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This paper investigates the phenomenon of stochastic resonance in a single-mode laser driven by time-modulated

correlated coloured noise sources. The power spectrum and signal-to-noise ratio R of the laser intensity are calculated

by the linear approximation. The effects caused by noise self-correlation time τ1, τ2 and cross-correlated time τ3

for stochastic resonance are analysed in two ways: τ1, τ2 and τ3 are taken to be the independent variables and the

parameters respectively. The effects of the gain coefficient Γ and loss coefficient K on the stochastic resonance are also

discussed. It is found that besides the presence of the standard form and the broad sense of stochastic resonance, the

number of extrema in the curve of R versus K is reduced with the increase of the gain coefficient Γ .
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1. Introduction

In recent years, the phenomenon of stochastic

resonance (SR) in a bistable nonlinear system with

coupling between additive noise and multiplicative

noise[1,2] as well as time-delayed feedback[3,4] has at-

tracted a lot of attention. In general, adiabatic elim-

ination theory and eigenvalues theory are adopted to

research SR. However, in this paper the linear approx-

imation approach is used to calculate signal-to-noise

ratio (SNR) because it is easy to solve and obtain a

precise result. What is more, the linear approximation

can be used for Markovian and non-Markovian pro-

cesses as well. Recently the linear approximation ap-

proach has been adopted to research SR in the single-

mode laser. Han et al researched SR for bias signal-

modulated noise in a single-mode laser.[5,6] Zhang et al

further studied SR for amplitude modulated and fre-

quency modulated signals in a single-mode laser,[7,8]

which contributed to the furtherance of laser commu-

nication. But in all this work, the noise itself was mod-

ulated, the noise correlation was assumed to be fixed

between −1 ≤ λ ≤ 1. Time-modulation correlated

noise sources were first introduced to SR by Tessone et

al in 2000,[9] in which a lot of novel phenomena were

found. We have investigated time-modulated corre-

lation in the case of white noise sources with white

correlation,[10] then the case of coloured noise sources

with white correlation.[11] In this paper, we study the

most general case, which is the case of coloured noise

sources with coloured correlation. It approaches the

real facts most closely. In the following the SNR is

calculated, then a discussion is made, and finally a

conclusion is drawn.

2. The model and the output

SNR

We consider a periodically driven gain laser model

described by the following Langevin equation:

dI

dt
= − 2KI +

2ΓI

1 + βI
+ D +

2I

1 + βI
ξ(t)

+ 2
√

Iη(t) + A cos(Ω t), (1)

where I is the laser intensity, β = Ã/Γ , Ã and Γ

stand for the self-saturation and gain coefficients, re-

spectively, K is the loss coefficient. A and Ω represent

the amplitude and the frequency of the periodic signal,

respectively. D is the intensity of the quantum noise.

ξ(t) and η(t) are zero-mean Gauss noises, whose sta-
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tistical properties are

〈ξ(t)〉 = 〈η(t)〉 = 0,

〈ξ(t)ξ(t′)〉 =
Q

2τ1
exp

[

− |t − t′|
τ1

]

,

〈η(t)η(t′)〉 =
D

2τ2
exp

[

− |t − t′|
τ2

]

,

〈ξ(t)η(t′)〉 = 〈η(t)ξ(t′)〉 =
λ
√

QD cos(Ωλt)

2τ3

× exp

[

− |t − t′|
τ3

]

, (2)

where λ is the noise correlation strength, −1 ≤ λ ≤ 1.

λ is periodically modulated with frequency Ωλ. Q

is the intensity of the pump noise. τ1 is the self-

correlation time of the pump noise, τ2 is the self-

correlation time of the quantum noise, τ3 is the cross-

correlated time of the noise.

Equation (1) is linearized around the determin-

istic steady-state intensity I0 = (Γ − K)/βK. Let

I = I0 + ε(t), ε(t) is a small disturbance around the

deterministic steady-state intensity, then we have

dε(t)

dt
= − γε(t) + D +

2I0

1 + βI0
ξ(t)

+ 2
√

I0η(t) + A cos(Ωt), (3)

in which γ = 2K(Γ − K)/Γ . By straightforward inte-

gration of Eq.(3), ε(t′) is obtained directly and 〈ε(t′)〉
is given by

〈ε(t)〉 =e−γt′
[

D

γ
(eγt′ − 1) +

Aeγt′ cos(Ωt′ − θ)
√

γ2 + Ω2

− Aγ

γ2 + Ω2

]

, (4)

where

sin θ =
Ω

√

γ2 + Ω2
,

cos θ =
γ

√

γ2 + Ω2
. (5)

The intensity correlation function is calculated and

given by

c(t) = lim
t′→∞

〈I(t′)I (t + t′)〉 =
Ω

2π

∫ 2π

Ω

0

lim
t′→∞

〈I(t′)I(t + t′)〉dt′

=

(

I0 +
D

γ

)2

+

(

2I0

1 + βI0

)2
Q

2τ1

γexp

(

− |t|
τ1

)

− τ−1
1 exp(−γ |t|)

γ(γ2 − τ−2
1 )

+
A2 cos(Ωt)

2(γ2 + Ω2)

+ 4I0
D

2τ2

γexp

(

− |t|
τ2

)

− τ−1
2 exp(−γ |t|)

γ(γ2 − τ−2
2 )

+
4λ

√

I3
0QD

τ3(1 + βI0)

Ω sin

(

Ωλ

Ω
π

)

πΩλ

×















exp

(

− |t|
τ3

)

×
[

cos

(

Ωλ

Ω
π − θ2

)

cos(Ωλt) − sin

(

Ωλ

Ω
π − θ2

)

sin(Ωλt)

]

(γ + τ−1
3 )

√

(γ − τ−1
3 )2 + Ω2

λ

−
exp(−γ |t|) ×

[

4γΩλ sin

(

Ωλ

Ω
π − θ3

)

+ 2(γ2 − τ−2
3 − Ω

2
λ) cos

(

Ωλ

Ω
π − θ3

)]

τ3[(γ + τ−3
1 )2 + Ω2

λ][(γ − τ−3
1 )2 + Ω2

λ]
√

4γ2 + Ω2
λ















. (6)

By the Fourier transform of Eq.(6), the power spectrum reads

S(Ω) =

∫ ∞

−∞

lim
t′→∞

〈I(t + t′)I(t′)〉e−iωtdt = S1(ω) + S2(ω), (7)

where S1(ω) is the power spectrum of the output signal,

S1(ω) =
A2

8(γ2 + Ω2)
[2πδ(ω − Ω) + 2πδ(ω + Ω)], (8)

S2(ω) is the output power spectrum of the noise
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S2(ω) =
1

2

(

I0 +
D

γ

)2

2πδ(ω) +

(

I0

1 + βI0

)2
2Qτ−2

1

(τ−2
1 + ω2)(γ2 + ω2)

+
2I0Dτ−2

2

(τ−2
2 + ω2)(γ2 + ω2)

+
λΩ

√

I3
0QD

1 + βI0
sin

(

Ωλ

Ω
2π

)

×















2 cos

(

Ωλ

Ω
2π − θ2

)

πΩλ(γ + τ−1
3 )

√

(γ − τ−1
3 )2 + Ω2

λ

[

1

1 + τ2
3 (ω − Ωλ)2

+
1

1 + τ2
3 (ω + Ωλ)2

]

−
2 sin

(

Ωλ

Ω
2π − θ2

)

πΩλ(γ + τ−1
3 )

√

(γ − τ−1
3 )2 + Ω2

λ

[

τ3(ω + Ωλ)

1 + τ2
3 (ω + Ωλ)2

− τ3(ω − Ωλ)

1 + τ2
3 (ω − Ωλ)2

]

−
8γτ−2

3

[

2γ sin

(

Ωλ

Ω
2π − θ3

)

+
γ2 − τ−2

3 − Ω
2
λ

Ωλ

cos

(

Ωλ

Ω
2π − θ3

)]

π(γ2 + ω2)[(γ + τ−1
3 )2 + Ω2

λ][(γ − τ−1
3 )2 + Ω2

λ]
√

4γ2 + Ω2
λ















. (9)

The output power of the signal reads

P1 =

∫ ∞

0

S1(ω)dω =
A2

8(γ2 + Ω2)
. (10)

The output power of the noise at ω = Ω is

P2 =S2(ω = Ω) =

(

I0

1 + βI0

)2
2Qτ−2

1

(τ−2
1 + Ω2)(γ2 + Ω2)

+
2I0Dτ−2

2

(τ−2
2 + Ω2)(γ2 + Ω2)

+
λΩ

√

I3
0QD

1 + βI0
sin

(

Ωλ

Ω
2π

)

×















2 cos

(

Ωλ

Ω
2π − θ2

)

πΩλ(γ + τ−1
3 )

√

(γ − τ−1
3 )2 + Ω2

λ

[

1

1 + τ2
3 (Ω − Ωλ)2

+
1

1 + τ2
3 (Ω + Ωλ)2

]

−
2 sin

(

Ωλ

Ω
2π − θ2

)

πΩλ(γ + τ−1
3 )

√

(γ − τ−1
3 )2 + Ω2

λ

[

τ3(Ω + Ωλ)

1 + τ2
3 (Ω + Ωλ)2

− τ3(Ω − Ωλ)

1 + τ2
3 (Ω − Ωλ)2

]

−
8γτ−2

3

[

2γ sin

(

Ωλ

Ω
2π − θ3

)

+
γ2 − τ−2

3 − Ω
2
λ

Ωλ

cos

(

Ωλ

Ω
2π − θ3

)]

π(γ2 + Ω2)[(γ + τ−1
3 )2 + Ω2

λ][(γ − τ−1
3 )2 + Ω2

λ]
√

4γ2 + Ω2
λ















, (11)

where

cos θ2 =
γ − τ−1

3
√

(γ − τ−1
3 )2 + Ω2

λ

,

sin θ2 =
Ωλ

√

(γ − τ−1
3 )2 + Ω2

λ

,

cos θ3 =
2γ

√

4γ2 + Ω2
λ

,

sin θ3 =
Ωλ

√

4γ2 + Ω2
λ

.

The SNR defined as R = P1/P2 can be got from

Eqs.(10) and (11).

3. Discussion

The linearization is valid when the relative fluc-

tuation of the laser intensity is far below 1,[12] so the

parameters taken for curves in this paper will guar-

antee the relative fluctuation of the laser intensity to
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be less than 0.01. In what follows the effects of corre-

lation time τ1, τ2 and τ3 on SR are discussed in two

aspects: (1) τ1, τ2 and τ3 are taken to be the indepen-

dent values of SNR; (2) τ1, τ2 and τ3 are taken to be

the parameters for different SNR curves.

3.1. The curves of R versus τ1, τ2 and τ3

The SNR as a function of the self-correlation time

τ1 of the pump noise is plotted in Fig.1. It is seen that

the R − τ1 curve increases monotonously and tends

to be constant. When the other parameters are ad-

justed, the tendency of increase remains unchanged

except the curve slope and the ultimate constant have

a slight change. The behaviour of the curve of R− τ2

is similar to the curve of R−τ1, for brevity, the R−τ2

curve is not presented here.

Fig.1. The SNR R as a function of the self-correlation

time τ1 of the pump noise. The values of other parame-

ters are A = 3, K = 1, Γ = 9, Ω = 37, I0 = 1, D = 0.1,

Q = 0.6, λ = 0.9, Ωλ = 437, τ2 = 0.001 and τ3 = 0.01.

Fig.2. The SNR R as a function of the cross-correlation

time τ3 between the noise terms. The values of other pa-

rameters are A = 3, K = 1, Γ = 9, Ω = 37, I0 = 0.1,

D = 0.1, Q = 0.6, Ωλ = 237, τ1 = 0.001 and τ2 = 0.001.

The SNR versus the correlation time τ3 of the

coupling between two noise terms is plotted in Fig.2.

Seen from Fig.2, when λ > 0, the R − τ3 curve has a

resonance peak; when λ < 0, the R − τ3 curve has a

minimum, namely the curve exhibits an intense sup-

pression; when λ = 0, the R− τ3 curve is a horizontal

line. Finally these three curves approach unity.

3.2. The curve of R versus D

The SNR as a function of the noise intensity D

of quantum noise is plotted in Figs.3–5 for different

values of the pump noise self-correlation time τ1, the

quantum noise self-correlation time τ2, and the cross-

correlation time τ3 between two noise terms, respec-

tively. Seen from Figs.3–5, all the R−D curves exhibit

Fig.3. The SNR R as a function of the noise intensity D

of quamtum noise for different values of the pump noise

correlation time τ1. The values of other parameters are

A = 30, K = 9, Γ = 9, Ω = 33, I0 = 1, Q = 0.6,

Ωλ = 237, λ = −0.9, τ2 = 1 and τ3 = 0.6.

Fig.4. The SNR R as a function of the noise intensity

D of quantum noise for different values of the quantum

noise correlation time τ2. The values of other parameters

are A = 30, K = 3, Γ = 9, Ω = 33, I0 = 1, λ = −0.9,

Q = 0.6, Ωλ = 237, τ1 = 3 and τ3 = 0.6.
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a resonance peak which is the standard form of SR.

Figures 3 and 4 show, when τ1 or τ2 increases, the

peak of R − D curve becomes higher. However, Fig.5

shows that when τ3 increases, the peak of the R − D

curve becomes lower, which is contrary to the cases of

τ1 and τ2.

Fig.5. The SNR R as a function of the noise intensity

D of quamtum noise for different values of the correlation

time τ3 of the coupling between two noise terms. The

values of other parameters are A = 30, K = 3, Γ = 9,

Ω = 33, I0 = 0.1, Q = 0.6, Ωλ = 237, λ = −0.9, τ1 = 6

and τ2 = 1.

3.3. The curve of R versus Q

The behaviour of R against Q for different values

of τ1, τ2 and τ3 is similar to that of R against D, for

brevity, R ∼ Q curves are not presented in this paper.

3.4. The curve of R versus Ωλ

The SNR versus the periodically modulated fre-

quency Ωλ of λ is plotted in Figs.6–8 for different

values of the pump noise self-correlation time τ1, the

quantum noise self-correlation time τ2, and the cross-

correlation time τ3 between two noise terms, respec-

tively. The R−Ωλ curves exhibit SR of periodic oscil-

lation form. It is seen that the peak value escalates at

first, then decreases, and finally approaches a steady-

state. Seen from Fig.6, as the value of parameter τ1 in-

creases, the whole R−Ωλ curve moves upward, and the

resonant amplitude variation slightly increases. When

the value of parameter τ2 increases, the whole R−Ωλ

curve still moves upward, but the resonant amplitude

variation obviously increases, which is shown in Fig.7.

Seen from Fig.8, the resonant amplitude variation is

obviously affected by the value of τ3, but τ3 has no

effect on the ultimate steady-state.

Fig.6. The SNR R as a function of the modulated fre-

quency Ωλ of λ for different values of the self-correlation

time τ1 of the pump noise. The values of other parameters

are A = 30, K = 1, Γ = 8, Ω = 73, I0 = 0.5, Q = 0.6,

D = 0.8, λ = 0.6, τ2 = 3, and τ3 = 0.1.

Fig.7. The SNR R as a function of the modulated fre-

quency Ωλ of λ for different values of the self-correlation

time τ2 of the quantum noise. The values of other param-

eters are A = 30, K = 2, Γ = 8, Ω = 33, I0 = 1, Q = 0.3,

D = 0.1, λ = 0.6, τ1 = 8, and τ3 = 0.1.

Fig.8. The SNR R as a function of the modulated fre-

quency Ωλ of λ for different values of the cross-correlation

time τ3 between two noise terms. The values of other pa-

rameters are A = 30, K = 2, Γ = 8, Ω = 33, I0 = 1,

Q = 0.6, D = 0.1, λ = 0.6, τ1 = 8, and τ2 = 0.04.
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3.5. The curve of R versus K

The SNR as a function of the loss coefficient K is plotted in Figs.9(a)–9(c) for different values of gain

coefficient Γ . It is seen that the curve of the SNR is changed from two peaks to one peak when Γ increases.

Fig.9. The SNR R as a function of the loss coefficient K for (a) Γ = 650; (b) Γ = 950; (c) Γ = 1250.

The values of other parameters are A = 800, Ω = 55, Ωλ = 337, I0 = 80, Q = 0.6, D = 0.6, λ = −0.9,

τ1 = 0.01τ2 = 0.01, and τ3 = 0.01.

4. Conclusions

The present study has investigated SR in a

single-mode laser driven by time-modulated correlated

coloured noise sources. It is found that besides the SR

of a standard form, such as SR in the R−D curve or

R − Q curve, the R − τ3 curve also has a resonance

peak and the R − Ωλ curve shows SR of a periodic

oscillation form, which is SR in a broad sense. Multi-

extrema exist in the R−K curves for different values

of gain coefficient Γ . When K is between 0 ≤ K ≤ 600

and the value of Γ increases, the R−K curve experi-

ences the transition from possessing three extrema to

possessing two extrema and lastly a single extremum.
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