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A new coupled integrable dispersionless equation is presented by considering a spectral problem. A Darboux

transformation for the resulting coupled integrable dispersionless equation is constructed with the help of spectral

problems. As an application, the N-soliton solution of the coupled integrable dispersionless equation is explicitly given.
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1. Introduction

The interaction between solitons plays an impor-
tant role in nonlinear science. Many methods have
been used to construct soliton solutions of nonlin-
ear evolution equations, such as the inverse scatter-
ing transformation (IST), Hirota’s bilinear method,
the Backlund and Darboux transformation(DT) and
so on.'=13 Among them, the DT method based on
Lax pairs has been proven to be one of the most fruit-
ful algorithmic procedures to obtain soliton solutions
of nonlinear evolution equations.

The study of dispersionless systems is of great im-
portance, for they arise from the analysis of various
problems, such as physics and mathematics.!'*~18! In
the present paper, we consider a coupled dispersion-

less equation
p _
qut + 3 Q‘FET ry =0,

o —a (%q+r) - 1)

where o and (3 are arbitrary non-zero constants, and
g and r are both functions of x and t. By ap-
plying the Painlevé analysis!'2=21 to coupled dis-
persionless equation (1), resonances are found to be
—1, 1, 2 and 4. The compatibility condition for each
positive resonance is fully satisfied. Hence we as-

certain that Eq.(1) passes the Painlevé test and it

is called a coupled Painlevé integrable dispersionless
equation.

We construct a new DT for the coupled integrable
dispersionless equation (1) with the help of its spec-
tral problem. Then we obtain a one-soliton solution,
a two-soliton solution and an N —soliton solution of
the coupled integrable dispersionless equation (1) by
means of the DT.[22:23]

2. Darboux transformation

In this section, we construct a new DT for Eq.(1).
Consider the spectral problem

gz Pra
e =U¢p, U= ; (2)
PreA —agzA
and the auxiliary problem
¢t = V(ba
1 1 1
v 3y _ﬂ_i(mH—ﬁT)
1 + 1( + Br) 1
DA )

3)

The compatible condition of expressions (2) and (3) is

the zero curvature equation

Uy — Ve +[U, V] =0. (4)
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Through the direct calculation of Eq.(4), we can yield
Eq.(1).
The DT is actually a gauge transformation

¢=T¢ (5)

of spectral problems (2) and (3). It is required that ¢
also satisfies the spectral problems

. agz\ BrgA
¢Cb - U¢; U = _ _ k) (6)
OFz A —aqz A
¢t — ‘7(57
1 1, _ B
7 ™ —5—5(0“1+57“)
~L 4 Lag+ ) - L
4y g\ A\

(7)

This means that we have to find a matrix T such that
the old potentials ¢, 7 in U and V are replaced with
new ones ¢, 7.

Now we come to construct a concrete transforma-

tion. Let A = A, the solution of spectral problems (2)
T
and (3) is h(F) = (hgk),hgk)) . It is easy to see that

T
hF)— = (hék), —hgk)) is the solution of A = —\.
Suppose that

1
n? ny? e

H= , and A= k , (8)
) (M 0o -1

U= (T, +TU)T ' =

g
Using expressions (6) and (14) yields

1
Gz = gz cos(20) + érx sin(20) = (q — ——cos 9) , Ty = ng sin(20) — r, cos(20) = (r -
a

Mg
ie.

1 1
Gg=q— ———cosf=q— —A,
ag «

g (ng sin(260) — ry cos(29)) A —« <qz cos(20) + grz sin(29)> A

let o = A /R,

S — HAH!
1 1—02 20
o /\k(l + 02) 2

0
and for simplicity, further let tan 3= then Eq.(9)

will become

G _ i cosf siné A A B (0
Ak \ sinf —cosf B —-A
With the help of
0y = Praig(l — 02) — 20,0, (11)
we obtain
0, = 2071, \j; cos 6 — 2aq, Ak sin 6. (12)
Taking
1
T=>-I-8®
A
1 1
Y —cos) ——sinf
= b 1 kl ) (13)
——sinf — + — cosf
Ak A
we have
8 . o
a | gz cos(20) + =rysin(20) | A B | =¢w sin(20) — ry cos(26) | A
“ g (14)

L i 9) . (15)

B Bk

1

1
and T=r— ——sinf =r — =B. (16)

Bk B

According to the above computation, we have the following propositions.
T
Proposition 1 When g and r are given, let (hgk), hék)) be the solution of Eqgs.(2) and (3) with A = Ak,
then by using the Darboux matrix T and Eq.(16), we have

U= (T,+TU)T " (17)
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We can obtain the same proposition about the
auxiliary spectral problem.

Proposition 2 When ¢ and r are given, let
T
(hgk), hék)) be the solution of Egs.(2) and (3) with

A = Ak, then by using the Darboux matrix T and
Eq.(16), we obtain

V= (T, +TV)T~". (18)
Proof A direct calculation yields
1 1 1
o = (—m + E(aq—i—ﬁr)) o’

11 )
+<m+§(aq+ﬁr)>a :

0 = (aqg + Br) — i(cos 0 + sin6). (19)

Substituting expressions (13), (16) and (19) into
Eq.(18), we can obtain the conclusion above. Thus
the proof is completed.

Propositions 1 and 2 show that the transforma-
tions (13) and (16) change the Lax pairs (2) and (3)
into other Lax pairs (6) and (7), with U,V and U,V
being in identical forms respectively. Therefore both
of the Lax pairs lead to the same Eq.(1), so expressions
(13) and (16) are the DT of the coupled integrable dis-
persionless Eq.(1). From propositions 1 and 2 we have
the following theorem.

Theorem 1 If (¢, r) is a solution of the coupled
integrable dispersionless equation (1) and A;(Ax # 0)
T
is an arbitrary constant, when A = A, (hgk), hék))
is a solution of Lax pairs (2) and (3).

6
Let 0 = hgk)/hgk) = tan 2 then

. %—/\ikCOSH —;—ksinﬁ
- 1 1 1
——sinf — + —cosf
Ak A A
1 1—02 20
oy M+ M +02)
o 20 1 1—02 (20)
M(l+02) A M(1+02)

will be a Darboux matrix of the coupled integrable
dispersionless equation (1). Mapping (g, ) into a new
solution (g, ), the relations of (g,7) and (g, r) are de-
termined by expression (16), i.e.

o 11-0® 1,
1=4 oz)\kl—i-UQ_q a
and
1 20 1
Fepe—— _ _p__B. 21
F=r 1ol r 3 (21)

3. The soliton solutions

We start from a particular solution of Eq.(1),
which is ¢ = ¢ and r = ry, and we choose

hF) = ., 1<k<N (22)

as the solution of the Lax pairs (2) and (3) when
A= A
solutions of Eq.(1) as follows.

Then we could construct a series of exact

First, we construct

1
— 0

HO = (0 p0-), a0 = [ A | (@23)
0 ——

A1
s
= HO AW ()1
L (A

M+ R\ 2nafD R - p”
AL RO

B _ 40

(24)

Then by the use of theorem 1, we can obtain a new
solution ¢[1], r[1] of Eq.(1) from the following equa-

tions:
Lo LEee)
q[l] =q — =AY, and r[l]=ry— BB . (25)
o)

With the help of expressions (5) and (13) and after
some calculations, we can acquire the solution of Lax
pairs (2) and (3), when ¢ = ¢[1], r = r[1] and A = ;.
the solution can be expressed as

@ _
hpy =

, (26)

(3,0 4 0 pG)
T 2
i J

. We construct
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1 7(3)
— 0 1 h1[1]
@ _ (5@ 5@~ @) A2 = (—1 - S<2>>
w G ) A= ) AV
A2
) 1 1 1 1
5@ _ g@ 4@ (H@))‘ sV A W
- 2
S22 1@ o022 22 [, RD] [A2), K] — [A@), h(D)]
_ 1 h1[1] - h2[1] 2h1[1]h2[1]
B 7(2)2 | 7(2)? 7(2) 7 7(2)2  7(2)? (3) 3 1 3 2
O G AN 1 .00 1)
A2 B© hgl) (AW, AW [AW, A™)]
\B® _4@ |’
h§2) (A2, hD] [h®, h)]
where hﬁi] and héﬁ] are given by Eq.(26) when ¢ = 2. X (28)

Then we can obtain a new solution ¢[2],7[2] of
Eq.(1) from the following equation:
(27)

(e

a2 = g1 = 2 A®,  r[2) = o[1] - %B@),

So with the help of Eq.(26) and S(?), after taking the
DT once again, we can obtain the solution of Lax pairs
(2) and (3) when g = ¢[2],7 = 7[2], and A = A3, then

RN N1 D] L [ROVD (N1

RN [ANV=1 D] ... [R(N=D) p(N=1)]

hf) (3 D] [h®), h)]

WY R0, KO [, p@)]

h [h@ hD] [h®, h)]

If we have carried out the DT N-1 times, we can ob-
tain the solution of Eq.(1) as [N — 1] and r[N — 1].
Thus we can express the solution of Lax pairs (2) and
(3) as follows:

()R]

[h(l), h(l)]

[h(N)7h(N—1)]

[h(l), h(N—l)}

[h(N)7 h(l)}

[h(l), h(l)]

[A(N), p(N=1)] ’

[h(l), h(N—l)}

%) (e )
A2 AN AN—1

7 (3)
73 _ h1[2]
2 e
hapy
|
h{)
h{?
RiiN-1
TN _ -1 _
v = o TN
2
2[N—1]
hS"
where
( L 1) ( L
Ay = YA

[h(l), h(l)]

[h(2), h(l)]

[h(l), h(2)]

[h(2), h(2)]

[h(N—l),h(l)] [h(N—l),h@)] [h(N—l),h(N—l)]

L) p(N=1)
[, ]

[h(2), h(N—l)}
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We construct

— 0
N) _ (7(N) 7 (N)— Ny _ | A
H™ = (h[N—l]’h[N—l])’ AR = (;V 1 ’
AN
SIN) () 4() (Huv))‘l
7 (N)? 7 (N)? 7(N)  7(N)
_ 1 hl[N—l] - h2[N—1] 2h1[N—1]h2[N—1]
N 7 (N)2 7 (N)2 T(N)  7(N) 7(N)? 7 (N)?
AN (hl[Nfl] + h2[N*1]) 20y N_nhan—1y Papn—1) — PN

AN V)

|\ g 4

Then we can obtain a new solution ¢[N] and r[N] of Eq.(1) from the following equation:
GIN] = [N = 1) =A™,
and
FIN] = r[N — 1] — %B(N). (30)

This process can be iterated, thereby yielding a sequence of new solutions usually.
Finally, we give a simple example. We construct the soliton solution for Eq.(1). Substituting ¢ = Sz and

r = —ax into Lax pairs (2) and (3), and choosing basic solutions corresponding to A = Ay as
h{ h
= (M) = o C1<k<N, (31)
hy cosh &, — v/2sinh &,
t
where &, = V2a8)\ <x + 4aﬁ/\i> + 5;@0), then we construct
cosh cosh&; — v/2sinh
o _ (h(l),h(l)* _ & & —v2sinh & | (32)
cosh& — v2sinh & — cosh &
1
— 0 A @)
AW — [ M ;S = gM AW (gy-1 = , (33)
o -1 BL A0
A1
where
A0 _ sinh & (v/2 cosh & — sinh &) and B — cosh & (—v/2sinh & + cosh &)
A1 cosh(2¢;) — % sinh(2¢;) A1 cosh(2€) — % sinh(2¢;)
Thus from expression (25), we can obtain one-soliton solution of Eq.(1)
g1] = Bz — lA(l) — Br— lsinh{l(\/ﬁcosh/ﬁ\l - sinh{l)7
a e 1
A1 cosh(2¢;) — —= sinh(2
1 cosh(2¢1) 7 (261)
1 1 cosh & (—+v/2sinh h
r[1] = —az — =BY = —az — L coshy V2sin )\51 o 51)7 (34)
s B A cosh(26r) — 2L sinh(2€,)

V2

t
where & = v2a8\; <x + 1 ﬁ/\Q) + {%O). The one-soliton solution is plotted in Fig.1.
apAY
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Fig.1. One-soliton solution (34) with a = 8 =0.1,A\; = 1, and f%O) =0.

If we choose another basic solution corresponding to A = A, given as follows:

(2)
L) hi _ cosh &, (35)
h cosh& — v/2sinh &
t
where & = v2af\2 <3: + 1 ﬁ/\Q) + {éo), then we will have a two-soliton solution of Eq.(1) from expression
AP Ay
(27)
4l2] = B — lsinh{l(\/ﬁcosh/f\l —sinh &) B lA(Q),
a 1. a
A1 cosh(2&) — —sinh(2
1 cosh(26;) 7 (261)
r2] = — ;coshﬁl( \/_sinh)\gl + cosh &) B lB(z), (36)
A1 cosh(2£7) — — sinh(2
1cosh(261) 7 (261)
where
7(2)? _ 7(2)? 7(2) 7(2)
@ _ Mo Theny gy 2l
(2)2 22’ (2)? 22’
A2 (h 1) hzm) A2 (h 1) hzm)
with
1 1 @
G N B hi” [A®),hO]
1] — I:h(l),h(l):l hgl) I:h,(l),h(l):l )
S )
70 _ o |y [ A]
201]

The two-soliton solution (36) is plotted in Fig.2.

[0, (1]

hgl) (R, )]

3

With the help of expression (30), we can obtain an N-soliton solution of Eq.(1). By means of computer,

we can give only the figured three-soliton solution (see Fig.3).



1786 Zhaqilao et al Vol. 18
Fig.2. Two-soliton solution (36) with « =3 =0.1,A\1 =1, 2 = 1.1, and 550) = §§O) =0.
a3l _
. o . . o _ _ _ (0) _ (0) _ (0) _
Fig.3. Three-soliton solution with a = 8=0.1,A\1 = 1,2 =1.1,A3 =12, and §; " =&, ' =§&3 ' = 0.
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