Cummer, Bogdan-Ioan Popa, David Schurig,

David R Smith and John Pendry 2006 Phys. Rev. E 74

036621

[5] Rahm M, Schurig D, Roberts D A, Cummer S A, Smith

D R and Pendry J B 2008 Photon. Nanostruct.: Fundam.

Applic. 6 87

[6] Ma H, Qu S B, Xu Z, Zhang J Q, Chen B W and Wang J

F 2008 Phys. Rev. A 77 013825

[7] Kwon D H and Werner D H 2008 Appl. Phys. Lett. 92

013505

[8] Jiang W X, Cui T J, Yu G X, Lin X Q, Cheng Q and Chin

J Y 2008 J. Phys. D: Appl. Phys. 41 085504


