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Taking into account both gain/loss and time-dependent atomic scattering length, this paper analytically derives

an exact bright solitary wave in a cigar-shaped attractive condensate in the presence of an expulsive parabolic potential.

Due to the balance of the scattering length and gain/loss, the bright solitary wave is shown to have constant amplitude.

Especially, it is found that the bright solitary wave is accelerated by expulsive force, whose velocity can be modulated

by changing the axial and transverse angular frequencies. The results are in good agreement with the experimental

observations by Khaykovich et al (2002 Science 296 1290).
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1. Introduction

Matter wave solitons in Bose-Einstein conden-
sates (BECs) have been the subject of intense theoret-
ical and experimental interest in recent years. Dark
and bright matter wave solitons have been experi-
mentally observed in a repulsive and attractive con-
densate, respectively.l!=4 For the dark matter wave
solitons, theoretically, the physical mechanisms have

been well understood.[>8l

For a bright matter wave
soliton, some interesting phenomena are newly ob-
served, such as the emergence of the narrow window
of atom number, constant amplitude, and the accel-
erated motion.[* This greatly stimulates the investi-
gating interest of both theoretical and experimental
workers. In the presence of a tanh-shaped potential,
for example, the window of atom number was esti-
mated analytically, and the bright soliton was indi-
cated to be static.[?) Experimentally, the bright soliton

was observed to be accelerated, !

which was thought
to be due to the small offset between the maximum of
the expulsive potential and the initial position of the

atoms.[*9 Also, it is simply explained by the motion

of the soliton when it is projected to a slope of the
expulsive potential.l¥! This simple classical theory fits
well the experimental data. However, it should be nec-
essary to explore the problem based on the governed
Gross—Pitaevskii (GP) equation. Here we present an
alternative idea by analytical investigation, which may
be helpful for the understanding of the accelerated
motion mechanism and provide an instruction for the
experimental workers.

At very low temperatures, weak interatomic in-
teractions are usually dominated by s-wave scatter-
ing. Considering the ideal binary elastic collisions,
the scattering length was usually taken to be a con-

[9.10] Tn fact, both the magni-

stant in previous works.
tude and the sign of the atomic scattering length can
be changed in the current experiment by adjusting
the external magnetic field via Feshbach resonance.
In a cigar-shaped attractive condensate, the time-
dependent atomic scattering length was considered to

n.[11-14] I g

explore the dynamics of a bright solito
true condensate system, in addition, there always ex-
ists a gain or loss in the condensate due to the two-

body inelastic collision or three-body interactions be-
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tween the condensate and the thermal cloud.[t?—17]

In the presence of gain/loss, the dynamical equation
of the BEC system is usually termed the so-called
GP gain equation,!'” which is extensively used to ex-
plore soliton behaviours in a BEC system under cer-
tain conditions. Kengne and Talla investigated the
bright solitary wave solution of the GP gain equa-
tion with constant scattering length and analysed the
gain effect on the bright soliton.*® By an appropri-
ate transformation, the GP gain equation with time-
dependent scattering length was reduced to that with
constant scattering length.'” Beginning with the GP
gain equation with time-dependent scattering length,
bright soliton trains were theoretically obtained in the
presence of a confining oscillator potential'® and ex-
pulsive parabolic potential'”! respectively. The result
is closely related with the experimental observations
in Ref.[3].
solutions of GP gain equation were also obtained by a
direct method.

In this paper, by developing a simpler transfor-

In Ref.[19], two families of solitary wave

mation, we derive the exact bright solitary wave in a
cigar-shaped attractive condensate in the presence of
a slight expulsive parabolic potential. The bright soli-
tary wave is found to exhibit constant amplitude and
accelerated motion, which are in good agreement with
the experimental observations in Ref.[4].

2. Model and formulae

As is well known, the three-dimensional GP equa-
tion based on the mean field approximation governs
the evolution of the macroscopic wave function of
BECs at zero temperature. For a true cigar-shaped
condensate, the macroscopic wave function in the ax-
ial direction obeys the following one-dimensional GP

gain equation:[16:17]
ov 10?20 1
- - = _)\2 2@
ot 202 20 °
2a(t ,
4200 g2 g 4 ire, (1)
aB

where ap is the Bohr radius. The parameter A =
|wz|/w, is very small for the limiting case of the cigar-
shaped condensate with w,(w ) the angular frequency
of the harmonic trap in the axial (transverse) direc-
tion. It should be noted that in Eq.(1), the time ¢ is
measured in units of 1/w,, and the coordinate vari-
able z is measured in units of the transverse harmonic-

oscillator length a; with a; = [i/(mw,)]*/? and m

being the atom mass.

To consider the gain/loss effect on a condensate,
we add the last feeding term at the right hand side of
Eq.(1), where the small gain (loss) feeding coefficient
I' > 0 (I' < 0) means that the condensate absorbs (re-
leases) some atoms from (into) the background ther-

mal cloud.[6:17]

Due to the adjusting external mag-
netic field, the atomic scattering length may be time-
dependent. Here, the atomic scattering length as(t)
in Eq.(1) is taken to be as(t) = agexp(yt)M1? with
~ the growing (decaying) coefficient for v > 0 (y < 0)
and ap an initial atomic scattering length. It is gener-
ally believed that there exists a bright (dark) soliton in
an attractive (repulsive) condensate. Here we are de-
voted to the study of bright solitary wave behaviours,
so we focus on an attractive condensate with a nega-
tive atomic scattering length (ag < 0).

In the absence of the feeding term (I" = 0), bright
soliton solutions of Eq.(1) were obtained by Dar-
boux transformation!'? and gauge transformation'!!
respectively. In the presence of the feeding term
(I' # 0), Kengne and Talla presented a family of
bright solitary wave solutions in the limiting case of
constant scattering length (y = O).[lsl These results
show that, under a safe range of parameters, the bright
soliton can be compressed into very high local matter
densities by increasing the absolute value of the atomic
scattering length or the value of the gain feeding co-
efficient. In the presence of both the time-dependent
scattering length and gain/loss, we analytically derive
the bright solitary wave solution of Eq.(1) by a direct
and simple transformation. It is found that the peak
amplitude of a bright solitary wave depends strongly
on both the time-dependent atomic scattering length
and gain/loss effect. Due to the balance of the two
factors, the bright solitary wave is shown to have con-
stant amplitude.

In order to obtain the exact solitary wave solution
of Eq.(1), firstly we present an appropriate transfor-

mation
V(z,t)
) 1 e
= 2a0¢(§,n)exp<(2)\+f’>t 2)\2 ) (2)
with

& =zexp(At), (3)

n= 2—1)\ exp (2At) . (4)
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Substituting Eqs.(2)—(4) into Eq.(1), we directly ob-
tain the standard nonlinear Schrodinger equation
(NLSE) of (&, n) as follows,

0P 10°d
1— 4+

2
an 58—§2+|¢| $=0. (5)
Equation (5) is always self-consistent with a constraint
of y = A—2TI". Obviously, this condition can be experi-
mentally realized by adjusting the angular frequencies
w, and/or wy or by changing the external magnetic
field.

Now one only needs to solve the standard NLSE
Eq.(5) instead of Eq.(1).
tegrated by the inverse scattering transform method

Equation (5) can be in-

(IST),2°] which has a bright solitary wave solution of
the type

¢ = Asech [A( + v — &o)]

x exp | —iv€ + %(A2 — ’U2)77 +ipo|, (6)

where A represents the amplitude as well as the width
of the bright solitary wave, and ¢ represents the
phase constant. The arbitrary integration constants
v and & denote the velocity and centre of solitary
wave, respectively. From Egs.(2) and (6), the proba-
bility density of the condensate can be derived by

|v|?
- _%ﬁ exp [(A + 2I')t]

xsech? {A [2 exp(At) + %v exp(2)t) — go} } .
(7)

The central position of bright solitary wave is then
obtained by

ze = 2o exp(—At) — %sinh()\t), (8)

where zg = z.(t = 0) = £ — v/(2)) denotes the initial
position.

The solitary wave velocity can also be derived
from Eq.(7) by

Ve = —pAexp(—At) — gexp(/\t). (9)

For a cigar-shaped condensate, |w,| < w, and
thus A = |w,|/wi < 1. So the case of A =1 is impos-
sible in the cigar-shaped condensate. However, it is
still interesting to note that in the case of v = 0 and
A =1, Eq.(7) is reduced into the result obtained in an

optical fibre by symmetry group analysis.[?!] From the
methodology, this further verifies the validity of our
method. Substituting —A for A in Egs.(2)—(4), in ad-
dition, a similar bright solitary wave can be obtained.
In this case, the constraint is given by v = —\ — 27T,
which is not presented in Ref.[21].

3. Discussions

From Eq.(7), obviously, the functional form of
probability density keeps the hyperbolic secant un-
changed. The width of the bright solitary wave de-
creases by W(t) = exp(—At)/A, while the peak ampli-
tude varies by Ay (t) = —apA? exp[(A + 21')t]/(2a0).
Especially, it is found that at I’ = —\/2 and thus
v = 2], the peak amplitude keeps unchanged, A,, =
—apA?/(2ap). To further explore the feeding effect
on the bright solitary wave, Fig.1 shows the evolution
of the peak amplitude at a given A but various feed-
ing coefficients I'. In the limiting case of A = 0.114
with the constraint of v = A — 2[", it is seen from
Fig.1 that at I" > —0.05, the peak amplitude increases
with time (see the upper two curves of I' = —0.02
and 0.01) while it decreases at I' < —0.05 (see the
lower two curves of I' = —0.11 and —0.08). Obvi-
ously, the critical feeding coefficient is obtained to
be I' = —=A/2 = —0.05 and v = 2\ = 0.2 at A = 0.1,
corresponding to a constant peak amplitude (see the
middle curve of I' = —0.05). The result is in good
agreement with the experimental observations.) As
for the bright solitary wave solution of A — —A\, sim-
ilar results can be obtained. In this case, the critical
condition of a constant peak amplitude is obtained to
be I' = A\/2 and thus v = —2\. The existence of the
critical situation can be understood by the following
consideration.

107

Peak amplitude

Fig.1. Peak amplitude of probability density as a function
of propagation time at A = 0.1 and various I" in the con-
straint of v = A—2I". tisin units of 1/w, and z in units of
a | . The other parameters are taken to be ag = —0.21 nm
and A =4.0.
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The gain/loss will lead to a fluctuation of the den-
sity and energy of the atoms.['?] Tt is found that the
bright soliton can be compressed into very high lo-
cal matter densities by increasing the absolute value

(2] or the value of the

of the atomic scattering length
gain feeding coefficient.!'® Therefore, the peak am-
plitude tends to decrease (increase) at a loss (gain)
effect I' < 0 (I" > 0), while it tends to increase
(decrease) at a growing (decaying) atomic scattering
length v > 0 (v < 0). In the presence of both time-
dependent atomic scattering length and the gain/loss
effect, there exists competition between the two fac-
tors. The peak amplitude increases at I' > —v/4 and
decreases at I' < —v/4. Importantly, there exists a
balance at I' = —v/4 between a loss (gain) effect and
a growing (decaying) atomic scattering length, which
results in a constant peak amplitude. Therefore, it is
shown that the peak amplitude can be controlled by
adjusting the external magnetic field or changing the
background cloud.

In the absence of both expulsive parabolic poten-
tial (A = 0) and gain/loss (I" = 0),[1%:22 the dispersion
and the attractive force can be balanced with each
other. For a constant scattering length ag (v = 0), a
stable bright soliton will appear and propagate with
a constant velocity. Taking into account the feeding
term (I" # 0) and time-dependent scattering length
(v # 0), in Fig.2 we further explore the dynamical
properties of the bright solitary wave in the presence
of the expulsive parabolic potential (A # 0). In the
calculations, we have restricted our study to a safe
range of parameters as used in the experiment.[* Here
we take A = 0.1, corresponding to the experimental
parameters w, = i27x70 Hz and w; = 27x710 Hz.
For the real time and spatial variables, a unity of
time, At = 1 in the dimensionless variables corre-
sponds to 1/w; = 0.224 ms, and a unity of coordinate,
Axz =1 in the dimensionless variables corresponds to

ay = [h/(mw,)]"? = 1.4 pm. In the experiment,
there exists a small offset of about 50 um between the
maximum of the expulsive potential and the initial po-
sition of the atoms, corresponding to a length of about
35 in the dimensionless units, so we take zyg = —35.
From Fig.2, a bright solitary wave is found to propa-
gate towards one longitudinal direction, differing from
the oscillating property of the growing condensate in
a confinable harmonic potential.?3! Especially, it is
shown that the velocity increases with time at a vary-
ing acceleration, while v, ~ 0 at ¢t = 0.1 The cen-

tral position z. of the solitary wave is obtained to be

—0.08, —0.43, —0.67 and —1.05 mm at t = 2, 6, 7 and
8 ms respectively. The results are different from the
stable nonlinear solitary waves!?* but in good agree-
ment with the experimental observations.[¥ Under a
safe range of parameters, in fact, the attractive in-
teractions together with gain/loss effect can balance
the effects of both the dispersion and the expulsive
parabolic potential. As a result, there exists a local
energy minimum, which supports a macroscopic quan-
tum bound state.[* For an expulsive parabolic poten-
tial, an expulsive force exists. Due to a potential dif-
ference, the soliton may be accelerated, just like a par-
ticle. The velocity of the bright solitary wave depends
on the ratio of the axial frequency to the transverse
frequency but is independent of both the gain/loss and

interatomic interactions.

8 ms 7 ms 6 ms 2 ms

0.0002 A

0.0001 1

Probability density

-1.0 -08 —-06 —-04 —-02 O
z/mm
Fig.2. Propagation of a bright solitary wave at A=0.1 with

I' = —0.05 and v = 0.2. The parameters are taken to be
ap = —0.21 nm, A =0.04, v = 4.2 and z9 = —35.

The bright solitary wave propagates with con-
stant peak and the varying width can be explained
as follows. In the absence of gain/loss (I" = 0), from
Eq.(7), the probability density peak increases expo-
nentially with time and the width decreases, but the
number of atoms in the bright solitary wave keeps
invariant. This verifies that the time-dependent na-
ture of the atomic scattering length does not change
the number of atoms in a bright soliton if there is
no reservoir.'”l If the feeding coefficient I' takes a
nonzero value, exchange of the atoms between the
bright solitary wave and the background thermal
cloud occurs. In the case of I' = —~/4, as discussed
above, the peak of the probability density keeps a con-
stant due to the balance between the atomic scattering
length and the gain/loss. The negative (positive) feed-
ing coefficient I' = —\/2 (I = A/2) means that the
condensate releases (absorbs) some atoms into (from)
the background thermal cloud, and thus the width
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of the bright solitary wave decreases (increases) with
time.

4. Conclusions

Taking into account both the gain/loss and time-
dependent atomic scattering length, we have studied
analytically the bright solitary wave in a cigar-shaped
attractive condensate in the presence of an expulsive
parabolic potential. It is shown that the peak ampli-
tude of the bright solitary wave depends strongly on

both the time-dependent atomic scattering length and
gain/loss. Due to the balance of the scattering length
and gain/loss, the bright solitary wave is shown to
have constant amplitude. Especially, in the presence
of an expulsive parabolic potential, it is found that
the bright solitary wave is accelerated and set into
motion, and the accelerated speed depends only on
the ratio of axial frequency to transverse frequency.
The results are in good agreement with the experi-
mental observations. The method and results can be
helpful to develop effective control for bright solitary
wave behaviours in future BEC experiments.
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