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N-soliton solution of a coupled integrable

dispersionless equation∗

Zhaqilao(SÙN)a)b), Zhao Yin-Long(ëÕ9)a), and Li Zhi-Bin(o�R)a)†

a)Department of Computer Science, East China Normal University, Shanghai 200062, China
b)College of Mathematics Science, Inner Mongolia Normal University, Huhhot 010022, China

(Received 13 October 2008; revised manuscript received 6 November 2008)

A new coupled integrable dispersionless equation is presented by considering a spectral problem. A Darboux

transformation for the resulting coupled integrable dispersionless equation is constructed with the help of spectral

problems. As an application, the N-soliton solution of the coupled integrable dispersionless equation is explicitly given.
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1. Introduction

The interaction between solitons plays an impor-

tant role in nonlinear science. Many methods have

been used to construct soliton solutions of nonlin-

ear evolution equations, such as the inverse scatter-

ing transformation (IST), Hirota’s bilinear method,

the Bäcklund and Darboux transformation(DT) and

so on.[1−13] Among them, the DT method based on

Lax pairs has been proven to be one of the most fruit-

ful algorithmic procedures to obtain soliton solutions

of nonlinear evolution equations.

The study of dispersionless systems is of great im-

portance, for they arise from the analysis of various

problems, such as physics and mathematics.[14−18] In

the present paper, we consider a coupled dispersion-

less equation

qxt + β

(

q +
β

α
r

)

rx = 0,

rxt − α

(

α

β
q + r

)

qx = 0, (1)

where α and β are arbitrary non-zero constants, and

q and r are both functions of x and t. By ap-

plying the Painlevé analysis[19−21] to coupled dis-

persionless equation (1), resonances are found to be

−1, 1, 2 and 4. The compatibility condition for each

positive resonance is fully satisfied. Hence we as-

certain that Eq.(1) passes the Painlevé test and it

is called a coupled Painlevé integrable dispersionless

equation.

We construct a new DT for the coupled integrable

dispersionless equation (1) with the help of its spec-

tral problem. Then we obtain a one-soliton solution,

a two-soliton solution and an N−soliton solution of

the coupled integrable dispersionless equation (1) by

means of the DT.[22,23]

2. Darboux transformation

In this section, we construct a new DT for Eq.(1).

Consider the spectral problem

φx = Uφ, U =





αqxλ βrxλ

βrxλ −αqxλ



 , (2)

and the auxiliary problem

φt = V φ,

V =







1

4λ
− 1

4λ
− 1

2
(αq + βr)

− 1

4λ
+

1

2
(αq + βr) − 1

4λ






.

(3)

The compatible condition of expressions (2) and (3) is

the zero curvature equation

Ut − Vx + [U, V ] = 0. (4)
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Through the direct calculation of Eq.(4), we can yield

Eq.(1).

The DT is actually a gauge transformation

φ̄ = Tφ (5)

of spectral problems (2) and (3). It is required that φ̄

also satisfies the spectral problems

φ̄x = Ū φ̄, Ū =





αq̄xλ βr̄xλ

βr̄xλ −αq̄xλ



 , (6)

φ̄t = V̄ φ̄,

V̄ =







1

4λ
− 1

4λ
− 1

2
(αq̄ + βr̄)

− 1

4λ
+

1

2
(αq̄ + βr̄) − 1

4λ






.

(7)

This means that we have to find a matrix T such that

the old potentials q, r in U and V are replaced with

new ones q̄, r̄.

Now we come to construct a concrete transforma-

tion. Let λ = λk, the solution of spectral problems (2)

and (3) is h(k) =
(

h
(k)
1 , h

(k)
2

)T

. It is easy to see that

h(k)− =
(

h
(k)
2 ,−h

(k)
1

)T

is the solution of λ = −λk.

Suppose that

H =





h
(k)
1 h

(k)
2

h
(k)
2 −h

(k)
1



 , and Λ =







1

λk

0

0 − 1

λk






, (8)

let σ = h
(k)
2 /h

(k)
1 ,

S(k) = HΛH−1

=
1

λk(1 + σ2)





1 − σ2 2σ

2σ σ2 − 1



 , (9)

and for simplicity, further let tan
θ

2
= σ, then Eq.(9)

will become

S(k) =
1

λk





cos θ sin θ

sin θ − cos θ





∆
=





A B

B −A



 . (10)

With the help of

σx = βrxλk(1 − σ2) − 2αqxλkσ, (11)

we obtain

θx = 2βrxλk cos θ − 2αqxλk sin θ. (12)

Taking

T =
1

λ
I − S(k)

=







1

λ
− 1

λk

cos θ − 1

λk

sin θ

− 1

λk

sin θ
1

λ
+

1

λk

cos θ






, (13)

we have

Ū = (Tx + TU)T−1 =









α

(

qx cos(2θ) +
β

α
rx sin(2θ)

)

λ β

(

α

β
qx sin(2θ) − rx cos(2θ)

)

λ

β

(

α

β
qx sin(2θ) − rx cos(2θ)

)

λ −α

(

qx cos(2θ) +
β

α
rx sin(2θ)

)

λ









. (14)

Using expressions (6) and (14) yields

q̄x = qx cos(2θ) +
β

α
rx sin(2θ) =

(

q − 1

αλk

cos θ

)

x

, r̄x =
α

β
qx sin(2θ) − rx cos(2θ) =

(

r − 1

βλk

sin θ

)

x

, (15)

i.e.

q̄ = q − 1

αλk

cos θ = q − 1

α
A, and r̄ = r − 1

βλk

sin θ = r − 1

β
B. (16)

According to the above computation, we have the following propositions.

Proposition 1 When q and r are given, let
(

h
(k)
1 , h

(k)
2

)T

be the solution of Eqs.(2) and (3) with λ = λk,

then by using the Darboux matrix T and Eq.(16), we have

Ū = (Tx + TU)T−1. (17)
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We can obtain the same proposition about the

auxiliary spectral problem.

Proposition 2 When q and r are given, let
(

h
(k)
1 , h

(k)
2

)T

be the solution of Eqs.(2) and (3) with

λ = λk, then by using the Darboux matrix T and

Eq.(16), we obtain

V̄ = (Tt + TV )T−1. (18)

Proof A direct calculation yields

σt =

(

− 1

4λk

+
1

2
(αq + βr)

)

− 1

2λk

σ

+

(

1

4λk

+
1

2
(αq + βr)

)

σ2,

θt = (αq + βr) − 1

2λk

(cos θ + sin θ). (19)

Substituting expressions (13), (16) and (19) into

Eq.(18), we can obtain the conclusion above. Thus

the proof is completed.

Propositions 1 and 2 show that the transforma-

tions (13) and (16) change the Lax pairs (2) and (3)

into other Lax pairs (6) and (7), with U, V and Ū , V̄

being in identical forms respectively. Therefore both

of the Lax pairs lead to the same Eq.(1), so expressions

(13) and (16) are the DT of the coupled integrable dis-

persionless Eq.(1). From propositions 1 and 2 we have

the following theorem.

Theorem 1 If (q, r) is a solution of the coupled

integrable dispersionless equation (1) and λk(λk 6= 0)

is an arbitrary constant, when λ = λk,
(

h
(k)
1 , h

(k)
2

)T

is a solution of Lax pairs (2) and (3).

Let σ = h
(k)
2 /h

(k)
1 = tan

θ

2
, then

T =







1

λ
− 1

λk

cos θ − 1

λk

sin θ

− 1

λk

sin θ
1

λ
+

1

λk

cos θ







=









1

λ
− 1 − σ2

λk(1 + σ2)
− 2σ

λk(1 + σ2)

− 2σ

λk(1 + σ2)

1

λ
+

1 − σ2

λk(1 + σ2)









(20)

will be a Darboux matrix of the coupled integrable

dispersionless equation (1). Mapping (q, r) into a new

solution (q̄, r̄), the relations of (q̄, r̄) and (q, r) are de-

termined by expression (16), i.e.

q̄ = q − 1

αλk

1 − σ2

1 + σ2
= q − 1

α
A,

and

r̄ = r − 1

βλk

2σ

1 + σ2
= r − 1

β
B. (21)

3. The soliton solutions

We start from a particular solution of Eq.(1),

which is q = q0 and r = r0, and we choose

h(k) =





h
(k)
1

h
(k)
2



 , 1 ≤ k ≤ N (22)

as the solution of the Lax pairs (2) and (3) when

λ = λk. Then we could construct a series of exact

solutions of Eq.(1) as follows.

First, we construct

H(1) = (h(1), h(1)−), Λ
(1) =







1

λ1
0

0 − 1

λ1






,(23)

S(1)

= H(1)
Λ

(1)(H(1))−1

=
1

λ1(h
(1)2

1 + h
(1)2

2 )





h
(1)2

1 − h
(1)2

2 2h
(1)
1 h

(1)
2

2h
(1)
1 h

(1)
2 h

(1)2

2 − h
(1)2

1





=





A(1) B(1)

B(1) −A(1)



 . (24)

Then by the use of theorem 1, we can obtain a new

solution q[1], r[1] of Eq.(1) from the following equa-

tions:

q[1] = q0 −
1

α
A(1), and r[1] = r0 −

1

β
B(1). (25)

With the help of expressions (5) and (13) and after

some calculations, we can acquire the solution of Lax

pairs (2) and (3), when q = q[1], r = r[1] and λ = λi.

the solution can be expressed as

h̄
(i)
[1] =





h̄
(i)
1[1]

h̄
(i)
2[1]





=

(

1

λi

I − S(1)

)





h
(i)
1

h
(i)
2





=

1

λ1
+

1

λi
[

h(1), h(1)
]

















∣

∣

∣

∣

∣

∣

h
(i)
1

[

h(i), h(1)
]

h
(1)
1

[

h(1), h(1)
]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

h
(i)
2

[

h(i), h(1)
]

h
(1)
2

[

h(1), h(1)
]

∣

∣

∣

∣

∣

∣

















, (26)

where
[

h(i), h(j)
]

=
h

(i)
1 h

(j)
1 + h

(i)
2 h

(j)
2

(1/λi + 1/λj)
. We construct
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H(2) =
(

h̄
(2)
[1] , h̄

(2)−
[1]

)

, Λ
(2) =







1

λ2
0

0 − 1

λ2






,

S(2) = H(2)
Λ

(2)
(

H(2)
)−1

=
1

λ2

(

h̄
(2)2

1[1] + h̄
(2)2

2[1]

)





h̄
(2)2

1[1] − h̄
(2)2

2[1] 2h̄
(2)
1[1]h̄

(2)
2[1]

2h̄
(2)
1[1]h̄

(2)
2[1] h̄

(2)2

2[1] − h̄
(2)2

1[1]





=





A(2) B(2)

B(2) −A(2)



 ,

where h
(2)
1[1] and h

(2)
2[1] are given by Eq.(26) when i = 2.

Then we can obtain a new solution q[2], r[2] of

Eq.(1) from the following equation:

q[2] = q[1] − 1

α
A(2), r[2] = r[1] − 1

β
B(2). (27)

So with the help of Eq.(26) and S(2), after taking the

DT once again, we can obtain the solution of Lax pairs

(2) and (3) when q = q[2], r = r[2], and λ = λ3, then

h̄
(3)
[2] =





h̄
(3)
1[2]

h̄
(3)
2[2]





=

(

1

λ3
I − S(2)

)





h̄
(3)
1[1]

h̄
(3)
2[1]





=

(

1

λ3
+

1

λ2

) (

1

λ3
+

1

λ1

)

[

h(1), h(1)
][

h(2), h(2)
]

−
[

h(2), h(1)
]2

×











































∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

h
(3)
1

[

h(3), h(1)
] [

h(3), h(2)
]

h
(1)
1

[

h(1), h(1)
] [

h(1), h(2)
]

h
(2)
1

[

h(2), h(1)
] [

h(2), h(2)
]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

h
(3)
2

[

h(3), h(1)
] [

h(3), h(2)
]

h
(1)
2

[

h(1), h(1)
] [

h(1), h(2)
]

h
(2)
2

[

h(2), h(1)
] [

h(2), h(2)
]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣











































. (28)

If we have carried out the DT N–1 times, we can ob-

tain the solution of Eq.(1) as q[N − 1] and r[N − 1].

Thus we can express the solution of Lax pairs (2) and

(3) as follows:

h̄
(N)
[N−1] =





h̄
(N)
1[N−1]

h̄
(N)
2[N−1]



 = ∆N























































∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

h
(N)
1

[

h(N), h(1)
]

· · ·
[

h(N), h(N−1)
]

h
(1)
1

[

h(1), h(1)
]

· · ·
[

h(1), h(N−1)
]

...
...

. . .
...

h
(N−1)
1

[

h(N−1), h(1)
]

· · ·
[

h(N−1), h(N−1)
]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

h
(N)
2

[

h(N), h(1)
]

· · ·
[

h(N), h(N−1)
]

h
(1)
2

[

h(1), h(1)
]

· · ·
[

h(1), h(N−1)
]

...
...

. . .
...

h
(N−1)
2

[

h(N−1), h(1)
]

· · ·
[

h(N−1), h(N−1)
]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣























































, (29)

where

∆N =

(

1

λN

+
1

λ1

) (

1

λN

+
1

λ2

)

· · ·
(

1

λN

+
1

λN−1

)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

[

h(1), h(1)
] [

h(1), h(2)
]

· · ·
[

h(1), h(N−1)
]

[

h(2), h(1)
] [

h(2), h(2)
]

· · ·
[

h(2), h(N−1)
]

...
...

. . .
...

[

h(N−1), h(1)
] [

h(N−1), h(2)
]

· · ·
[

h(N−1), h(N−1)
]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.
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We construct

H(N) =
(

h̄
(N)
[N−1], h̄

(N)−
[N−1]

)

, Λ
(N) =







1

λN

0

0 − 1

λN






,

S(N) = H(N)
Λ

(N)
(

H(N)
)−1

=
1

λN

(

h̄
(N)2

1[N−1] + h̄
(N)2

2[N−1]

)





h̄
(N)2

1[N−1] − h̄
(N)2

2[N−1] 2h̄
(N)
1[N−1]h̄

(N)
2[N−1]

2h̄
(N)
1[N−1]h̄

(N)
2[N−1] h̄

(N)2

2[N−1] − h̄
(N)2

1[N−1]





=





A(N) B(N)

B(N) −A(N)



 .

Then we can obtain a new solution q[N ] and r[N ] of Eq.(1) from the following equation:

q[N ] = q[N − 1] − 1

α
A(N),

and

r[N ] = r[N − 1] − 1

β
B(N). (30)

This process can be iterated, thereby yielding a sequence of new solutions usually.

Finally, we give a simple example. We construct the soliton solution for Eq.(1). Substituting q = βx and

r = −αx into Lax pairs (2) and (3), and choosing basic solutions corresponding to λ = λk as

h(k) =





h
(k)
1

h
(k)
2



 =





cosh ξk

cosh ξk −
√

2 sinh ξk



 , 1 ≤ k ≤ N, (31)

where ξk =
√

2αβλk

(

x +
t

4αβλ2
k

)

+ ξ
(0)
k , then we construct

H(1) =
(

h(1), h(1)−
)

=





cosh ξ1 cosh ξ1 −
√

2 sinh ξ1

cosh ξ1 −
√

2 sinh ξ1 − cosh ξ1



 , (32)

Λ
(1) =







1

λ1
0

0 − 1

λ1






, S(1) = H(1)

Λ
(1)(H(1))−1 =





A(1) B(1)

B(1) −A(1)



 , (33)

where

A(1) =
sinh ξ1(

√
2 cosh ξ1 − sinh ξ1)

λ1 cosh(2ξ1) −
λ1√

2
sinh(2ξ1)

, and B(1) =
cosh ξ1(−

√
2 sinh ξ1 + cosh ξ1)

λ1 cosh(2ξ1) −
λ1√

2
sinh(2ξ1)

.

Thus from expression (25), we can obtain one-soliton solution of Eq.(1)

q[1] = βx − 1

α
A(1) = βx − 1

α

sinh ξ1(
√

2 cosh ξ1 − sinh ξ1)

λ1 cosh(2ξ1) −
λ1√

2
sinh(2ξ1)

,

r[1] = −αx − 1

β
B(1) = −αx − 1

β

cosh ξ1(−
√

2 sinh ξ1 + cosh ξ1)

λ1 cosh(2ξ1) −
λ1√

2
sinh(2ξ1)

, (34)

where ξ1 =
√

2αβλ1

(

x +
t

4αβλ2
1

)

+ ξ
(0)
1 . The one-soliton solution is plotted in Fig.1.
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Fig.1. One-soliton solution (34) with α = β = 0.1, λ1 = 1, and ξ
(0)
1 = 0.

If we choose another basic solution corresponding to λ = λ2, given as follows:

h(2) =





h
(2)
1

h
(2)
2



 =





cosh ξ2

cosh ξ2 −
√

2 sinh ξ2



 , (35)

where ξ2 =
√

2αβλ2

(

x +
t

4αβλ2
2

)

+ ξ
(0)
2 , then we will have a two-soliton solution of Eq.(1) from expression

(27)

q[2] = βx − 1

α

sinh ξ1(
√

2 cosh ξ1 − sinh ξ1)

λ1 cosh(2ξ1) −
λ1√

2
sinh(2ξ1)

− 1

α
A(2),

r[2] = −αx − 1

β

cosh ξ1(−
√

2 sinh ξ1 + cosh ξ1)

λ1 cosh(2ξ1) −
λ1√

2
sinh(2ξ1)

− 1

β
B(2), (36)

where

A(2) =
h̄

(2)2

1[1] − h̄
(2)2

2[1]

λ2

(

h̄
(2)2

1[1] + h̄
(2)2

2[1]

) , B(2) =
2h̄

(2)
1[1]h̄

(2)
2[1]

λ2

(

h̄
(2)2

1[1] + h̄
(2)2

2[1]

) ,

with

h̄
(2)
1[1] =

1

λ2
+

1

λ1
[

h(1), h(1)
]

∣

∣

∣

∣

∣

∣

h
(2)
1

[

h(2), h(1)
]

h
(1)
1

[

h(1), h(1)
]

∣

∣

∣

∣

∣

∣

,

h̄
(2)
2[1] =

1

λ2
+

1

λ1
[

h(1), h(1)
]

∣

∣

∣

∣

∣

∣

h
(2)
2

[

h(2), h(1)
]

h
(1)
2

[

h(1), h(1)
]

∣

∣

∣

∣

∣

∣

.

The two-soliton solution (36) is plotted in Fig.2.

With the help of expression (30), we can obtain an N -soliton solution of Eq.(1). By means of computer,

we can give only the figured three-soliton solution (see Fig.3).
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Fig.2. Two-soliton solution (36) with α = β = 0.1, λ1 = 1, λ2 = 1.1, and ξ
(0)
1 = ξ

(0)
2 = 0.

Fig.3. Three-soliton solution with α = β = 0.1, λ1 = 1, λ2 = 1.1, λ3 = 1.2, and ξ
(0)
1 = ξ

(0)
2 = ξ

(0)
3 = 0.
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