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This paper presents a novel approach to hyperchaos control of hyperchaotic systems based on impulsive control

and the Takagi–Sugeno (T–S) fuzzy model. In this study, the hyperchaotic Lü system is exactly represented by the T–S

fuzzy model and an impulsive control framework is proposed for stabilizing the hyperchaotic Lü system, which is also

suitable for classes of T–S fuzzy hyperchaotic systems, such as the hyperchaotic Rössler, Chen, Chua systems and so on.

Sufficient conditions for achieving stability in impulsive T–S fuzzy hyperchaotic systems are derived by using Lyapunov

stability theory in the form of the linear matrix inequality, and are less conservative in comparison with existing results.

Numerical simulations are given to demonstrate the effectiveness of the proposed method.

Keywords: hyperchaos control, impulsive control, T–S fuzzy model, linear matrix inequalities

PACC: 0545

1. Introduction

Since the interaction between fuzzy control sys-

tems and chaos was explored,[1] many fuzzy logic

techniques have been developed in order to control

chaos and synchronize chaotic systems represented by

the T–S fuzzy model, including parallel distributed

compensation,[2] adaptive fuzzy approach,[3,4] fuzzy

observer,[5] impulsive method[6,7] and output feed-

back control.[8] The aforementioned methods, how-

ever, focused only on low-dimensional chaotic systems

with only one positive Lyapunov exponent. Recently,

since hyperchaotic systems with more than one posi-

tive Lyapunov exponent possess the characteristics of

high capacity, high security and high efficiency, they

have attracted great attention in the fields of non-

linear circuits,[9] secure communications,[10] lasers,[11]

control,[12] and so on. Nowadays, there exist some

well-known hyperchaotic systems such as the hyper-

chaotic Rössler system,[12,13] the hyperchaotic Chua’s

circuits,[9] the hyperchaotic Lorenz system[14] and the

hyperchaotic Chen system.[15] Over the years, many

hyperchaos control methods have been developed,[16]

including conventional fuzzy control,[17,18] adaptive

control[19] and passive control.[20] More recently, Lü

proposed a new hyperchaotic system,[21] called the hy-

perchaotic Lü system and described by

ẋ(t) = a[y(t) − x(t)] + w(t),

ẏ(t) = −x(t)z(t) + cy(t),

ż(t) = x(t)y(t) − bz(t),

ẇ(t) = x(t)z(t) + kw(t), (1)

where a, b, c, and k are constant parameters,

x(t), y(t), z(t) and w(t) are state variances.

In Ref.[22] linear feedback control, adaptive feed-

back control and the Pecora–Carroll method are used

for hyperchaos synchronization of the Lü system. But

hyperchaos control of the hyperchaotic Lü system

based on fuzzy logic representation has not been re-

ported. Moreover, most of the current research efforts

on hyperchaos control are mainly involved with the

design of continuous-time controllers for continuous-

time fuzzy systems. Impulsive control as a discrete

control method of continuous-time systems is one of

the most attractive methods due to the following rea-

sons: first the chaos control is achieved using only

small control impulses; second it offers a direct method

to modulate digital information onto a chaotic carrier

for spread spectrum applications.[23] Hence, it is neces-

sary to consider impulsive control of the hyperchaotic

Lü system represented by the T–S fuzzy model.

In this paper, our main objectives are represent-
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ing the hyperchaotic Lü system (1) based on the T–

S fuzzy model and presenting a common impulsive

fuzzy control framework for T–S fuzzy hyperchaotic

systems, which is also suitable for many fuzzy hy-

perchaotic systems, such as the hyperchaotic Rössler,

Chen, Lorenz, Chua systems and so on. At the same

time, we will establish the stable sufficient conditions

of the T–S fuzzy hyperchaotic systems based on Lya-

punov stability theory and give some numerical sim-

ulations to verify the effectiveness of the proposed

method.

2. Fuzzy modelling of the hyper-

chaotic Lü system and impul-

sive fuzzy control model

The T–S fuzzy model originates from Takagi and

Sugeno, which is described by fuzzy IF-THEN rules

where the consequent parts represent local linear mod-

els. A general T–S fuzzy system is described as fol-

lows:

Plant Rule i: IF z1(t) is Mi1 and . . . and zp(t) is

Mip

THEN Ẋ(t) = AiX(t) i = 1, 2, . . . , r, (2)

where Mik(i = 1, 2, . . . , r, k = 1, 2, . . . , p) are the

fuzzy sets and r is the number of IF-THEN rules,

X(t) ∈ Rn is the state vector, Ai ∈ Rn×n is a con-

stant matrix with appropriate dimensions, z1(t) ∼

zp(t) are the premised variables. Using the defuzzi-

fier, we infer the final output of the fuzzy system as

Ẋ(t) =

r
∑

i=1

hi(z(t))AiX(t), (3)

where hi(z(t)) = wi(z(t))/
r
∑

i=1

wi(z(t)) for all

t, wi(z(t)) =
p
∏

k=1

Mik(zk(t)),
r
∑

i=1

wi(z(t)) > 0,

wi(z(t)) ≥ 0, i =, 2, . . . , r. From these formulas we

have
r

∑

i=1

hi(z(t)) = 1, hi(z(t)) ≥ 0, i = 1, 2, . . . , r.

Since the state variances of the chaotic systems

are bounded, assume that x(t) ∈ [−m, m] in Eq.(1)

and m > 0. Following the above T–S fuzzy rules, we

can exactly express the hyperchaotic Lü system (1)

as:

Plant Rule i: IF x(t) is Mi

THEN Ẋ(t) = AiX(t), j = 1, 2, . . . . (4)

Where i=1, 2, X(t) = [x(t), y(t), z(t), w(t)]T,

A1 =















−a a 0 1

0 c −m 0

0 m −b 0

0 0 m k















,

A2 =















−a a 0 1

0 c m 0

0 −m −b 0

0 0 −m k















,

M1(x(t)) =
1

2
(1 + x(t)/m),

M2(x(t)) =
1

2
(1 − x(t)/m).

According the general defuzzifier method, the follow-

ing dynamic global model of Eq.(4) can be obtained:

Ẋ(t) =
2

∑

i=1

Mi(x(t))X(t). (5)

Remark 1 It is easily shown that fuzzy system

(2) exactly represents the hyperchaotic Lü system (1).

When a = 36, c = 3, b = 20, k = 1, m = 40, the hyper-

chaotic behaviour of Eq.(4) is shown in Fig.1. Figures

1(b), 1(c) and 1(d), respectively, show the projection

for the phase diagrams of (v0) in xyz, xyw and yzw

spaces.

In the following, we will design an impulsive con-

trol model based on Eq.(4) for hyperchaos control of

the hyperchaotic Lü system. Here, we only need to

introduce impulsive jump items into each local sub-

system of Eq.(4), and the impulsive T–S fuzzy model

can be expressed as follows:

Plant Rule i: IF zi(t) is Mi

THEN















Ẋ(t) = AiX(t), t 6= τj ,

∆X|t=τj
= X(t+j ) − X(t−j ) ≡ U(j, X(t)), t = τj ,

X(t+0 ) = X0,

i = 1, 2, . . . , r, j = 1, 2, . . . (6)
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Fig.1. Projection for hyperchaotic attractor of Eq.(4): (a) xyz, (b) xyw and (c) yzw.

where U(j, X) denotes a local impulsive plant in

Eq.(4), r = 2. Generally we can let U(j, X(t)) =

BiX(t), and then the final output of Eq.(2) can be

inferred as:

Ẋ(t) =
r

∑

i=1

Mi(z(t))AiX(t), t 6= τj ,

∆X(t) =

r
∑

i=1

Mi(z(t))BiX(t), t = τj ,

X(t+0 ) = X0. (7)

Remark 2 When zi(t) = x(t), Eq.(7) repre-

sents the hyperchaotic Lü system as well as the hyper-

chaotic Rössler, Chua systems;[18] when z1(t) = x(t),

z2(t) = x(t), z3(t) = y(t) and z4(t) = y(t), Eq.(7) rep-

resents the hyperchaotic Chen and Lorenz systems.[17]

Therefore, Eq.(7) provides a unified impulsive control

framework for a class of fuzzy hyperchaotic systems.

3. Impulsive fuzzy stability of hy-

perchaotic systems

In this section, we will focus on the stability of

Eq.(7) and derive sufficient conditions for suppressing

hyperchaos of Eq.(7) based on Lyapunov theory.

Theorem 1 Let a n×n matrix P be symmetric

and positive definite. If there exist the positive con-

stant scalars m, σ, γ and θ such that

(i)

PAi + A
T
i P − σP ≤ 0, (8)

(ii)

(I + Bi)
T
P (I + Bi) − θP ≤ 0, (9)

then the origin of impulsive fuzzy systems (7) is glob-

ally asymptotically stable if σ(τj+1 − τj) + ln(γθ) ≤ 0

and 0 < γ < 1 for any j ∈ N , 0 < τj+1 − τj ≤ d.

Proof Let the candidate Lyapunov function be

of the following form:

V (t, X) =
1

2
X

T
PX.

For t 6= τj , the derivative of V (t, X) along the trajec-

tory of Eq.(7) is

D+V (t, X) =
1

2

r
∑

i=1

Mi(x(t))XT(AT
i P + PAi)X

≤
1

2
σX

T
PX = σV (t, X). (10)

This implies that

V (t, X) ≤V (t+j−1, X)exp(σ(t − tj−1)), t ∈ (tj−1, tj ],

j = 1, 2, . . . . (11)

By Eq.(9), for t = τj , we have
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V (τ+
j , X(τj) +

r
∑

i=1

Mi(z(τj))BiX(τj))

=
1

2
X

T(τj)

(

I +

r
∑

i=1

Mi(z(τj))Bi

)T

P (I +

r
∑

i=1

Mi(z(τj))Bi)X(τj)

=
1

2
X

T(τj)

r
∑

i=1

Mi(z(τj))(I + Bi)
T
P

r
∑

i=1

Mi(z(τj))(I + Bi)X(τj)

=
1

2
X

T(τj)
r

∑

i=1

Mi(z(τj))(I + Bi)
T
P

r
∑

i=1

Mi(z(τj))(I + Bi)X(τj)

=
1

2
X

T(τj)



















r
∑

i=1

M2
i (z(τj))(I + Bi)

T
P (I + Bi)+

∑

1≤i<k≤r

Mi(z(τj))Mk(z(τj))((I + Bi)
T
P (I + Bk) + (I + Bk)TP (I + Bi))



















X(τj)

≤
1

2
X

T(τj)



















r
∑

i=1

M2
i (z(τj))(I + Bi)

T
P (I + Bi)+

∑

1≤i<k≤r

Mi(z(τj))Mk(z(τj))((I + Bi)
T
P (I + Bi) + (I + Bk)TP (I + Bk))



















X(τj)

=
1

2
X

T(τj)

r
∑

i=1

Mi(z(τj))(I + Bi)
T
P (I + Bi)X(τj) ≤ θV (τj , X). (12)

When j = 1 in inequality (11), then for any t ∈ (t0, t1]

V (t1, X) ≤ V (t0, X)exp(σ(t1 − t0)). (13)

By Eqs.(12) and (13), we have

V (t+1 , X) ≤ θV (t1, X) ≤ θV (t0, X)exp(σ(t1 − t0)).

In the same way, for any t ∈ (t1, t2] we have

V (t, X) ≤ V (t+1 , X)exp(σ(t − t1))

≤θV (t0, X)exp(σ(t1 − t0))exp(σ(t − t1)) = θV (t0, X)exp(σ(t − t0))

and V (t+2 , X) ≤ θV (t2, X) ≤ θ2V (t0, X)exp(σ(t − t0)).

In general, for any t ∈ (tj , tj+1] one finds that

V (t, X)) ≤ θjV (t0, X)exp(σ(t − t0)). (14)

By σ(τj+1 − τj) + ln(γθ) ≤ 0, for any t ∈ (tj , tj+1] we have

V (t, X) ≤θjV (t0, X)exp(θ(t − t0))

≤V (t0, X) [exp(−θ(t1 − t0))/γ] [exp(−θ(t2 − t1))/γ] . . .

[exp(−θ(tj − tj−1))/γ] [exp(θ(t − t0))/γ]

≤ (1/γ)
j
V (t0, X)exp(−θ(tj − t0))exp(θ(t − t0))

≤ (1/γ)j V (t0, X)exp(θd). (15)

This leads to

‖X(t)‖ ≤ λmax(P )V (t0, X)exp(αd) (1/γ)
j
, (16)

where λmax(P ) is largest eigenvalue of P . From Eq.(16) it follows that the conclusion holds.
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Remark 3 Obviously calculating P only de-

pends on several simple linear matrix inequalities with

respect to P ; hence, our result is less conservative in

comparison with the existing ones.[21,22] Moreover, Bi

may be chosen as very simple diagonal matrixes, and

then solving the linear matrix inequalities will become

easier.

Remark 4 Since Eq.(7) represents a class of hy-

perchaotic systems, such as the hyperchaotic Rössler,

Chen, Lorenz, Chua systems and so on, our result is

general.

4. Numerical simulations

In this section numerical simulations are given to

verify the effectiveness of impulsive fuzzy control for

achieving the stability of hyperchaotic systems. The

fourth-order Runge–Kutta integration method is used

to solve the system with time step equal to 0.001 and

the parameters of the hyperchaotic Lü system are cho-

sen as a = 36, c = 3, b = 20, k = 1, m = 40 so that

hyperchaotic behaviour is exhibited.

In our simulations, the initial values are X0 =

[−5 9, 8, 5] and we choose σ = 50, θ = 50,

γ = 0.001, B1 = −diag([0.5, 0.6, 0.7, 0.6]), B2 =

−diag([0.5, 0.7, 0.7, 0.5]). Using the LMI toolbox

provided by MATLAB, we obtain

P =















0.0128 0.0051 0 −0.0012

0.0051 0.0159 0 −0.0045

0 0 0.0145 0

−0.0012 −0.0045 0 0.0211















.

And then we have 0 < τj − τj−1 ≤ − ln(γθ)/σ =

0.0599. Therefore, in our simulation impulsive in-

stance is selected as a fixed length 0.015. Figure 2(a)

shows the behaviours of the state (x, y, z, w) of

the controlled hyperchaotic system (7). Figures 2(b),

2(c) and 2(d), respectively, show the projection for the

phase diagrams of the controlled hyperchaotic system

in xyz, xyw and yzw spaces.

Fig.2. (a) The behaviours of the state (x, y, z, w) of the controlled hyperchaotic system (7). Figure

2(b), 2(c) and 2(d) are respectively the phase diagrams of the controlled hyperchaotic system in xyz,

xyw and yzw spaces.
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5. Conclusions

In this paper, we design an impulsive T–S fuzzy

framework, which generalizes the existing fuzzy hyper-

chaotic systems, for controlling Lü hyperchaos based

on impulsive control and the T–S fuzzy model. Suf-

ficient conditions for achieving hyperchaos control of

the hyperchaotic Lü system are derived by using Lya-

punov stability theory in the form of a linear matrix

inequality. The obtained results are also applicable to

a class of the hyperchaotic systems represented by the

T–S fuzzy model, such as the hyperchaotic Rössler,

Chen, Lorenz, Chua systems and so on. Thus our

results are general. Moreover, our results are less con-

servative in comparison with existing ones. Finally,

numerical simulations are provided to demonstrate the

effectiveness of the proposed control techniques.
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