Vol 18 No 5, May 2009
1674-1056,/2009/18(05)/1821-07

Chinese Physics B

© 2009 Chin. Phys. Soc.
and IOP Publishing Ltd

Infinite series symmetry reduction solutions
to the modified KdV—-Burgers equation®

Yao Ruo-Xia(gh# %))t Jiao Xiao-Yu(#/PE)?, and Lou Sen-Yue(HEExH)>°)

) Department of Physics, Shanghai Jiao Tong University, Shanghai 200062, China
b) School of Computer Science, Shaanxi Normal University, Xi’an 710062, China

<) Department of Physics, Ningbo University, Ningbo 315211, China

(Received 3 July 2008; revised manuscript received 5 August 2008)

From the point of view of approximate symmetry, the modified Korteweg-de Vries-Burgers (mKdV-Burgers)

equation with weak dissipation is investigated. The symmetry of a system of the corresponding partial differential

equations which approximate the perturbed mKdV-Burgers equation is constructed and the corresponding general

approximate symmetry reduction is derived; thereby infinite series solutions and general formulae can be obtained. The

obtained result shows that the zero-order similarity solution to the mKdV—-Burgers equation satisfies the Painlevé II

equation. Also, at the level of travelling wave reduction, the general solution formulae are given for any travelling wave

solution of an unperturbed mKdV equation. As an illustrative example, when the zero-order tanh profile solution is

chosen as an initial approximate solution, physically approximate similarity solutions are obtained recursively under the

appropriate choice of parameters occurring during computation.
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1. Introduction

In the last few decades, much active research ef-
fort has been focused on nonlinear dynamical sys-
tems that have emerged in various fields, such as fluid
mechanics, plasma physics, biology, hydrodynamics,
solid-state physics and optical fibres. The nonlin-
ear phenomena occurring in such fields are often re-
lated to some nonlinear wave equations, which are,
in general, chosen as a starting point of exactly solv-
ing the relevant unperturbed partial differential equa-
tion systems. However, many nonlinear partial differ-
ential equations (PDEs) are, of course, approximate
in their derivation, i.e. higher-order terms and dis-
sipation have been neglected. In order to better un-
derstand such phenomena as well as to further use
them in practical scientific research, it is important
to study the properties of the perturbed PDEs. The
approximate symmetry perturbation approach!! is a
powerful method and has been applied to many clas-
sical PDEs.[2~7 Although in theory it is not diffi-

cult, concrete study shows that it is indeed not triv-
ial work to construct different order perturbation so-
lutions and even give general formulae. One must
appropriately choose not only the types of the solu-
tion functions but also the parameters occurring dur-
ing computation, such as some integral constants, to
render both the solutions physically meaningful and
the asymptotic forms correct. Next, we take the well-
known modified Korteweg—de Vries—Burgers (mKdV-

Burgers) equation as an example, which reads
Us + Ugze + 300Uy + gy = 0, (1)

where a and e are constant coeflicients, and they
incorporate the effects of nonlinearity (cu?u,) and
dissipation (euy;) into the equation; € is the coeffi-
cient of the kinematic viscosity of a fluid (¢ < 0).
When the dispersion term w,,, is neglected, uz., = 0.
Equation (1) was formulated from the modified Burg-
ers equation.®! When ¢ = 0, Eq.(1) is just the so-
called mKdV equation, which originates from nonlin-
ear optics!) and the propagation of long internal waves

*Project supported by the National Natural Science Foundations of China (Grant Nos 10735030, 10475055, and 90503006), the
National Basic Research Program of China (Grant No 2007CB814800), the Science Foundation for Post Doctorate Research from
the Ministry of Science and Technology of China (Grant No 20070410727), and the Natural Science Basic Research Plan in

Shaanxi Province, China (Grant No SJ08A09).
TE-mail: rxyao2@hotmail.com

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn



1822 Yao Ruo-Xia et al

Vol. 18

in a fluid when the coefficient of the ordinary nonlinear
term in the KdV equation, uu,, is zero and the higher
order nonlinear term u?u, dominates over higher or-
der dispersive terms.['®) Moreover, in Ref.[11], Eq.(1)
has been studied as a special case of the compound
mKdV-Burgers equation.

Equation (1) has recently become a popular
model for describing internal solitary waves in shal-
low seas. In the present paper, we take account of the
special case of the mKdV-Burgers equation with weak
dissipation

Up + Ugge + 30U Uy + Uz =0, |e] <1 (2)

which belongs to the perturbed mKdV equation.
Dodd[? inspected the solitary wave solutions to Eq.(2)
by an inverse scattering transformation related pertur-
bation method.

Equation (2) can be treated through the approx-
imate symmetry perturbation approach which is an
integration of the perturbation method and the sym-
metry reduction method first proposed by Fushchich!!
and called approximate symmetry. The crucial point
is that a physically small parameter appears when the
equations are cast into a dimensionless form and a
perturbation solution is possible in terms of this small
parameter. The remainder of the present paper is or-
ganized as follows. Section 2 is devoted to the ap-
plication of the approximate symmetry perturbation
approach to Eq.(2). In Subsection 2.1 approximate
reduction solutions for the Painlevé II reduction are
presented. The general travelling wave reduction for
the solitary wave solutions of Eq.(1) via the approx-
imate symmetry perturbation approach and relevant
discussion are given in detail in Subsection 2.2. Fi-
nally, the conclusions drawn from the present study
and a discussion of the results are presented in Sec-
tion 3.

2. Approximate symmetry reduc-
tion approach to Eq.(2)

According to perturbation theory, in the actual
case, solutions of perturbed partial differential equa-
tions can be expressed in a form with a finite portion
of the series up to some order of a small parameter.
Obviously, one can consider higher orders of approxi-
mation of win e, i.e. u = up+eu;+e?us+..., and can
study the symmetry of the corresponding approximate
system of the PDE for functions u;, j = 0,1,2,....

Now, we start directly from the following infinity case.
For Eq.(2), the solution can be assumed to be in the
general form

u= Zsjuj, (3)
=0

where u; is a function of z and ¢.

Substituting expression (3) into Eq.(2) and van-
ishing the coefficients of the various powers of ¢ yields
a system of partial differential equations denoted as F

0(€°) ot + Uozzs + 3auiuo, = 0,

O(e") 11y + Utaar + Uowe + 3a(ufus)e = 0,

O(€?) suar + Ugpan + Urse + 3a(ugus + ujug)s = 0,
O(£®) :ust + Usraa + Uzea

1
+ 3a <ugU3 + upujug + gu:{’) =0,
x

t
O(EJ) “Ujt + Ujzra + Uj—1,zx

j ok
+az

0l=

. (4)

(wug—1uj—i)z =0,
0

To find exact solutions of Eqs.(4), we first con-
struct their Lie point symmetry and then make the
corresponding symmetry reduction. Supposing that
the Lie point symmetry of Eqgs.(4) is in the form

0 0
05 = X—Uj —I—T—uj —

— = Uy (7=0.1,2,.., (5)

where X, T and U; (j = 0,1,...) are functions of z,t
and u; (j =0,1,...), which means that the system of
Eq.(1) is invariant under the following transformation:

r—x, t—t and u; — u; + E/Uj + 0(6/2) (6)

with a small parameter ¢’. Obviously, o; (j =0,1,...)
satisfies

0
5ok () +€'0j) =0 = 0. (7)

Then from condition (7) and Eq.(4) we obtain the lin-
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earized equations for Eq.(4) listed below: quently, solving the characteristic equations
2 .
oot + O0zas + 3a(u000)x = 07 d_(E e g — _duo e _dul = _duj — (10)
X T T U U,

2

01t + Olgzz + 0z + 30&(’[1,00'1 + 2“0“100)1 = 07
2 2

02t + 02200 + Olza + 304('(14002 + ujog

+ 2upuio1 + 2UOU200)z =0,

*

Ead

J
Ojt + Ojxax + 0j—1,zx + « §

E UUK—105—k

01=0

+ WOR—Uj—k + OLUR— Uk )z

(8)

Substituting Eq.(5) into Eqgs.(8) and eliminating
ujr (j = 0,1,...) in terms of Eq.(4) leads to the de-
termining equations by vanishing all coefficients of
the different partial derivatives of u; for the unknown
functions X, T and U; (j =0,1,..
determined and have the solution

.), which are over-

1
X:§cx+b, T = ct + to,

Uo = —ECUO, U1 = 0, UQ = gCUQ_’
Us = gC’U,g, Uy = cuy,...,
1,
Uj = 30 = Dewg,.. )
where b, ¢ and typ are arbitrary constants. Subse-

1
0(e%) Vogee = —3aVg Voe + EcVoe +

1
0(81) Vigee = —3CYVQ(2‘/1‘/05 + VQVlg) + gfcvlg — Voee,
1
O(c?) :Vagee = —3a(VoV? + ViVa)e + 36cVae —

1
O(c?) :Vagee = —3a <V3V02 +2VViVs + §V13>

J k
O(e’) Vieee = =3y > (ViViiVj-

k=0 1=0

with V_; = 0. Equation (14) will be equivalent to the
Painlevé II type equation if it is integrated once, and
obviously, for a sufficiently long time ¢, the general
term may become infinite. Hence the infinite series of
Eqs.(14-19) possesses inferior convergence.

leads to the similarity solutions of Eq.(4), which we
will discuss in detail in the following two subcases.

2.1. Symmetry perturbation of the

Painlevé II1 solution

When ¢ # 0, from Eq.(10), we can choose the
similarity variable as

€ = (cx 4 3b)/c(ct + to) 5. (11)
Then the similarity solutions for the fields u; are
o = (et +10) Vo (€), = V1(6),
us = (et +10) 1 Va(€), s = (et +10) V5 (),
wj = (ct + )30 DV;(€), ... (12)

Accordingly, the perturbation series solution of Eq.(2)

is in the form

w=3" e (et + 1)UV (€)

Jj=0

(13)

and the similarity reduction equations related to the
similarity solutions Eqgs.(12) are

ST, (14
(15)

5¢Va — Vige, (16)

. + %50‘/35 - %CVs - %Vz&a (17)

W+ 3EVie — 23eV; + 3¢V — Vinee (18)
(19)

2.2. Symmetry perturbation of travel-
ling wave solutions

When ¢ = 0, the similarity solutions are

UOZVO(g)a U1:V1(§), '7U’j:‘/j(€)7 (20)
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with the similarity variable & = x + ¢t and ¢ being a
real constant.

From expression (3), the perturbation series solu-
tion to Eq.(2) is

oo

w=Y V(). (21)

J=0

Then the relevant similarity reduction equations are

O(EO) ZV()ggg = EV()g — 30&‘/02‘/05, (22)
O(e') Vigee = —Voge + eVig — 3a(VgVi)e, (23)
O(e?) Vagee = —Vige + Vae — 3a(Vo Vi + Vi Va)e,
O(e’) Vieee = —Vj—1.6¢ + Ve

j k

—a) Y (ViViVik)e,

k=0 1=0
(24)
|

with V_l =0.

Equation (22) that actually comes from the un-
perturbed equation, namely the mKdV equation, pos-
sesses a general solution which can be expressed, by
means of the following elliptic integral, as

dz

Vo
/ — (6~ ). (25)
\/522 — Lozt — 24,7 - By

Equation (25) can be explicitly written, by means of
Jacobi elliptic functions, say, as
ag + aysn(k€ — k&y, m)

Vo= bo + by sn(kE — kéo, m) (26)

with
o — Clel (2()% — bg — meg)
* 7 bo(B2 — m2? — 2m2})

o _ PR} — m?b — 2m203)”
b 20(bf — bg)(m2bg — bF)

E2[2(1 +m?) (b} + m?2b3) + b3b2 (1 + m* — 10m?)]

Cc =

where k,m, by, by and &, are arbitrary constants and
the constants Ag and By should be approximately re-
lated to other parameters omitted here because they
are just the re-denoting of the arbitrary constants.
When m = 1, solution (26) becomes the grey soliton
of the mKdV equation

B 2 by + bo tanh (k€ — k&)
Yo = ik\/;bo + by tanh (k€ — k&) 27)

with Cc1 = —2/€2.
Furthermore, when b; = 0 and o < 0, the grey
soliton (27) becomes a tanh profile dark soliton solu-

2(b% — b3)(m?bG — b) ’

tion
[ 2
Vo = +£1/ —=ktanh[k(z + 2Kk*t)]. (28)
(6%

For the case of @ > 0, it is convenient to write the
elliptic integral solution (26) in the form
ag + aren(k€ — k&y, m)

Vo= bo + bren(kE — k&o,m) (29)

with

o — @12(0F — bg)m® — 267 + b))
0 bo2m2 (b2 —b2) — b3

o HRE0 1) — 1P

" 20 - ) (7 — ) — B3]

E2{2(2m? — 1)[m2(b} + b3) — bj] — b2 (8m* — 8m? — 1)}

Cc =

2(67 — b3)[m? (b} — b5) — bf]

When m = 1, the periodic solution becomes that of a bright or grey soliton for both cases {a > 0, b% > b3} and

{a <0, b3 < b?}. In particular, when b; = 0 and o > 0, we can have only a sech profile bright soliton solution

Vo = j:k\/gksech[k(x — k?t)]. (30)
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It is interesting and encouraging that the general sym-
metry reduction equations (22)—(24) can be solved
recursively by means of any zero order solution of
Eq.(42). The final result reads

Vi = Voe UVO? (/%E'Fj(f’)d€’+/1j) d€+Bj:| :

(31)
where
j—1 k
Fj§)==Vinee—ay Y ViViaVjy
k=1 1=0
j—1
—2aVo Y ViV — C; (32)
k=1

with A;, B; and C; being arbitrary constants.

Next we discuss the similarity solutions in the fol-
lowing two special cases for Vj given by expressions
(28) and (30) respectively.

2.3.Case 1 Symmetry perturbation re-
duction for dark soliton solution
(28)

In this case, we construct the similarity solutions
of various orders using solution (28) as the initial ap-
proximation of the perturbed equation (1). Substitut-
ing expression (28) into Eq.(23) and then eliminating
the nonphysical secular terms by appropriately select-
ing the integral constants gives a constant solution of
Eq.(23)

1 2

=4_4/-Z.
R (33

This shows that the addition of a small amount of the
first order approximate solution to ug can merely be
thought of as a small background shift of the solitary
wave as shown in Fig.1.

After detailed calculations, one can find that V;
should have the form V;(§) = V; (tanh(k{)). Then in
the same way, we obtain the corresponding solutions
as follows:

1 sech(k€)?(—96A(In(1 + tanh(k€)) — In(1 — tanh(k€)))k? + 162A tanh(k€)k? — O)

V2= 508 =
1 Atanh(k€)(27 tanh(k€)? — 59) 34
768 k2 ’ (34)
V3 = Bsech(k¢)?, (35)
B 1 Atanh(k€)(In(1 + tanh(k€)))2 1 Atanh(k€)(In(1 — tanh(k€)))?
Vi = sech(k€)” <_ 2304 = ~ 2304 iz
— _ 2
+ In(tanh(ke) + 1) <11152Atanh(k§) In(1 — tanh(kg)) 1101592Ctanh(ki)6 484k >
1 C(tanh(k¢&) — 48 Ak?) 1 aAC? tanh(k€)
* Tiog0p (1 — tanh(kS)) )6 12467328 ;10 N D)
1 tanh(k€)
AT (36)

where & = x + 2k%t, A =

D are arbitrary constants.

\/% (a<0), B,C and
It is worth mentioning
again that the parameters occurring during compu-
tation were all selected technically to vanish the di-
vergence terms and to render the solutions physically

meaningful.

To identify the evolution of the perturbation se-
ries solution for Eq.(1), we depict its picture. For

simplicity, we give the perturbation series solution up
to order 3, that is,

u="Vy+eVi+e*Va+ eV + 0(eh), (37)

where V; (i = 0,1,2,3) are in the forms of expressions
(28), (33), (34) and (35) respectively. Then with the
choicesof A=1,k=1,C=0,B =1, =0.8, we de-
pict in Fig.1 the following three curves: the zero-order
(the upper line for n > 0), first-order (the middle line
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for n > 0) and second-order (the lower line for 5 > 0)
perturbation series solutions. By selecting the model
parameter € to be a smaller value, say, € = 0.1, the
two lines for the first and second order approximations
have almost completely identical profiles.

0’51

Fig.1. Curves for mKdV-Burgers equation perturbation

series solutions.

tanh(k§) = o,

into Eq.(38) gives

sinh(k€) = o cosh(kE),

2.4.Case 2 Symmetry perturbation re-
duction for bright soliton solution
(30)

Substituting expression (30) into Eq.(23) gives

d3 k2 d
d_§3V1(§) +6 (W — k2> d—§V1(E)
k3 sinh(k€)
as k? axk?
+ cosh(kg) B Zcosh(k§)3 =0, (38)

which is difficult to solve directly. At this point, it is
helpful to introduce a transformation defined as

V1(€) = sech(k&)U; (tanh(kE)). (39)

Then substituting expression (39) along with

1/cosh(k€)* =1 — ¢?

2

d d d
— 12E%pU1(p) + 12K°0° U () + 12k3w2@U1(w) - 12k3w4@U1(w) — 90— U1(p)

dp?

+ 18k* 3d—2U () — 9k* 5d—2U ( )+k3d—3U ( )d—SU( ) — 3K3 2d—BU( ) + 3k° 4d—3U (¢)
<Pd<p2190 <Pd<p2190 d(pglwd(pgﬂp @d(pgﬂp sﬁd(pg ¥
a3
— kgtpﬁd—@Uﬂ(p) — AK® +24k*¢* =0, (40)
which gives
Uh(g) = 3pCiln(p+1) 39pCiln(l1-9) 1 Ci(3¢*-2)
1w =y = 4 = 2 (0 + D(p— Dk®
Co(p? —1 1 Ap(2¢2 -1
2(‘/7 ) - (p( ¥ ) +O3<P, (41)
1-p)1+yp) Ghlp+1)lp—1)
2 . .
where A = \/jk (> 0), and C; (i =1, 2, 3) are integral constants.
a
Thus, from expression (39) we obtain the first-order approximate solution
Vi = 3 Cisinh(k§) In(1 + tanh(k§)) 3 Cysinh(k{) In(1 — tanh(kE)) = Co (cosh(k¢)? — 2)
Ty cosh(k&)2k3 4 cosh(k&)2k3 cosh(k&)?
Cssinh(k§)  1Ch (cosh(kg)? — 3) lAsinh(kg) (cosh(k&)? — 3) 2 (42)
cosh(k&)? 2 cosh(k&)k? 6 cosh(k&)k?
In solution (42), we notice that, for arbitrary &, all terms except the following two:
1 cosh(k€) 1 Asinh(k¢§) (43)

2 k3

6 k ’
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are convergent. Naturally, we attempt to remove the
terms given in expression (43) by appropriately choos-
ing the parameters. However, the rewriting of terms
(43) as the exponential function

1 (3C + Ak?)eke
12 k3

1 (3G + AkP)e M
12 k3

shows that this is impossible. In other words, solu-
tion (42) will blow up soon and becomes physically
meaningless, which means that for the bright solitary
waves of the mKdV system, it is impossible to main-
tain a travelling wave form no matter how small the
dissipation is. Hence, it is not necessary to investigate
this case further.

3. Conclusions and discussion

The perturbed mKdV-Burgers equation is stud-
ied by applying the approximate symmetry pertur-
bation approach. The symmetries of a system of
the corresponding PDEs which approximate the per-
turbed mKdV-Burgers equation are constructed, and
the general approximate symmetry reductions and the
general form of the infinite approximate series solu-
tions are obtained separately. The obtained result

shows that the similarity equation of zero-order is
equivalent to the Painlevé II equation. Also, when
the similarity solutions of zero-order are chosen as
the initial approximate solutions, physically approx-
imate similarity solutions can be constructed one by
one under the appropriate choice of parameters occur-
ring during computation. More importantly, choosing
any solution of the related unperturbed equation, we
could give the general similarity solution formula for
the infinite series symmetry reduction equations at the
level of travelling wave reduction.

Applying the method to the special dark and
bright solitary wave solutions, we find that the dark
solitary wave may maintain its travelling wave form
even for a quite large dissipation (say, ¢ = 0.8 as
shown in Fig.1), while the bright solitary wave can-
not preserve its travelling wave form no matter how
tiny the dissipation is.

Moreover, as mentioned in Ref.[12], the approxi-
mate symmetry reduction approach can also be used
to search for more results by expanding in the e-series
not only dependent variables, but also independent
ones, e.g. t =tg + et + €2 to+ .. ., and to construct
in this way a corresponding approximate system and
even obtain the similarity solutions.
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