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Knot solitons in the AFZ model*
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This paper studies the topological properties of knotted solitons in the (3 + 1)-dimensional Aratyn—Ferreira—

Zimerman (AFZ) model. Topologically, these solitons are characterized by the Hopf invariant I, which is an integral

class in the homotopy group 73(S%) = Z. By making use of the decomposition of U(1) gauge potential theory and

Duan’s topological current theory, it is shown that the invariant is just the total sum of all the self-linking and linking

numbers of the knot family while only linking numbers are considered in other papers. Furthermore, it is pointed out

that this invariant is preserved in the branch processes (splitting, merging and intersection) of these knot vortex lines.
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1. Introduction

Knotted solitons, i.e. topological solutions with
a non-trivial value of the Hopf invariant, play a
prominent role in modern physics, chemistry and bi-
ology scenarios: including the structure of elemen-
tary particles,[!! early universe cosmology,?! the Bose-
Einstein condensate,® polymer folding,[¥ and DNA
replication, transcription and recombination.l’! In
1975, Faddeev firstly proposed the possibility of knot-
like solitons in nonlinear field theory.[®! Since then, a
wide class of topological knot solitons have been pro-
posed in various physical models of gauge field theory
and condensed matter physics: in the effective the-
ory of quantum chromodynamics (QCD),[”) in two-gap

(8]

superconductivity models,'® in two-component Bose—

Einstein condensate theory,®!

in high energy physics,
namely, in the Weinberg-Salam model,['?) in classical

field theory'! and in other systems.

Recently, a great deal of physical interest has been
focused on the field theoretical model to which it is
possible to write down in a closed form explicit knot
solitons with nonzero Hopf index. This model was first
proposed by Aratyn-Ferreira-Zimerman (AFZ)? in
(341)-dimensional integrable theory and called the
AFZ model. To fully establish a connection between
integrability and soliton solutions, it would require

finding topological solitons with arbitrary topologi-
cal charges.['3] In the AFZ model, the connection has
been investigated and the knot soliton has been stud-
ied in terms of its topological invariant, namely, the
Hopf invariant Qyg. Moreover, Qg = —nm bas been
obtained, where n and m show how many times one
knot winds the other, respectively. This just responds
to the linking numbers, but the self-linking numbers
have not been considered in those papers.[>13] This
will be completed in the following.

In this paper, we mainly focus on the knot soli-
tons in the AFZ model. Since the topological proper-
ties of knot solitons have played an important role in
this model, we shall be particularly interested in those
aspects of the AFZ model. Using U(1) gauge poten-
tial theory and Duan’s topological current theory, we
study the topological properties of knot solitons in the
AFZ model in detail and naturally obtain the inner
structure of the nontrivial Hopf invariant. Further-
more, by comparing with others, this paper considers
not only linking numbers but also self-linking numbers
in detail.

The structure of this paper is as follows. In
Section 2, using the decomposition of U(1) gauge
potential theory!'¥ and Duan’s topological current
theory, !9 we reveal that there are knot solitons in the
AFZ model. In Section 3, we mainly study the knot
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configurations in these string structures. It shows that
the Hopf invariant of knot solitons is just the total sum
of all the self-linking and linking numbers of the knot
family. In Section 4, we can see that the knot topo-
logical invariant is preserved in the branch processes
(splitting, merging and intersection) of the knot soli-
tons.

in the

2. Topological solitons

AFZ model

The AFZ model under consideration is described
by the Lagrangian density

L= (H2)", (1)

where 79 = £1 determines the choice of the signature
of the Minkowski metric g,,, = nodiag(l,—-1,—-1,—1)
and the field tensor H,, is defined in terms of the three
components, unit vector field n € S? is the pull-back
of the area form on 52

H,, =n-(0,n x0,n). (2)
It is easy to prove that H,, can be reexpressed

(Oun x Oyn) =
(16]

in an Abelian field tensor form n -

Ouby — 0,b,,. Here b, is the Wu-Yang potential

b# = e - 8#62, (3)

in which e; and ey are two perpendicular unit vec-
tors normal to n, and (e, ez, n) forms an orthogonal
frame:

n=—e; xey e-e =0. (4)

Now, we consider a two-component vector field ¢ =
(¢!, ¢?) residing in the plane forms by e; and ey:

ea: ¢a = EabT 7 ¢b
el “ = el
(¢? = "% a,b=1,2). (5)

It can be proven that the expression Eq.(5) for e; and
e, satisfies the restriction Eq.(4). Obviously, the zero
points of ¢ are just the singular points of e; and e,.
We will find that the topological defects just originate
from these points. Using the ¢ field, we can write the
Wu—Yang potential Eq.(3) as

5 ¢’

Te12 Tl ©)

bH =EabT

Comparing with the expression of the U(1) gauge po-
tential decomposition, we learn that b, satisfies the
U(1) gauge transformation.

Since the tensor H,, in Eq.(1) plays an impor-
tant role in the topological feature of the AFZ model,
we will make use of Duan’s topological current theory
to research into the properties hidden in the tensor.

To do so, we introduce a topological tensor current
K [17]

KM = S%EWAPHM
1 N a (bb
= —cM"Me 0 7
e e Pwu @
) ¢a ) 8M¢a
Using 0 (— = + ¢"0, and the
"ol ol Hd)ll

Green’s function relation in ¢ space, 0,0,In || ¢ ||=

2162 (@) (Ba = ), one can prove that

ol

KM = §%(p) DM (?> : (8)

T

¢

1
where DV <— = §EMU>\p5aba)\¢aap¢b- Defining the
T

spatial component of K*" as

J= K% = = Hy (i k=1,2,3),  (9)

we have

i=aon (2), (10)

T
where D? (?) = 15

5 aabaj¢ 8k¢b is the Jacobian
x

vector.

The expression Eq.(10) provides an important
conclusion: j* = 0, if and only if ¢ # 0; j* # 0, if and
only if ¢ = 0. Therefore, it is necessary to study the
zero points of ¢ to determine the nonzero solutions of
4*. The implicit function theory™® shows that under
the regular condition

D' (%) #£0. (11)

The general solutions of

can be expressed as

ot = (s,t), 2% =a3(s,t), 2 =a}(s,

t), (13)

which represent the world surfaces of N moving iso-
lated singular strings Lj with string parameter s(k =
1,2,...,N). This indicates that in the AFZ model,
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there are vortex lines of solitons located at the zero
points of the ¢ field.

Now, we will investigate the topological charges of
the vortex lines and their quantization. In §-function
theory,['?) one can prove that in three-dimensional
space

5 (x — zp(s))

Z_:ﬁk /Lk mds, (14)

where D (?) = ls‘“’smn <8¢ ) (8(;5 > and X,
u)y 2 Oout ou”

is the kth planar element transverse to Lj with local

coordinates (u!,u?).

The positive integer G is the
Hopf index of ¢-mapping, which means that when «
covers the neighbourhood of the zero point x(s) once,
the vector field ¢ covers the corresponding region in
¢ space (i times. Meanwhile the direction vector of

<o)

Then from Eqs.(14) and (15), we obtain the inner
structure of j%:

i = o (2)

X

Ly, is given by

dz?
ds

(15)

Tk

_ ZWk/ —853 (x — zy(s))ds,  (16)

where Wy, = Bin is the winding number of ¢ around
Ly, with n, = sgnD ? = 41 being the Brouwer
U

degree of ¢p-mapping. Hence the topological charge of
the vortex line Ly is

Qr = / jido; = Wy (17)
Yk

Then we come to the conclusion: under the regular

condition D? <?> # 0 there exist vortex lines of soli-
x

tons in the AFZ model, whose topological charges are

just the winding numbers of ¢-mapping.

3. Topological invariant of knot-

ted solitons

In this section, we research into stationary knots
corresponding to the vortex lines of solitons in the

AFZ model.
tor n(x) — mng, n(x) naturally defines a mapping
R3 ~ 53 — 52.
gral class in the homotopy group 73(S%) =

When we are going to a constant vec-

Such mapping falls into an inte-
Z and can
be characterized by a topological invariant called the
Hoft invariant,/?®) an integral formula which counts
the number of times the two-sphere S? is covered by
the three-sphere S® where the spatial infinity is iden-
tified with the north pole. From the above discussion,
the Hoft invariant can be given in terms of b, and H
by

1 .
= 1o /g”kbiijd%, (18)
s

where b; and Hj;, are the spatial components of b,
and H,,,, respectively. It can be seen that when the
N vortex lines of solitons are closed curves, i.e., a fam-
ily of knots v, (k =1,..., N), considering Eq.(7) and
substituting Eq.(16) into Eq.(18), we obtain

N
1:/ b; Zd3x:ZWk/ bidz’. (19)
M k=1 Lk

This is a very important expression. Consider the
U(1) gauge transformation of b;

b; =b; + 0;«q, (20)

where o € R is a phase factor denoting the U(1)
transformation. The (9;«) term in Eq.(20) contributes
nothing to the integral I; hence Eq.(20) is invariant
under the gauge transformation. Meanwhile we know
that I is independent of the metric g,,. Therefore,
one can conclude that I is a topological invariant for
knotted vortex lines of solitons in the AFZ model.

It is well known that many important topological
numbers are related to a knot family such as the self-
linking number and Gauss linking number. Next we
will research into the relationship between the action
Eq.(19) and the self-linking and Gauss linking number
of the knot family. First we should express b; in terms
of the vector field which carries the geometric infor-
mation of the knot family. Define the Gauss mapping

n:
n: S xSt — 5% (21)
in which n is an unit vector
Yy—x
|y —=|

where * and y are two points, respectively, on the

(21]

knots v; and 7;.1“" Let a two-dimensional unit vector

u = u(x,y) satisfy

wu® =1

, (a=1,2;uln). (23)
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Then b; can be decomposed in terms of this two-
dimensional vector u® : b; = egpu®diub — d;c, in which
« is a phase factor. It is due to the term 9;« which
contributes nothing to the integral Eq.(19) that b; can

be written as

Substituting Eq.(24) into Eq.(19), we have

1= ZW’“% capu®(z, y)0ub(x, y)dz'.  (25)

Noticing the symmetry between the point  and y in

bi = eapuOiub. (24)  Eq.(22), we should reexpress Eq.(25) as
|
N . .
I= Z WlejI{ f sab(?l-ua(ac,y)(?jub(ac,y)dxZ Ady’. (26)
k=1 TE YN

There are three cases: (1) v, and +; are two different knots i.e., k # [; (2) v, and ~; are the same knots but x

and y are two different points i.e.,

k=1, # vy; (3) v and 7 are the same knots and & and y are the same

points i.e., k = [,z = y. Therefore, Eq.(26) can be written as three terms:

k=1(k=l,z#y)
N
+ Z Wi.W,; jé
k,0=1(k#l) Tk

1
Using the relation sab(’“)iuaajub = §n

N . N
I= Z §Wk27{ % n*ds—i—ZW,?j{
Tk Y VE

k=1(k=l,x#y) k=1

where n*ds = n - (O;n x 9;n)dz’ Adz? (x # y)
denotes the pullback of the S? surface element.

Let us discuss the three terms in detail. The first
term of Eq.(28) is just related to the writhing number
Wr (i) of y:122:23]

Wrlw) = - 74 fnd (29)

Because of the = y term, the second term of

Eq.(28) is related to the twisting number 7Tw(y;) of
12223

L ]{ capuOpuldr’ = L ]{ (T xV)-dv
2m Tk 2 Tk
= Tw(y), (30)

where T is the unit tangent vector of knot i at
x (n = T when © = y), and V is defined as

ut = eV (a,b=1,2; VIT, u=TxV).
From the White formula
S(vk) = Wr(w) + Tw(w), (31)

capu®Opuldst + =

N
W,f% ]{ Eabaiuaajubdxi Ada? + ZW,?]{ eapu®O;uldz’
e Y Vk k=1

Tk

f sabaz—u“ajubdxi Ada. (27)
"

- (Oim x 0jm), from Eq.(27) we just obtain

Z Wkwlf ]{n*ds, (28)

E,l=1(k#l) T

[where S(vi) is the self-linking number of 7], we see
that the first and second terms of Eq.(28) just com-
pose the self-linking number of the N knots.

The third term of Eq.(28) can be reexpressed as

1
—7{ j{n*ds
Yk YN
= ”k?{ dz* 7{ dy )3
Yk Yt H w_y H

E(”Yk,’n) (k#1), (32)

where L(yg,7;) is the Gauss linking number between
vk and ;. Therefore, the third term is just related to
the linking number between the N knots.

From Egs.(29), (30), (31) and (32
the important result!?4

), we arrive at

N

N
I=2n ZW,?S(%) + Z WiWi LV, 1)
k=1 k,l=1(k#l)

(33)
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This precise expression just reveals the relationship
between the action Eq.(19) and the self-linking and
linking numbers of the knot family.?®! Since the self-
linking and linking numbers are both invariant charac-
teristic numbers of the knot closed curves in topology,
Eq.(33) directly relates I to the topology of the knot
family, and so [ is an important invariant required to
describe the knot vortex lines of solitons in the AFZ
model. This is just the significance of the introduction
and research of the topological invariant I.

Furthermore, comparing with others, we find that
this paper considers not only linking numbers but also
self-linking numbers in detail. We can see that, when
we only consider the linking numbers, we also obtain
the same result as other papers. Therefore, this pa-
per has a deeper insight on knot solitons in the AFZ
model.

in the

branch processes of knot soli-

4. The conversion of [

tons

In Section 2, we have used the regular condition

Di <?) # 0; when this condition fails, branch pro-
T

cesses will occur. In this section, we discuss the con-
version of topological invariant I in the branch pro-
cesses (splitting, merging and intersection) of knot
solitons.

Generally speaking, the evolution of a vortex line
L of a soliton can be discussed from Eq.(8). Here we
fix the 23 = 2 coordinate for simplicity and take the
XOY plane as the cross section, so the intersection
line between the L’s evolution surface and the cross
section is just the motion curve of L.*%] In this case
the two-dimensional topological current is defined as

# == (2) (3)
and
K' = K™ = §%*(¢p) D" <§> , (i=1,2), (35)

they satisfy the continuity equation
0% + 0, K" = 0. (36)

The velocity of the intersection point between L and

the cross section is given by

i@
i dat P (E)

e
xr

where DY (?) =

xT

T

cardr$0nd?, D (?) -

X
Eab020"90¢" and D? (%) = £a009*01¢".
Eq.(37) it is obvious that when

D° (?> =0, (38)

T

From

at the very point (t*, «*), the velocity

@ @
w PG e ()
de DO (?) (t*,x*) dt DO (?)

X T

is not unique. This very point (t*,x*) is called

(39)

(t*,2*)

the bifurcation point. Without loss of generality,

we discuss only the branch of the velocity compo-
nent dd—il at (t*,2*). Tt is known?” that the Tay-
lor expansion of the solution of Eq.(12) in the neigh-
bourhood of (¢*,2*) can generally be expressed as
A(zt—2)2 2Bzt —a*) (t—t*)+C(t—t*)*+... = 0,
where A, B and C are three constants. (In this paper,
we do not consider the intersection of three knots, so
we assume A # 0 and the one-split-into-three or the
three-merge-into-one branch cases are not considered.)
Then the above Taylor expansion leads to

dz! dz!

A(—)2+2B—+c=0, (A#0). (40)

dt dt
The solutions of Eq.(40) give different motion direc-
tions of the zero point on the cross section at the bi-
furcation point. There are two possible cases.

Case 1 For A = 4(B%— AC) = 0, we obtain only
one motion direction of the zero point on the cross sec-
tion: dd—f 2T —g, which includes three cases: (1) a
vortex line splits into two vortex lines; (2) two vortex
lines merge into one vortex line; (3) two vortex lines
tangentially intersect at the bifurcation point.

Case 2 For A = 4(B%— AC) > 0, we obtain two

different motion directions of the zero point on the

dat —B++B? - AC

cross section: —— =
dt 11,2 A

the intersection of two vortex lines, which means that

This is
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two vortex lines meet and then depart at the bifurca-
tion point.

In both cases 1 and 2, from the continuity equa-
tion Eq.(36) we know that the sum of the topological
charges of final vortex line(s) must be equal to that
of the initial vortex line(s) at the bifurcation point for
fixed k,

Zka = ZWki; (41)
f 4

namely, (1) for the case that one line L splits into two
lines Ly and Lo, we have Wi, = Wi, + Wy,; (2) for
the case that two lines L; and Lo merge into one line
L, Wi, + Wr, = Wg; (3) for the case that two lines
L, and Ly meet and depart as two other lines L3 and
Ly, Wi, + W, = Wi, + Wi,

In the following we will show that in the branch
processes of knot solitons, the topological invariant I
is preserved.

(a) The splitting case. We consider
that one knot +« splits into two knots ; and
vo which are of the same self-linking numbers as
v(S(y) = S(71) = S(12)), and then we will compare
the two numbers I, and I,, 1, (where I, is the con-
tribution of v to I before splitting, and I, 1, is the
total contribution of 71 and ~, to I after splitting).
First, from the above text we have W, = W,,, + W,,
in the splitting process. Second, on the one hand,
we note that in the neighbourhood of the bifurcation
point (x*,t*), 71 and 2 are infinitesimally displaced
from each other; on the other hand, for a knot -~ its
self-linking number S(7v) is defined as

where 7y is another knot obtained by infinitesimally
displacing « in the normal direction V. Therefore

S(y) = 8(n) = 8(12) = L(M,72) = L(y2:71) (43)

and

L(v,7) = L(,7%) = L(v2 M) (44)

where 7, denotes another arbitrary knot in the family
(Y& # V>V # 71,2). Then, third, we can compare I,
and I, ., as follows: before splitting, we have

N
L=2r |W2S( )+ >
k=1(v;,#7)

2W’YWV;,C£(77’7];) )

(45)

where L(7,7;,) = L(,,7); after splitting,
I’VlJr’Yz
=21 |W2 5(n) + W2,S(72) + 2Wo, Wo, L(71,72)

N

+ D
k=1(v;,#71,2)
N

Y

k=1(v,#71,2)

2Wo, Wy L(v1,7k)

2W, Wy L(v2,78) | - (46)

Comparing Eq.(45) with Eq.(46), we just have

I’Y = I’YlJr’Yz' (47)

This means that in the splitting process I is conserved.

(b) The merging case. We consider two knots
~1 and 2, which are of the same self-linking numbers,
merging into one knot v which is of the same self-
linking numbers as 7; and 7,. This is obviously the
inverse process of the above splitting case, therefore
we have

Lyiy, = 1y (48)

(c) The intersection case. This case is related
to the collision of two knots. We consider that two
knots 1 and 72, which are of the same self-linking
numbers, meet and then depart as other two knots 73
and ~4. This process can be identified as two subpro-
cesses: 71 and 2 merge into one knot v, and then ~
splits into 73 and 4. Thus from the above two cases

(a) and (b) we have

I’Yl+’y2 = dyz+va- (49)

Therefore, we obtain the result that the topological in-
variant [ is preserved in the branch processes during
the evolution of knot solitons.

5. Conclusion

In conclusion, based on the decomposition of U(1)
gauge potential theory and Duan’s topological current
theory, we point out that there are allowed vortex lines
and knot solitons realized in the AFZ model. In Sec-
tion 2, we reveal that, under the regular condition
pi(?

x
zero points of the ¢ field and the topological charges

# 0, vortex lines are originated from the

can be expressed in terms of the Hopf indices and
the Brouwer degrees of ¢-mapping. In Section 3, we
mainly study the knot configurations in these string
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structures. Based on the integral theory we construct

a topological invariant for the vortex lines. It is shown

that this invariant is just the total sum of all the self-

linking and linking numbers of the knot family. In

Section 4, moreover, we show that the knot topologi-

cal invariant is preserved during the evolution of the

knot vortex lines.
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