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The Mei symmetry and Mei conserved quantity of the Nielsen equation for a non-Chetaev-type non-holonomic

non-conservative system are studied. The differential equations of motion of the Nielsen equation for the system, the

definition and the criterion of Mei symmetry and the condition and the form of Mei conserved quantities deduced

directly from the Mei symmetry for the system are obtained. Finally, an example is given to illustrate the application

of the results.
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1. Introduction

In recent years, the theoretical research on
symmetries and conserved quantities has aroused
the interest of many scholars in the area of
analytical mechanics. Great development has been
achieved in the fields of Noether symmetry,? Lie
symmetry,>=6 Mei symmetry("8] and the Noether

(1.2 Hojman conserved quantity,”!

conserved quantity,
and Mei conserved quantity.['%!] Many achievements
have been made in the three main symmetries and
conserved quantities of mechanical systems.['2=23] At
present, analytical mechanics has been widely ap-
plied in the fields of engineering and technology!'6:17]
and has facilitated the development of mathematical
methods such as calculus of variations and the geo-
metric method.[?*=27] The relation between the form
invariance of the Nielsen equation and the Noether
symmetry in Ref.[28], the form invariance of the
Nielsen equation of a non-conservative mechanical sys-
tem in Ref.[29], a non-Noether conserved quantity
constructed directly by using the form invariance for
the Nielsen equation of a non-conservative mechani-
cal system in Ref.[30], and the Mei symmetry and the
Mei conserved quantity of Nielsen equation for a non-

holonomic system in Ref.[31] have been studied.

In the present paper, the definition and the cri-

terion of the Nielsen equation for a non-Chetaev-type
non-holonomic non-conservative system are given. In
addition, by studying the Mei symmetry, both the
conditions and the expression of Mei conserved quan-
tities of the Nielsen equation for a non-Chetaev-type
non-holonomic non-conservative system are obtained.
Finally, an example is given to illustrate the appli-
cation of the results and some conclusions are drawn
from the present study.

2. Equations of motion for the

system

Assume the configuration of the system to be
determined by n generalized coordinates ¢s(s =
1,2,...,n) and the system to be subjected to g non-
Chetaev-type non-holonomic constraints

f5(t:4:4) =0, (B=1,....9). (1)

Consider the non-Chetaev condition, of which the
constraint Eq.(1) imposed on virtual displacements is

fﬁs(taq7‘j)5qs :Oa (621779)7 (2)

where the unified subscript denotes the Einstein sum-

mation convention in the above equations as well as
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have no

in the following text. In general, fgs and

relation. In particular, if

04s’

I8s

then the constraints will degenerate to Chetaev-type
non-holonomic constraints. By using general La-
grangian multipliers, the differential equations of mo-
tion of the system are established according to the

D’Alembert-Lagrange principle and Eq.(2) becomes

9 ar o1 _
0qs dt dqs B

Q5+Aﬁfﬁsa (821,...

), (3)
where L = L(t, g, q) is the Lagrangian function of the
system; Qs = Qs(t, g, ) is a non-potential generalized
force; and Ag are Lagrangian multipliers. Equation (3)
is called the Nielsen equation for a non-Chetaev-type
non-holonomic non-conservative system.

Introducing Mei operators

0 d 0
s — = —/— — ) :17..., 9 4

sl o © n), (4
then Eq.(3) can be expressed as

NS(L):QS'FAﬁfﬁsv (821,...,TL). (5)

Before integrating the differential equations of
motion of the system, from Egs.(1) and (5) all values
of \g = g (t,q.9) can be found. Therefore, Eq.(5)
can also be expressed as

N(L)=Qs+ As, (s=1,...,n), (6)

where

As = As(t,q,9) = Xgfss, (s=1,...,n) (7)
with As being called the generalized non-holonomic
constraints. Equation (6) is the Nielsen equation
for a holonomic non-conservative system correspond-
ing to Eqs.(1) and (3) for the non-Chetaev-type non-
holonomic non-conservative system. If the initial con-
dition of motion satisfies Eq.(1) of the non-Chetaev-
type non-holonomic constraints, the solution of Eq.(6)
will give the orbit of motion of the system above.
Considering the system to be non-singular and using
Eq.(6), all generalized accelerations can be obtained

as

gs = as(t,q,q), (s=1,...,n). (8)

3. Definition of Mei symmetry

Introducing the infinitesimal transformations of
groups of time and the generalized coordinates

t* =t+ At, and ¢;(t") = ¢s(t) + Ags,  (9)
the transformation (9) can be extended to

t* = i+ Eéo(t, q, q)7

and
(1) = g¢s(t) + €&:(t, 4,9), (10)
where € is an infinitesimal parameter; £, and & are
infinitesimal generators.
Introducing a vector X (9 of the infinitesimal gen-
erators 9

B}
(0) = —_— _—
X goat+§saqs (11)

and its first expansion XM along the trajectory of
motion of the system

. d d 0
W _yo (4 4.\ 9
X xX© 4 (dtﬁs qsdtﬁo) 9. (12)

the total derivative along the trajectory of the system
with respect to ¢ in Eq.(12) is
d 0 n 0 n 0
— == — tas—.
at ot g, T aq,
After transformations (10), the functions L, Q,
5, A7 and f3.
5, A% and J
at a point of (¢, g, ¢) along the trajectory of motion of

(13)

As and fs respectively become L*,
Taking the Taylor expansions of L*,

the system, we have

*

dq
’ dt*)
=L(t,q,q) + e XV (L) + O(?), (14)

dq*
*: s t*7 *,_
Qs =Qs(t",a", )

= Qs(t,q,4) + XV (Q,) + O(?),

de*
= A(t,q,4) + XD (4,) + O(e?),
(s=1,...,n), (16)

A: = A (t*aq*a di)

fi=to(ra 5L )
= f5(t,q,4) + XV (f3) + O(e?),
B=1,....9). (17)
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Definition 1 If the dynamic functions L*, Q%
and A%, which are transformed by Eq.(6), are used
respectively to replace the dynamic functions L, Q;
and A, which are those before transformation, Eq.(6)
remains unchanged in form, namely,

N(L) = Qi+ 4% (s=1l....n). (18)

Hence, this symmetry is called the Mei symmetry for
a holonomic non-conservative system corresponding
to the Nielsen equation, i.e. Egs.(1) and (3), which
belong to the non-Chetaev-type non-holonomic non-

conservative system.

*
CRl

Definition 2 If the dynamic functions L*,
A7 and f7, which are transformed by Eq.(6), are used
respectively to replace the dynamic functions L, Qs,
As and fg which are those before transformations,
Egs.(1) and (6) remain unchanged in form, namely

fi=to(ra G =0 =1g (19)

If Egs.(18) and (19) hold true at the same time,
this type is called the loose Mei symmetry of the
Eqgs.(1) and (3) which be-
long to the non-Chetaev-type non-holonomic non-

Nielsen equation, i.e.

conservative system.

It can be easily proved that restriction equations
(2) of which the constraint equation (1) is imposed on
the virtual displacement dgs can be rewritten in the

following form

fps(&s = 4s&0) =0 (B=1,...,9). (20)

Equation (20) is called the additional restriction equa-
tion.

Definition 3 If the dynamic functions L*, @,
A5 and f7, which are transformed by Eq.(6), are used
respectively to replace the dynamic functions L, Qs,
As and fg, which are those before transformations,
Egs.(1) and (6) remain unchanged in form. Also,
if they require the additional restriction equations
of non-Chetaev-type restriction equations under the
infinitesimal transformation generators £ and &s to
hold true, then this kind of symmetry will be called
the strict Mei symmetry of the Nielsen equation, i.e.
Eqgs.(1) and (3) which belong to the non-Chetaev-type
non-holonomic non-conservative system.

4. Criterion of Mei symmetry

Substituting Eqgs.(14), (15) and (16) into Eq.(18)
and neglecting terms that are of the order of O(g?) or

of higher orders, and using Eq.(6), we obtain

N[XD(L)] = XD(Qs) + XV (4y),
(s=1,...,n). (21)

Finding the total derivative of the dynamic func-
tion along the trajectory of the system with respect to
time by using the Mei operators, the Mei operators of
the system may change from expression (4) into the
following expression:

A
0qs dt 0qs

(s=1,...,n), (22)

where N, is called the generalized Mei operator.
Hence, we have

NJXD(L)] = XD(Qs) + XV (Ay), (s=1,...,n).
(23)
Substituting Eq.(17) into Eq.(19), neglecting
terms that are of the order of O(¢?) or of higher orders,

and using Eq.(1), we obtain
B=1,...,9). (24)

Then we have the following criteria.

XW(f5) =0,

Criterion 1 For the Nielsen equation (6), if the
infinitesimal generators £y and &; under infinitesimal
transformations (10) satisfy expression (22), then the
relevant symmetry is called the Mei symmetry of the
system.

Equation (23) is called the criterion equation of
the Mei symmetry for a holonomic non-conservative
system corresponding to the Nielsen equation, i.e.
Egs.(1) and (3) which belong to the non-Chetaev- type
non-holonomic non-conservative system.

Criterion 2 For the Nielsen equation (6), if the
infinitesimal generators &, and £; under the infinites-
imal transformations (10) satisfy Eqs.(22) and (23),
then the relevant symmetry is called the loose Mei
symmetry of the system.

Equations (23) and (24) are respectively called
the criterion equation and the constraint equation of
the Mei symmetry for a holonomic non-conservative
system corresponding to the Nielsen equation, i.e. (1)
and (3) which belong to the non-Chetaev-type non-
holonomic non-conservative system.

Criterion 3 For the Nielsen equation (6), if the
infinitesimal generators &g and & under the infinites-
imal transformations (10) satisfy Eqs.(20), (23) and
(24), then the relevant symmetry is called the strict
Mei symmetry of the system.

Equation (20) is called the additional restric-
tive equation of the Mei symmetry for a holonomic
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non-conservative system corresponding to the Nielsen
equation, i.e. Egs.(1) and (3) which belong to the non-
Chetaev-type non-holonomic non-conservative sys-
tem.

5. Mei

duced from Mei symmetry

conserved quantity de-

The Mei conserved quantity can be deduced di-

tion for a non-Chetaev-type non-holonomic non-
conservative non-singular system. The condition and
the form of the Mei conserved quantity are deduced
directly from the following proposition.

Proposition 1 If the infinitesimal generators &
and &, and the gauge function Gv = Gum(t, g, q) of
the Mei symmetry, i.e. the loose Mei symmetry and
the strict Mei symmetry of the Nielsen equation for
a non-singular non-Chetaev-type non-holonomic non-

conservative system satisfy the following structural

rectly from the Mei symmetry of the Nielsen equa-  equation:
|
¢ (1) d Yy (D7 x @) v (1) ; d
XO(L) 6o + XOFXOL)] + XO(Q, + 4)(E — dubo) + 3, =0, (25)
then the Mei conserved quantities deduced from the Mei symmetries are expressed as
- OX (T,
1o = X0 + 2B (6, o) + G = const. (26)

9qs
Proof

Substituting Eq.(26) into expression (13), and using Eq.(25), we have

dt ot

+XxW (L)%fo + {—

0
dqs

— XOEO W) - 6y

d

- d
Wy 2 =
+X (L)dt§0+dtGM+

0

a0
dt 9gs dqs

d o

dt 94,

X(l)(L) + sto
i

dp = {ﬁ;&(l)@) + q'saif((l)(L) + asai.ff(”(L)] €o
qs

ds

Xm@ﬂ@—%m

N d d d
2 x@ ¢ _ 4= -
+ X (L) |:dt€s 04550 qsdt§0:| + dtGM

0
dqs

X(l)(L)] (55 - 4550)

j((l)(L)

dt g,

X(l)(l’) - _X(l)(l’) - X(l)(Qs + As):| (55 - 4550)' (27)

Substituting the criterion equation (21) into Eq.(27) yields

%IM _ { K%% _ %) _ NS] X“)(L)} (6 — dut0) = 0. (28)

6. Example

Consider a Lagrangian function of the system that
is expressed as

1. .
L= 5(‘1%*"]5)—(127 (29)

and the non-holonomic constraint subjected to the
system that is given as

f=dq—ti=0. (30)

Assuming that the constraint equation (30) is
of the non-Chetaev type and the generalized non-
potential forces equal zero, then the virtual displace-

ment will be

6(]1 - 5(]2 =0. (31)

Now we come to study the Mei conserved quan-
tity deduced directly from the Mei symmetry of
the Nielsen equation for a non-Chetaev-type non-
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holonomic non-conservative system.
Performing the expansion of Eq.(2) and compar-
ing with Eq.(31), we have

fir=1 and fi2 =-L (32)
From Eq.(3), we have
ql = )\, and (jg = —()\ + 2) (33)

From Eqgs.(30) and (32), we obtain
a2t
o1+t

Taking notice of Eqgs.(7) and (8) and substitut-

ing Eq.(34) into Eq.(33), the differential equations of
motion of the system are obtained as follows:

(34)

g o 22 gy 212
g1 = a1 = 1+t g2 = G2 = 11t
and
/11 = —/12 = Q. (35)

Take the infinitesimal generators as follows:

& =0, and & =& = q¢1 + ¢2 + 2t, (36)

then we will have
d d -
S S 1 -
dt& dt& 0, X*W(f)=0,

XO(L) = ~(¢1 + g2 + 21),

XD (4,) = XD (4,) =0,

NﬂXm@ﬂzﬁﬂXmgﬂ:u (37)

Using Eq.(37), we can easily verify the criterion
equation (23), the constraint equation (24) and the
additional restriction equations (20). By virtue of cri-
teria 1 to 3, we know that the infinitesimal generators
in Eq.(36) are of Mei, loose Mei and strict Mei symme-
tries of the Nielsen equation for a non-Chetaev-type
non-holonomic system.

From the structural equation (25), we have

d
3O =0. (38)

Selecting
Gum =0, (39)

and using expression (26), the non-Noether conserved
quantity i.e. the Mei conserved quantity deduced di-
rectly from the Mei symmetry of the Nielsen equation
for a non-Chetaev-type non-holonomoc system will be
obtained as

Int = ¢1 + g2 + 2t = const. (40)

7. Conclusions

In the present paper we adopt a method of finding
the total derivative along the trajectory of the system
with respect to ¢, and we also present the definition
and the criterion of the Mei symmetry of the Nielsen
equation for a non-Chetaev-type non-holonomic non-
conservative mechanical system. From the mathemat-
ical angle, it is helpful to obtain more infinitesimal
generators of the Mei symmetry by using the above
method. However, whether new non-ordinary Mei
symmetry can be obtained using this method needs
further investigation. In the present paper, the Mei
conserved quantity is studied and both the condition
and the expressions of the Mei conserved quantity de-
duced directly from the Mei symmetry of the Nielsen
equation for a non-Chetaev-type non-holonomic non-
conservative system are also obtained. The main re-
sults are criteria 1 to 3 and proposition 1.

From Egs.(3), (5), (6), (18), (23) and (25) it fol-
lows that if the values of generalized non-potential
force Q' are all equal to zero, the obtained conclusions
in this paper will turn into the conclusions of the Mei
symmetry of the Nielsen equation for a non-Chetaev-
type non-holonomic conservative system; if the values
of the generalized non-holonomic constraint A, are all
equal to zero, the obtained conclusions in this paper
will be applicable to the Mei symmetry of the Nielsen
equation for a holonomic non-conservative system; if
all the values of generalized non-potential force @, and
also all the values of generalized non-holonomic con-
straint A are equal to zero, the obtained conclusions
in this paper will hold for the Mei symmetry of the
Nielsen equation for a holonomic conservative system.
Therefore, the obtained conclusions above are of more

universal significance.

References

(1] Noether A E 1918 Nachr. Akad. Math. 2 235
[2] Djuki¢ D S and Vujanovié¢ B D 1975 Acta Mechanica 23

17

(3] Lutzky M 1979 J. Phys. A: Math. Gen. 12 973

[4] Bahar L Y and Kwatny H G 1987 Int. J. Non-Linear
Mech. 22 125



1736 Cui Jin-Chao et al Vol. 18
(5] Mei F X 1999 Applications of Lie Groups and Lie Alge- [18] Li Y C, Jing H X, Xia L L,Wang J and Hou Q B 2007
bras to Constrained Mechanical Systems (Beijing: Science Chin. Phys. 16 2154
Press) (in Chinese) [19] Zhang Y and Mei F X 2007 Chin. Phys. 16 1058
[6] ZhaoY Y and Mei F X 1999 Symmetries and Invariants of [20] Jia L Q, Zhang Y Y and Luo S K 2007 Chin. Phys. 16
Mechanical Systems (Beijing: Science Press) (in Chinese) 3168
[7] Vujanovi¢ B 1986 Acta Mech. 65 63 [21] Guo Y X, Zhao Z, Liu S X and Liu C 2008 Acta Phys.
[8] Mei F X 2004 Symmetries and Conserved Quantities of Sin. 57 1301 (in Chinese)
Constrained Mechanical Systems (Beijing: Beijing Insti- [22] Chen X W, Wang X M and Wang M Q 2004 Chin. Phys.
tute of Technology Press) (in Chinese) 13 2003
[9] Hojman S A 1992 J. Phys. A: Math. Gen. 25 L291 [23] Zheng S W, Jia L Q and Yu H S 2006 Chin. Phys. 15 1399
[10] Mei F X, Xu X J and Zhang Y F 2004 Acta Mech. Sin. [24] Bloch A M. Baillieul J, Crouch P and Marsden J
20 668 2003 Nonholonomic Mechanics and Control (London:
[11] Zhang Y 2005 Acta Phys. Sin. 54 2980 (in Chinese) Springer)
[12] Luo S K 2002 Acta Phys. Sin. 51 712 (in Chinese) [25] Vagner V V 1941 Trndy Sem. Vektor. Tenzor. Anal. 5 173
[13] Fu J L, Chen L Q, Bai J H and Yang X D 2003 Chin. (in Russian)
Phys. 12 695 [26] Etayo F, Santamaria R and Vacaru S I 2005 J. Math.
(14] Jia L Q, Xie J F and Zheng S W 2008 Chin. Phys. B 17 Phys. 46 032901
17 [27] Bloch A M, Krishnaprasad P S, Marsden J E and Murray
[15] Guo Y X, Luo S K and Mei F X 2004 Adv. Mech. 34 477 R 1996 Arch. Rat. Mech. And. 136 21
(in Chinese) [28] Wang SY and Mei F X 2001 Chin. Phys. 10 373
[16] Johns O 2005 Analyicul Mechanics for Relativity and [29] Fang J H, Xue Q Z and Zhao S Q 2002 Acta Phys. Sin.
Quantum Mechanics (Oxford: Oxford University Press) 51 2183 (in Chinese)
[17] Papastavridis J G 2002 Analytical Mechanics: A Com- [30] Xu X J, Mei F X and Qin M C 2004 Acta Phys. Sin. 53
prehensive Treatise on the Dynamics of Constrained Sys- 4021 (in Chinese)
tems; for Engineers, Physicists, and Mathematicians [31] Jia L Q, Luo S K and Zhang Y Y 2008 Acta Phys. Sin.

(Oxford: Oxford University Press)

57 2006 (in Chinese)



